11 — 19 PROGRESSION

endorsed for

edexcel i

/‘

Edexcel AS and A level Further Mathematics

Core Pure Mathematics

Book 1/AS

Series Editor: Harry Smith

Authors: Greg Attwood, Jack H;lrr:u'lnugh. lan Bettison, l.ee ( :npv, Charles Garnet Cox,
Daniel Goldberg, Alistair Macpherson, Bronwen Moran, Su Nicholson, Laurence Pateman,
Joe Petran, Keith Pledger, Harry Smith, Geoff Staley, Dave Wilkins

P Pearson



Contents

Published by Pearson Education Limited, 80 Sirand, London 'WC2R ORL

www.pearsonschoolsandfecoliegescouk

Copies of official spedifcations for all Pearson qualifcations may be found on the website:
gualifications.pearson rom

Text © Pearson Education Limited 2017

Edited by Tach-Set Lid, Gatesheod

Typeset by Tedh-5¢1 Lrd. Gateshead

Original dlustrations £ Pearson Education Limited 2017

Cover illustation Marous@ija-artsts

The rights of Greg Attwood, Jack Barraclough, tan Bettison, Lee Cope, Chares Gamet Cox, Dasvel
Goldberg, Alistalr Macpherson, Brorwen Moean, Su Nicholzon, Lawsence Paternan, jo= Petran,
Keith Pledger, Harry Sith, Geolt Staley, Dave Wilkin to be identified a5 authors of this work hive
been asserted by them in accardance with the Copynght, Designs and Pasents Act 1933,

First published 2017

20121817
10987654321

British Library Cataloguing In Publication Data
A catalogue recard for this bock & available from the Britizh Library

ISEN 973 1292 18333 6

Copryright notice

All rights reserved, No part of this publication may be reproduced In amy form o by any means
(ncluding phiotocopying or storing it In ary medium by electronic mesns aod whether or nat
transieraly or ncidentaly to some othes use of this publicarion) without the written peanission
of the copyright owner, except In accordance with the provisians of the Copyright, Designs and
Patents ACt 1988 or under the terms of a likence issued by the Cogyright Licensing Agency.
Barnards Inn 86 Fetter Lane, London EC&A 1EN (wweccln couk). Applications for the cogyright
owmer's written permission should be addressed to the pablishes

Printed in the UK by Bl and Bain Lid, Glasgow

Acknowledgements

The authars and publsher would like to thank the following for thelr kind permission to
repreduce thelr photographs:

(¥ey: b-bottoa: c-rentre; Left; r-right; 1-top)

Alamy Stock Photo: Efc Robison 155, 209 (c), Paul Fleet 126, 209 {b}, Photol 2 94 209 {a], Science
Histary Images 17, 89 (), Zoonar GmbH 43, 89 (c); Getty images: Henrk Sorenson 1, 29 (a), john
Farx 167, 209 (0); Pasl Nylander: 56 39 {); Shutterstock come Marc Sikin 71,89 (2}

All other images £ Pearsan Education

A note fram the publisher

In cuder to ensure that this resource offers high-quaty support for the sssociated Pearson
quatification, it 1as been theough 3 review process by the awarding body This peocess confinns
that this resource fully covers the teaching and isarning contens of the specification or part

of a specifcation at which it is gimed. It aso conllrms that it demonstiates an appropriate
balance between the development of subject skills, anowiedge and understanding, in addition
10 preparation for aszessment,

Endorsement Goes HOL Cover any EUusdance on assessment activities of Processes 2.8, practice
questions or odvice on how to snswer assessment questions), incladed in the rescarce nor does
A peascribe any particular approach to the teaching or delivery of a related cousse.

While the pulbdishers have made every attempt 10 ensure that adhvice on the gualification

and s assessment Is azcurate, the official specification and assotiated assessment guidance
materials are the onty authoritative source of information and should slways be referred 1o for
definithe guidance.

Pearsco examiners have not tontributed to amy sections in this resource refevant to
examination papers for which they have responsibiity.

Examiners will not use endorsed resources as a source of moterial for any assessment set by
Pearson,

Endorsement of 3 resculce Goes not mean 1hat the resownce is requined 10 achieve thes Pearsan
qualiication, nor does it mean That it i the ondy suitable material availsble 10 support the
qualffication, and any rescurce lists peoduced by the awarding body shall include this and
Olher BpProRAate resources.

Pearson has robust editorial peocesses, including answer and fact checks, 1o ensure the
Aouacy of the content in this pubication, and every effar is made 10 ensuee this publicatan
Is free of errocs. 'We are, however, ooy human, and accasionally errors do ocour. Pearsan is not
liabie for any msunderstandings thag arise a5 & result of enors in this pebication, but it s
our priarity to ensure that the contant Is accurate. if you spot an error, please do contact us at
rESOUICeSCOr rec ONS P arson com 50 we can make wwee # is comrected.



Contents

@ contents
Overarching themes iv 6 Matrices 94
Extra online content vi 6.1 Introduction to matrices 95
6.2 Matrix multiplication 99
1 Complex numbers 1 63 Determinants 104
1.1  Imaginary and complex numbers 2 6.4 Inverting & 2 x 2 matrix 108
1.2 Multiplying complex numbers 5 6.5 Inverting a3 x 3 matrix 12
13 Complex conjugation 6 6.6 Solving systems of equations using
1.4 Roots of quadratic equations 8 matrices . 116
15 Solving cubic and quartic equations 10 Mixed exerclse 5 AR
Mixed exercise 1 47 Unear transformations 126
7.1 Linear transformations in two dimensions
2  Argand diagrams 17 127
21 Argand diagrams 18 7.2 Reflections and rotations 131
22 Modulus and argument 20 7.3 Enlargements and stretches 136
23  Modulus-argument form of complex 74 Successive transformations 140
numbers a3 7.5 Linear transformations in three dimensions
2.4 Lodiin the Argand diagram 28 144
25  Regions in the Argand diagram 36 7.6 Theinverse of a linear transformation 148
Mixed exercise 2 39 Mixed exercise 7 151
3 Series 43 8 Proof by induction 155
3.1 Sums of natural numbers 4é 8.1 Proof by mathematical induction 156
3.2 Sums of squares and cubes ar 8.2 Proving divisibility results 160
Mixed exercise 3 51 83 Proving statements involving matrices 162
Mixed exercise 8 165
4 Roots of polynomials 54
4.1 Roots of a quadratic equation 55 ? Vectors 167
42 Roots of a cubic equation 57 9.1 Equation of a line in three dimensions 168
43 Roots of a quartic equation 59 9.2 Equation of a plane in three dimensions
4.4 Expressions relating to the roots of a s
polynomlal 62 93 Scalar pl’OdU(t 178
45  Linear transformations of roots 65 94  Galculating angles between lines and
Mixed exercise 4 68 planes 153
9.5 Points of intersection 189
5  Volumes of revolution 7 96 Finding perpendiculars 193
5.1 Volumes of revolution around the x-axis 72 Mixed exercise 9 202
5.2 Volumes of revolution around the y-axis 76 Review exercise 2 209
53 Adding and subtracting volumes 78
5.4 Modelling with volumes of revolution 83 Exam-style practice: Paper 1 215
Mixed exercise 5 AnSwers 217

Review exercise 1 89 Index 249



Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice,

1. Mathematical argument, language and proof

« Rigorous and consistent approach throughout

« Notation boxes explain key mathematical language and symbols

« Dedicated sections on mathematical proof explain key principles and strategies
* Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
« Hundreds of problem-solving questions, fully integrated specily the prablemy
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results L, T
. ] collect information
» Structured and unstructured questions to build confidence ’[
« Challenge boxes provide extra stretch & peocess and : I
represent information

3. Mathematical modelling
* Dedicated modelling sectians in relevant topics provide plenty of practice where you need it

« Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in
mechanics

Finding your way around the book [ s ar b
digital edition using
the code at the
Complex numbers 1 ' front of the book. '
=D

Each chapter starts with e
d Ilst Of Objectives o Lo e S bt P

The real world applications
of the maths you are about
to learn are highlighted at
the start of the chapter with
links to relevant questions in
the chapter

The Prior knowledge check
helps make sure you are
ready to start the chapter

. -’AT‘.; PR

A  —"
o b

iv



Overarching themes
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Extra online content

' Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

m Full worked solutions are #

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

available in SolutionBank.

Download all the solutions as a PDF or
quickly find the solution you need online

Use of technology

Explore topics in more detail, visualise @ Find the point of intersection O
problems and consolidate your understanding  graphically using technology.
using pre-made GeoGebra activities.

GeaGebra A= frreaimmal

GeoGebra-powered interactives \' ! / e
Interact with the maths you are learning ____—1" / w4
using GeoGebra's easy-to-use tools \\' / SRR

vi

Access all the extra online cantent for free at

www.pearsonschools.co.uk/cplmaths

You can also access the extra online content by scanning this QR code




Complex numbers

After completing this chapter you should be able to:
® Understand and use the definitions of imaginary and complex

numbers -5 page 2
Add and subtract complex numbers - pages 2-3
Multiply complex numbers - pages 5-6

Understand the definition of a complex conjugate - pages 6-8
Divide complex numbers -+ pages 7-8

Solve quadratic equations that have complex roots -» pages 8-10

Solve cubic or quartic equations that have complex roots
-3 pages 10-14

1 Simplify each of the following:

a /50 b /108 ¢ /180

¢ Pure Year 1, Chapter 1
In each case, determine the number of
distinct real roots of the equation f(x) = 0.
a flx)=3x*+8x+10
b f(x)=2x*-9x=+7
¢ fix)=4x2+12x+9

¢ Pure Year 1, Chaptar 2
Find the solutions of x2 = 8x + 6 = 0,
giving your answers in the form ¢ = vb

where a and b are integers.
¢ Pure Year 1, Chaptor 2

Complex numbers contain a real and an
imaginary part. Engineers and physicist
often describe quantities with two »
components using a single complex Write 7 — in the form p + ¢/3
number, This allows them to model ' 3

where p and ¢ are rational numbers

complicated situations such as air flow
over a cyclist,

¢ Pure Year 1, Chapter 1




Chapter 1

@ Imaginary and complex numbers

The quadratic equation ax? + bx + ¢ =0 has
solutions given by

For the equation ax? + bx + ¢ = 0, the
discri_minant is h? — ac.
b+ VBE < bac » If b2 — hac > 0, there are two distinct real roots.

2a * IF b2 = 4q¢ = 0, there are two equal real roots.

; . ; . h2—
If the expression under the square root is negative, 0% =4dn <0, theve are 10 ek oot
there are no real solutions. e AT Secon T8

You can find solutions to the equation in all cases by extending the number system to include v=1.
Since there is no real number that squares to produce -1, the number =1 is called an imaginary
number, and is represented using the letter i. Sums of real and imaginary numbers, for example
3+ 2i, are known as complex numbers.

o f=/=1 w The set of all complex numbers is
» Animaginary number is a number of the written as €.
form bi, where b € R. For the complex number =z = a + bic

» Re(z) = ais the real part

= A complex number is written in the o Im(2)=bis the imaginary part

form a + bi, where a, b € R.

Write each of the following in terms of i.

You can use the rules of surds to manipulate
a V=36 b /=28

imaginary numbers.
a V=36 =3G x (-] =V3&V-1 =@l 2
o m An alternative way of writing 2v7)i
b V-2B8=28x (-1 = "?B\'-i_ —= is 2iV7 . Avoid writing 2v7i as this can easily be
= V47 V=T =(2¢7h confused with 2,7i.

In a complex number, the real part and the imaginary part cannot be combined to form a single term.

= Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

= You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.

Simplify each of the following, giving your answers in the form « + bi. where a, b € R.

a (2+43)+(7+3) b (2~5i)=(5=11) ¢ 2(5-8i) d IO:@
8 2+20)+(7+3)=(2+7}+(5+3) Add the real parts and add the imaginary parts.
=9+ &
b (2 -50) - (5~ 1) =(2 - 5) + (-5 ~(~11))i~—__ Subtract the real parts and subtract the
=-3+G imaginary parts.



Complex numbers

c 2(5-8)=(2x5)-(2x8)=10-16
10+ & _ 10 _@ :
d—————2 =5 +5 5+3

Exercise @

Do not use your calculator in this exercise.
1 Write each of the following in the form bi where b is a real number.

2(5 - 8i) can also be written as (5 - 8i) + (5 - 8i).

s “— First separate into real and imaginary parts.

a v-9 b V49 e V=121 d V-10000 e V=225

f V=5 g V=12 h /=45 i V=200 j V=147
2 Simplify, giving vour answers in the form a + bi , where a, b e R.

a (5+2)+(E8+9) b (4 4+ 101) + (] - 8i)

¢ (7+6i) + (=3 = 5i) d (3+3i) + (3+30)

e (204 12i) = (11 + 31) I (2<i)=(=54+31)

g (=4~ 6i) - (=8 - 8i) h V2 +i)=(V2=i)

P (=2=T7)+(1 +31)=(=1241) j (18+51)~(15=20)~(3+T1)

3 Simplily, giving your answers in the form a + bi. where a. b € R.

a 2(7+2i) b 3(8 - 4i)
¢ 2(341)+3(2+1) d 5(4 4 31) = 4(~1 + 2i)
é 6-4i ¢ 15 + 251
2 5
9+ 11 b -8+3i 7-2
B3 & 2
@ 4 Write in the form « + bi, where a and b are simplified surds.
-2 2 - 6i
a 4 ,_" P = él
v2 l1+43
S Giventhatz=7 3 61 and w =7 + 61, find, m el

in the form a + bi, where ¢, b € R:

az-w b w+:z

represented by the letter = or the letter w,

(€) 6 Giventhatz;=a+9i.z;;=-34hiandz, -z, =7+ 2i, findaand hwherea. b€ R. (2 marks)
@ 7 Giventhatz; =4 ¢+ i1and z; = 7 = 3i, find, in the form & + bi, where a. b € R:

a ;-2 b 4z, ¢ 2z, 45z,
@ 8 Giventhatz=a+ biand w=a - b1, a. b € R, show that:
a =+ wis always real b z - wisalways imaginary

You can use complex numbers to find solutions to any quadratic equation with real coefficients.

» If b* — 4ac < 0 then the quadratic equation ax? + bx + ¢ = 0 has two distinct complex roots,
neither of which are real.



Chapter 1

Solve the equation =% + 9 = 0.

Note that just as =2 = 9 has two roots +3 and -3,
=2 = -9 also has two roots +3i and —3i.

Solve the equation =* + 6z + 25 = (.

Method 1 (Completing the square)

F+6:=z+3°-9 Because (z + 302 =(z+3)(z+3) =2+ 6:+9
F+6:+25=C+3F-9+25=:+3F+16
C+3F+16=0 = -

(z+3F =-16 |—- V=16 = /16 x (-1) = VI6 V=1 = 4i

s+ 3=&/-16 = 24di
=34 ' You can use your calculator to find the complex
z=-3+4 z=-3-4 roots of a quadratic equation like this one.
Method 2 (Quaciratc formua)
._—62V67-4x1x25 . —bs JP-lae
e 2 Using = =——"—-——
-6 = V-64
= 2

:==E28 . 3,4 L V68 = /Bh x (1) = VB4 V=T = 8i
===3 + 4l z==-3-4|

Exercise @

Do not use your calculator in this exercise,

1 Solve each of the following equations. Write your answers in the form *bi.
a z?+121=0 b z2+40=0 ¢ 2:3+120=0
d 3z22+150=38-2:2 e z2+30=-3:2-66 f 622+ 1=2:2

2 Solve each of the following equations.
Write your answers in the form a * bi. m The left-hand side of each equation is
alz=32-9=-16 in completed square form already. Use inverse
i fi fz
B 2w 730w operations to find the values of z

c 16z+1PF+11=2



Compiex numbers

3 Solve each of the following equations. Write your answers in the form a * bi.
a 42:45=0 b 2-2-4+10=0 ¢ 244:429=0
d 2+10:426=0 e 45:425=0 f=243:45=0

4 Solve cach of the following equations. Write vour answers in the form a * bi,
a 2:245:44=0 b 722=3z43=0 ¢ 5z:2=243=0

5 The solutions to the quadratic equation z* — 8z + 21 =0 are z, and z,.
Find =, and z,. giving each in the forma + iVh.

6 The cquation =* + bz + 11 =0, where b € R, has distinct non-real complex roots.

Find the range of possible values of b. (3 marks)

@ Multiplying complex numbers

You can multiply complex numbers using the same technique that you use for multiplying brackets in
algebra. You can use the fact that i = V=1 to simplify powers of i.

" =1

Express each of the following in the form « + bi. where « and b are real numbers.
a (2+3i)4 + 51) b (7-4i)
a8 (243004 +5) =204+ 51 + 344 + 5 Multiply the two brackets as you would with real
=8 + 105 + 12i + 157 nntiers:

=8 +1004+121- 15— G
= (B — 15) 4+ (108 + 120 Use the fact that P =-1,

==7 + 22 L Add real parts and add imaginary parts.
b (7 —4i)F = (7 - 4i)(7 - 4) : )
= 7(7 — &1) - 44T — 4} Multiply out the two brackets as you would with
real numbers.

= 49 - 28i - 28i + 16i*

=49 =201= 201 1611 {jsethafactthatF=—1
= (42 - 16} + (-28| - 28]) ——

= 33 - 56i L Add real parts and add imaginary parts.

Simplify; a ¥ b i ¢ (2iF

a P=ixixi=Fxi=- F=-1
bH=ixixiXi=PxP=(-)x({-1=1
c (2N =2ix2ix2ix2ix2i ir=2*xi

| 5=
=326ixix!Ix|Ix)=32(FxFxI otk =

=32 x (- % (-1} xi=32
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Exercise @

Do not use your calculator in this exercise.

1 Simplify each of the following. giving your answers in the form a + bi.

a (S5+1)3+4) b (6+3i)(7+2) ¢ (5-2iX1 + 51)

d (13 -3i)(2-8i) e (-3-1)4+7) f (8+5i)

g (2-9ip h (1+0)2+i)3 +i) m For part h, begin by multiplying the
i (3=205+1)4~2) j (2430 first pair of brackets.

@ 2 a Simplify (4 + 5i)4 - 51), giving your answer in the form a + b,

b Simplify (7 = 21)(7 + 2i), giving your answer in the form a + bi.

¢ Comment on your answers to parts a and b.

d Prove that (a + bi)a - bi) is a real number for any real numbers @ and b.

3 Given that (a + 3i)(1 + bi) = 25 = 391, find 1wo possible pairs of values for ¢ and 5.

©

4 Write each of the following in its simplest form.

® eee

a i’ b (31) ¢ ¥4i d (4i)p - 4i°
5 Express (1 +1)%in the form @ — bi, where « and b are integers to be found.
6 Hnd [he Va!ue Of lm l'eal paft Of (3 - 2i)‘. Problenrsolving
7 R2)=22-z+8 You can use the binomial theorem to
Find: a f(2i) b K3 - 6i) expand (o + b)". « Pure Year 1, Section 8.3
8 fza)=2"-2z+17
Show that = = | = 4iis a solution to f(z) = 0. (2 marks)

9 a Giventhati'=iand i*=-1. write i* and i* in their simplest forms.
b Write i%,i%. i7 and i* in their simplest forms.
¢ Write down the value of:

i s g
. ee—
a Expand la + bi)%, a complex number, V=, has a positive real
b Hence, or otherwise, find &0 — 425, giving your answer in part.

the form « — bi, where a and b are positive integers.

m Complex conjugation

= For any complex number : = a + bi, the o o
complex conjugate of the number is % 70891::; = :n';r.- are calle

defined as z* = a - hi.

Giventhatz=2-T7,
a write down =* b find the value of = + =* ¢ find the value of ==*

6



Compiex numbers

a*=2+7i Change the sign of the imaginary part from - to +,
bztz*=2-7)+@2+7)
=(2+2)+ (=T +TN=4 @Notkethatn:"lsreat
c =¥=(2-T7N2 + 7
=2(2+7)-T7H2+ 7)) I— Remember I = -1,
= 4 + 14i - 141 - 492
=4 +49 =53 @ Notice that =z* Is real.

For any complex number z, the product of = and

z*is a real number. You can use this property The ol Uit s A complin
to divide two complex numbers. To do this, e o SR T L

you multiply both the numerator and the rationalise a denominator when simplifying surds.
denominator by the complex conjugate of the « Pure Year 1, Section 1.6

denominator and then simplify the result.

Write 3 i :: in the form a + h.

The complex conjugate of the denominator is
2 + 3i. Multiply both the numerator and the
denominator by the complex conjugate,

5+4i___5+4ix2+3i
2-31 2-31"2+3l
_15 +4¥2 + 3
2 - 392 + 30 R z=* is real, so (2 — 31)(2 + 31) will be a real number
(5 + 412 + 3)) = 5(2 + 3) + 442 + 3)) > -
=10 + 15i + 8i + 12
=2+ 23 You can enter complex numbers directly into your
(2 - 32 + 3i) = 2(2 + 31) - 32 + 30) calculator to multipy or divide them quickly,
=4 +E€l-G-9¢=13

5+4i_—2+23 2 23
- 1% i3y

Exercise @

Do not use your caleulator in this exercise.

Divide each term In the numerator by 13,

I Write down the complex conjugate = for:

a z=842i b :=6=S5i ¢ z=3-4i d z=V54+iV/10
2 Find z + =" and z=* for:
a z=6-3i z=10+5i ¢ =343 d ==V5-3/5
3 Write each of the following in the form « + bi.
3-5i p 3450 28 - 3i g 24i
il P T 6 - 8i ST 1 +4i
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. 3-4i)7 :

Write l Hl in the form x + iy where x. y € R.
Giventhatz; =1 + i, z; =2 ¢+ iand z; = 3 + i, write each of the following in the form a + bi.

212 (=) 2z) + 5z;
R b 2 %

1 S54+2i . . .
Given that —=—=2 — 1|, find z in the form « + hi. (2 marks)
Simplify 61‘:? 2381 8' . giving your answer in the form a + bi.

4
wW=—=
8-iy2

Express w in the form @ + biv2, where « and b are rational numbers.
w=1=9i
Express § 13 : in the form a + bi. where a and b are rational numbers.

z=4=-i2

Use algebra to express %{% in the form p + giy2, where p and ¢ are rational numbers.

The complex number = satisfies the equation (4 + 2iNz — 2i) =6 —4i.
Find =, giving your answer in the form a + bi where a and b are rational numbers. (4 marks)

The complex numbers z; and z, arc given by z, = p — 7i and z, = 2 + 5i where p is an integer.

Find = :; in the form « + i where @ and b are rational, and arc given in terms of p. (4 marks)

=V3+4 z‘ is the complex conjugate of .
Show that — -_-: =a + biv3, where ¢ and b are rational numbers to be found. (4 marks)

The complex number = is defined by = = {’_"‘_;l pER.p>0.

Given that the real part of = is %, SE

a find the value of p (4 marks)
b write z in the form @ + M, where @ and b are real. (1 mark)

@ Roots of quadratic equations

» For real numbers a, b and ¢, if the roots of the quadratic equation az? + bz + ¢ = 0 are

non-real complex numbers, then they occur as a conjugate pair.

Another way of stating this is that for a real-valued quadratic function f(z), if =; is a root of f() = 0
then z,* Is also a root, You can use this fact to find one root if you know the other, or to find the
original equation.

= |f the roots of a quadratic equation are

c and 3, then you can write the equation Roots of complex-valued polynomials
as(z-a)(z-3) =0 are often written using Greek letters such as

(x+ B)z+aB=0 a (alpha), 3 {(beta) and 5 (gamma).



Compiex numbers

Given that o = 7 + 2i is one of the roots of a quadratic equation with real coefficients,
a state the value of the other root. 3

b find the quadratic equation

¢ find the values of a + J and aJ and interpret the results.

a B=T -2 aand 3 will always be a complex
conjugate pair.
b e—-alz-0)=0 =
) (=7 +20)=—(7 -2 =0 The quadratic equation with roots « and
F-{7-2)-zAT+20+(7T+2X7-20)=0 Bisz-a)=—H=0

T4 iz -T7z-21z449-14i+14i-4i =0

=14z + 49 + 4 =0 (ollect like terms. Use the fact that
=-14-+53=0 i =-1

ca+d=(7T+2+(7-20

=(7+T7)+(2+(-2)=14 Problem-solving

Hici zinth e equation is — A, :
The coefficient of = in the above equation 5. (e + 3) For = = 4 + bi, you should leam the results:
ad=(7+ 2IK7 - 21/ =42 — 14i + 14i — 4 %
=49 +4 =53 S
. , oo g e+
The constant tesm in the above equation is ad
You can use these to find the quadratic
equation quickly.

Exercise @

1 The roots of the quadratic equation z° + 2z + 26 =0 arc o and /3.
Find: a aand/ b a+d c a

2 The roots of the quadratic equation =% — 8z + 25 =0 are o and /7.
Find: a aand/j b o+ c af

@ 3 Given that 2 + 3i is one of the roots of a quadratic equation with real coefficients,
a write down the other root of the equation (1 mark)

b find the quadratic equation, giving your answer in the form = + bz + ¢ =0
where b and ¢ are real constants. (3 marks)

@ 4 Given that 5 —1isa root of the equation z? + pz + ¢ = 0, where p and ¢ are real constants,
a write down the other root of the equation (1 mark)
b find the value of p and the value of 4. (3 marks)

(E/P) 5 Given that =, = =5 + 4i is one of the roots of the quadratic equation
224 bz + ¢ =0, where b and ¢ are real constants, find the values of # and ¢, (4 marks)

(E/P) 6 Given that 1 + 2i is one of the roots of a quadratic equation with real coefficients,
find the equation giving your answer in the form 2 + bz + ¢ = 0 where b and ¢
are integers to be found. (4 marks)
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7 Given that 3 — 5iis one of the roots of a quadratic equation with real cocfficients,
find the equation giving your answer in the form z* + bz + ¢ = (0 where b and ¢

are real constants. (4 marks)
5
i =
a Find z in the form @ + bi, where @ and b are real constants. (1 mark)

Given that z is a complex root of the quadratic equation x? + px + ¢ =0, where p and ¢
are real integers,

b find the value of p and the value of 4. (4 marks)

9 Given that = = 5 + ¢i is a root of the equation =% - 4p= + 34 = 0, where p and ¢ are positive
real constants, find the value of p and the value of 4. (4 marks)

@ Solving cubic and quartic equations

You can generalise the rule for the roots of quadratic equations to any polynomial with real coefficients,
= If f(2) is a polynomial with real
coefficients, and z, is a root of (z) = 0, D -, is ot then o=z,
then z,* is also a root of f(z) = 0.
You can use this property to find roots of cubic and quartic equations with real coefficients,
= An equation of the form az® + bz + ¢z + d = 0 is called a cubic equation, and has three roots.

» For a cubic equation with real coefficients, either:
A real-valued cubic
* all three roots are real, or m 2

equation might have two, or three,
* one root is real and the other two roots form a repeated real roots.
complex conjugate pair.
Example @
Given that -1 is a root of the equation = = =2 4+ 3z + k =0,
a find the value of & b find the other two roots of the equation.
a It =iz 2 root,
1P =12 +3-1)+k=0
-1=-1=-3+4£=0
k=5
b -1 = arcot of the equaticn.so =+ 1 53 Problem-solving
factorot 2 —* + 32 + 5
22245 - Use the factor theorem to help: if f(a) =0, then
41— 3-+5 v Is a root of the polynomial and = — a Is a factor
=34 =2 of the polynomial.
~ 252+ 32 B o
ikl S | Use long division (or inspection) to find the
52+ 5 quadratic factor.
5:+5
o __|

10



Complex numbers

P P34+ 5 =24+ -2-45)=0 The other two roots are found by solving the
Solying =2 = 2z + 5 = 0, [ quadratic equation.

F-2=(z-1F -1
BT aBmG- Pl iEwla=T 4 Solve by completing the square. Alternatively, you
- ,}; SR e could use the quadratic formula.

=1 =-4

PR IO - (PR The quadratic equation has complex roots, which
2 1-; 2 G r must be a conjugate pair.

== 1

s=l+2hs=1-2
So the other two roots of the equation are You could write the equation as
1+ 2iand 1 - 25 E+ V-1 +20)E-(1-2)=0

» An equation of the form az* + b2 + ¢2* + dz + ¢ = 0 is called a quartic equation, and has four
roots.

» For a quartic equation with real coefficients, either: [ Watch out [N
» all four roots are real, or quartic equation might have
* two roots are real and the other two roots form a repeated real roots or repeated
complex conjugate pair, or complex roots.

* two roots form a complex conjugate pair and the
other two roots also form a complex conjugate pair.

Given that 3 + i is a root of the quartic equation 2% - 323 — 3927 4 120z - 50 = 0, solve the
equation completely.

Complex roots occur in

Ancther roct s 3 - i,

conjugate pairs.

So(z=(3 + N=—-(3 =) Is a factor

of 2z* - 32 - 39 + 120z - 50 l If o and 3 are roots of f(z) = 0,

-3 +M==-C-MN==-z3-0-=(34+1)+ {3+ )3 =)= L then (z- o)z — 3) is afactor

= :;' -6z + 10 fo(-)-

So -6z = torof 2:4 - 32 -39 +120: -5 : 2

= - E:i 78)}2-?;3 ;?C:(-:) Zf =t~ .'3:-5 - :3399:5 : 15(?: - 533 You can work this out quickly by
noting that

Constder 2z4; (z = (a + 5)) (= = (a — Hi))

The anly =4 term in the expansion Is 22 x 4%, so a = 2. =22+ @+

(FE=Gz+ 1022+ bz 4 0)=2:" =32 -394+ 120: - 50

: Problem-solving
Consider -3

The =3 tarms in the expansion are =% x bz and -6z % 227, Itis possible to factorise a
so b=Y — 12328 = —3:3 polynomial without using a
b-12=-3 formal algebraic method. Here,
b=9 the polynomial is factorised by
50 (=F — 62+ 10)22° + 9z 4+ ¢) =22 - 3% - 3927 4+ 120z - 50 ‘inspection’. By considering each
B = . & — term of the quartic separately,
it is possible to work out the
missing coefficients,

11
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Consider -30:
The caly constant term in the expansion is 10 % ¢, so ¢ = =5, You can check this by
2:° = 3% - 3927 + 120z - 50 = (=* — 62 + 10)(2=7 + 92 — 5) ——— considering the = and =2 terms
Solving 222 + 9z = 5 = O ¥ the wxpaasion
(2z-1%=z+5)=0
= 3 ===5
So the roots of 2% — 3% - 39:F 4+ 120z - 50 =0 are
5 =5, 3 +iand 3 ~i
Example @
Show that % + 4 is a factor of z* — 227 + 217 - 8- + 68.
Hence solve the equation =¥ =23+ 2122 - 8- + 68 = 0.
Using long division: Alternatively, the quartic can be
2 -2:4+17 factorised by inspection:
44 =224 2122 - 82 + 6B 8 -2:3 42122 -84 68
o + 4zF =2+ 8+ b+ d
-2:% 4+ 17° - Bz a = 1, as the leading coefficient
-2 - 8z i1
172 + 60 The only =* term is formed by
173" + 68
o Zxbzsob=-2

SO — 22 4 21 =B + BB = (2 + A2 =224 1N=0 The constant term i;forme_’dby
Cither 25+ 4=00rz*-2:+17=0 4x6s04c=68 andc=17,

Soving = + 4 =0

P2 =-4
z=324
Solving 2 -~ 2z + 17 =0: Solve by completing the square,
(z-1¥+16=0 Alternatively, you could use the
(z-1P=-16 quadratic formula.
z=1= 24
2= 44 D o1 coutd use your
Sothe roots of =* - 25+ 215 -8z + B =Q are calculator to solve
21, -2, 1+ 4 and | — 4| 22— 2z + 17 = 0. However, you
should still write down the
equation you are solving, and
both roots.

12



Exercise @

® 1

® 2

GP) 3

® 4

f(z)=z3=6224+21=2=26
a Show that f{2) = 0.
b Hence solve {(z) = 0 completely.

f(z)=2345:249--6
a Show that fi3} = 0.

b Hence write f{z) in the form (22 — 1)(z* + bz + ¢). where b and ¢ are real constants
to be found.

¢ Use algebra to solve f(z) = 0 completely.

gz)=2:3=4:2-5: -3
Given that z = 3 is a root of the equation g(z) = 0, solve g(z) = () completely.

pz)=z"+4:2-15:-68

Given that z = —4 + i is a solution to the equation p(z) =0,
a show that 22 + 8z + 17 is a factor of p(z).

b Hence solve p{z) = 0 completely.

(z)=z"+92°+33z+25

Given that f(z) = (z 4+ 1z2 + az + b). where @ and b are real constants,
a find the value of a and the value of b

b find the three roots of () =0

¢ find the sum of the three roots of f{z) =0,

gz)=:"- 122+ cz+d=0,where ¢, d € R.

Given that 6 and 3 + 1 are roots of the equation g(z) = 0,

a write down the other complex root of the equation

b find the value of ¢ and the value of d.

h(2) =234 32243241

Given that 2z + | is a factor of h(z), find the three roots of hiz) =0,
f(z)=z3-622+28z+k

Given that f{(2) = 0.

a find the value of k

b find the other two roots of the equation.

Find the four roots of the equation z4— 16 =0.

fiz)=z9- 12"+ 3122 + 108z - 360
a Write [{2) in the form (2% = 9)(=2 + b= + ¢). where b and ¢ are real constants
to be found.

b Hence find all the solutions to f(z) = 0.

Complex numbers

(1 mark)
(3 marks)

(1 mark)

(2 marks)
(2 marks)

(4 marks)

(2 marks)
(2 marks)

(2 marks)
(4 marks)
(1 mark)

(1 mark)
(4 marks)

(4 marks)

(1 mark)
(4 marks)

(2 marks)
(3 marks)

13
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gz)=z4+27-27+ 382+ 130
Given that g(2 + 3i) = 0, find all the roots of g(z) = 0.

12 f(z) =24 = 102+ 7127 + Oz + 442, where Q is a real constant.

Given that z = 2 — 31 is a root of the equation f(z) = 0,
a show that z* — 6z + 34 is a factor of f(z)

b find the value of 0

¢ solve completely the equation f{z) = 0.

Challenge

Three of the roots of the equation 2* + b=* + c* + d2 v ez + [=0,
where b, ¢, d e, f€ R are -2 2iand 1+ i. Find the values of b, ¢, d, &
and f.

Mixed exercise o

1 Giventhatz, =8 - 3iand =, = =2 + 4i, find, in the form a + bi, where a, b € R:

&P 2

14

a = ":3
b 3::
< 6:‘ -2

The equation =2 + bz + 14 = 0, where b € R has no real roots.
Find the range of possible values of 5.

The solutions to the quadratic equation =* - 6z + 12 =0 are =, and =,.
Find z, and z,, giving cach answer in the form @ + iv5.

By using the binomial expansion, or otherwise, show that (I + 2i)° =41 - 38i,

f(z)=z2=624+10
Show that z = 3 +1iisa solution to f(z) = 0.

=442 =341

Express, in the form « + bi, where a, b € R:

a =z b =z g{

. (7=217, :

Write - ~ in the form x + iy where x, y € R.
1 +1v3 :

Given that . — i =3 4 1. find = in the form a + bi, where a. b € R.

S

241
Express in the form @ + b1, where a, b€ R:

=2 b ==

(4 marks)
(1 mark)
(2 marks)

(3 marks)

(3 marks)

(2 marks)

(2 marks)



(E/P) 10
E/P) 11

@) 14

® 15

EP) 16
(EP) 17
(E/P) 18
(E/P) 19

® 20

(EP) 21
(E/P) 22

Complex numbers

: L . g E N (o b’) 2ab
Given that z = a + b1, show that = 2o ( b e (4 marks)
' 3+qgi
The complex number = is defined by = = m where g € R.

Given that the real part of z is ,'—3
a find the possible values of ¢ (4 marks)
b write the possible values of = in the form a + bi, where ¢ and b are real constants, (1 mark)

Given that z = x + iy, find the value of x and the value of y such that - + 4iz" = -3+ 18i
where z* is the complex conjugate of =. (5 marks)

t=9+6L,w=2-3i

Express ;:; in the form a + bi, where @ and b are real constants.
g+ 3i
44 qi
Express z in the form & + bi where ¢ and b are rational and are given in terms of ¢. (4 marks)

The complex number = is given by = = where ¢ is an integer.

Given that 6 — 2i is one of the roots of a quadratic equation with real coefficients,

a write down the other root of the equation (1 mark)
b find the quadratic equation, giving your answer in the form >+ bz +¢c=0

where b and ¢ are real constants. (2 marks)
Given that = =4 — 4i is a root of the equation =% — 2mz + 52 = 0, where k and m
are positive real constants, find the value of k and the value of m. (4 marks)
h(z)=z%= 11420
Given that 2 + i is a root of the equation h(z) = 0. solve h(z) = 0 completely. (4 marks)
f(z)=z3+62420
Given that f{1 + 3i) =0, solve (=) = 0 completely. (4 marks)

fliz)=z343224kz+48. kER

Given that f(41) = 0,

a find the value of & (2 marks)
b find the other two roots of the equation, (3 marks)
Rz)=z4-23- 162" - T4z - 60

a Write fiz) in the form (2% = 5z = 6)(z* + bz + ¢), where b and ¢ are real constants

to be found. (2 marks)

b Hence find all the solutions to f(z) = 0. (3 marks)
D)= -623+19:2-36:+ 78

Given that g(3 - 2i) = 0, find all the roots of g(z) = 0. (4 marks)

f(z)=z9=23 =52+ pz+ 24

Given that {(4) = 0,

a find the value of p (1 mark)
b solve completely the equation f(z) = 0. (5 marks)

15
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Challenge

b

Explain why a cubic equation with real coefficients cannot have a
repeated nan-real root.

By means of an example, show that a quartic equation with real
coefficients can have a repeated non-real root.

Summary of key points

1
2
3
4

10

11

12

16

i=z/=Tandif=-1
An imaginary number is a number of the form bi, where b € R.
A complex number is written in the form a + bi, where a, b € R.

Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.

If b% — 4ae < 0 then the guadratic equation ax? + bx + ¢ = 0 has two distinct complex roots,
neither of which is real.

For any complex number = = a + bi, the complex conjugate of the number is defined as
z* =y - b

For real numbers @, & and ¢, if the roots of the quadratic equation az? + bz + ¢ = 0 are non-real
complex numbers, then they occur as a conjugate pair.

If the roots of a quadratic equation are o and 7, then you can write the equation as
(z=a)z=F=00rz2=(a+ Nz+ad=0.

If f(z) is a polynomial with real coefficients, and z, is a root of f(z) =0, then z,* is also a root of
f(z) = 0.

An equation of the form az* + b2% + ¢z + d = 0 is called a cubic equation, and has three roots.
For a cubic equation with real coefficients, either:

« all three roots are real, or

= one root is real and the other two roots form a complex conjugate pair.

An equation of the form az* + bz* + ¢z? + dz + ¢ = 0 is called a quartic equation, and has four
roots.

For a quartic equation with real coefficients, either:

» all four roots are real, or

» two roots are real and the other two roots form a complex conjugate pair, or

» two roots form a complex conjugate pair and the other two roots also form a complex
conjugate pair.



Argand diagrams

After completing this chapter you should be able to:

® Show complex numbers on an Argand diagram
- pages 18-19

e Find the modulus and argument of a complex number
- pages 20-23

e Write a complex number in modulus-argument form

-+ pages 23-28
® Represent loci on an Argand diagram -+ pages 28-36
® Represent regions on an Argand diagram - pages 36-38

Prior knowledge check : ‘

1 Write down an equation of a circle with
centre (-3, 6) and radius 5.
¢ Pure Year 1, Chapter &

Givenz;=6+3iand z; =3 -, find in the

form a + bi:

<1
bz ¢ 5 + Saction 1.2

For the triangle shown, find the values of:
ax b ¢

Scm

12cm X Complex numbers can be used to model

' electromagnetic waves, Rosalind Franklin

GCSE Math I
~ athematics helped discover DNA by using complex

4 Find the solutions of the quadratic ™ numbers to analyse the diffraction patterns of
equation 2 -8z +24=0, + Section 1.4 X-rays passing through crystals of DNA,




Chapter 2

Q Argand diagrams

= You can represent complex numbers on an Argand diagram. The x-axis

Im 4
on an Argand diagram is called the real axis and the y-axis is called the 5
imaginary axis. The complex number z = x + iy is represented on the '
diagram by the point P(x, y), where x and y are Cartesian coordinates. D
Example o
Show the complex numbers z; = -4 +i, 2, =2 + 3iand z; = 2 — 3i on an Argand diagram.

Imt

._;‘:2.‘.3%—‘

Complex numbers can also be represented as vectors on the Argand diagram.

s=x+1y
R

The real part of each number describes Its
horizontal position, and the imaginary part
describes its vertical position, For example,

=y ==& + i has real part -4 and imaginary part 1.

Note that =, and =; are complex conjugates. On
an Argand diagram, complex conjugate pairs are
symmetrical about the real axis.

& Section 1.3

s The complex number z = x + iy can be represented as the vector [; ) on an Argand diagram.

You can add or subtract complex numbers on an Argand diagram by adding or subtracting their

corresponding vectors.

sy;=4+iand z, =3 + 3i. Show =, =, and =, + =, on an Argand diagram.

Z+2-=@4+3)+ N+ 3)i=7+ &

[m4

HEHEW

zy=2 4 51and z; =4 + 2i. Show z;. z; and z; - =; on an Argand diagram.

18

The vector representing =, + 2, Is the diagonal of
the parallelogram with vertices at O, =, and z,.
You can use vector addition to find =, + =,:



Argand diagrams

-~2;=(2-4)+(5-2)i=-2+3i

ReF T 12

The vector corresponding to 2, is (;) so the

vector corresponding to -z, is (:g)

The vector representing =, — =, is the diagonal of
the parallelogram with vertices at O, z; and -z,

o En T R O R o QD cxpiors adding and subtracting O

complex numbers on an Argand diagram

using GeoGebra.
1 Show these numbers on an Argand diagram.
a 7+2 b 5-4i ¢ ~6-1 d -24+5i
e 3i f V2+2i g —1+3i h —4

sy =11+ 21and z, = 2 + 4i. Show z,. z, and =, + =, on an Argand diagram.
3z ==3+6iand z, =8 - 1. Show 7, z» and z; + =; on an Argand diagram.
4:,=8+4diand z; =6+ 7i. Show 2|, z; and z, — z, on an Argand diagram.
5z =~6~5iand =5 = -4 + 4i. Show =, z; and =; - =; on an Argand diagram.
(P) 6z =7-Si.zs=a+biandz;=-3 + 2i wherea. h € Z. Given that z; = =, + 2.
a find the values of « and b b show =, z; and =, on an Argand diagram.
® Toy=p+yg.==9~51and z; = -8 + 5Si where p, g € Z. Given that =, = =, 4 =,.
a find the values of pand ¢ b show z;, z; and z; on an Argand diagram.

(E) 8 The solutions to the quadratic equation 2 = 6 + 10 = O are =, and =,.

a Find z, and z,, giving your answers in the form p + gi, where p and ¢ are integers. (3 marks)
b Show. on an Argand diagram. the points representing the complex numbers =, and =,. (2 marks)

9 fiz) = 2= - 19:2 + 64z - 60

a Show that f{3) = 0. (1 mark)
b Use algebra to solve f{z) = 0 completely. (4 marks)
¢ Show all three solutions on an Argand diagram. (2 marks)
Challenge m There will be 6 distinct roots in total,
a Find all the solutions to the equation =% = 1. Write 2= 1 as (=* — 1)(=* + 1) = 0, then find three
b Show each solution on an Argand diagram. distinct roots of => ~ 1 = 0 and three distinct
¢ Show that each solution lies on a circle with rootsof ¥+ 1=0.

centre (0, 0) and radius 1.

19
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Modulus and argument

The modulus or absolute value of a complex number is the magnitude of its corresponding vector.

s The modulus of a complex number, |z,
is the distance from the origin to that
number on an Argand diagram. For a
complex number 7 = x + iy, the modulus is
given by |z] = /X% + y2.

w The modulus of the complex number

ziswrittenasr, |zl or fx + iyl

The argument of a complex number is the angle its corresponding vector makes with the positive
real axis.

» The argument of a complex number, arg z,
is the angle between the positive real axis
and the line joining that number to the
origin on an Argand diagram, measured in
an anticlockwise direction. For a complex
number z = x + iy, the argument, 8,

satisfies tan 8 = J}

Im‘

I=X4y Im

0

"
=

arg s r‘j < &
= * B
2

z=2+T7i, find;

a the modulus of =

a Im$ ==2+7

@ The argument of the complex

number = is written as arg =, It is usually given in
radians, where
« 27 radians = 360°

= & radians = 180° ¢ Pure Year 2, Section 5.1

The argument ¢ of any complex number is usually
given in the range —7 < # = = This is sometimes
referred to as the principal argument.

b the argument of =z, giving your answer in radians to 2 decimal places.

Sketch the Argand diagram, showing

a\ [
2

2l J

e Re
Modulus: 2| = |2 + 7i| =v22 + 7°
=X 53
b Argument: taney =_ o= 12924,.. radians

arg = = 1.29 radians (2 d.p)

20

the position of the number.



Argand diagrams

If = does not lie in the first quadrant, you can use the Argand

Im
. : 1
diagram to help you find its argument, e ——— o
u Let o be the positive acute angle made with the real axis
by the line joining the origin and z. > /
» If z lies in the first quadrant then arg : = a. AN Re
+ If z lies in the second quadrant thenarg s =m - a.
» If z lies in the third quadrant then arg 2 = ~(7 - ). argz = =(7=0) algz=-a
« If z lies in the fourth quadrant then arg z = —a.
Example o
z=-4 -1, find:
a the modulus of z b the argument of z, giving your answer in radians to 2 decimal places.
Bl maA
4 " Sketch the Argand diagram, showing the position
| S C) / Re of the number.
=4
Modulus: |z] = |4 = || = VI=4)F + =1

=17

b Argument: tann =;"- a=02449.., radians s 3 i
arg 2 = (7 — 0.2449) Here = is in the third quadrant, so the required

= =2.90 radians (2 d.g) argument is —(w — a).

Exercise @

1 For cach of the following complex numbers,

i find the modulus, writing your answer in surd form if m A pacte ihe
Ny complex number is in the
ii find the argument, writing your answer in radians to second quadrant, so the
2 decimal places. argument will be m — o
a z=12+5i bz=y3+i ¢ z=~3+6i '"Pagedb‘?e;mfg‘exh
. : number 5 in the fourt
s =) 2= == s
. o B Maienl B eI quadrant, so the argument
g =23 =13 h z=-8~151 will be —ax,

2 For cach of the following complex numbers,
i find the modulus. writing your answer in surd form
ii find the argument, writing your answer in terms of .
a2+2i b 5+5i ¢ ~6+6i d ~a-ai,aeR
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@ 3 o=—40-9i

a Show : on an Argand diagram. (1 mark)
b Calculate argz, giving your answer in radians to 2 decimal places. (2 marks)
() 4 :=3+4i

a Show that 22 =-7 + 24i. (2 marks)
Find, showing your working:

b 124 (2 marks)
¢ arg (z7), giving your answer in radians to 2 decimal places. (2 marks)
d Show = and =° on an Argand diagram. (1 mark)

(E) 5 Thecomplex numbers =, and =, are given by =, =4 + 6iand 5 = 1 +i.
Find, showing your working:

a :_—: in the form « + bi. where ¢ and b are real (3 marks)
b I:_';-:'l (2 marks)
¢ arg ;—1 giving your answer in radians to 2 decimal places. (2 marks)

6 The complex numbers z, and z; are such that z, =3 + 2pi and %:- = | —iwhere p is a real constant.

a Find z; in the form a + bi. giving the real numbers « and & in terms of p. (3 marks)
Given that arg =, =tan™' 5,
b find the value of p (2 marks)
¢ find the value of |z, (2 marks)
d show z,, z; and % on a single Argand diagram. (2 marks)
@ 7 2= 22—63i' find:
a zinthecforma+ib wherea, he R (2 marks)
b =2 inthe forma+ ibwherea. hbeR (2 marks)
e |=| (2 marks)
d arg (=%). giving your answer in radians to 2 decimal places. (2 marks)

8 sy=4+h,5=2+4i,3=a+bhwherca, heR.

a Find the exact value of |z, + =, (2 marks)
Given that w = ":—:

b find win terms of @ and b, giving your answer in the form x + iy, x. yvER. (4 marks)
Given also that w = ’5—' -71 find:

¢ the values of @« and b (3 marks)
d argw. giving your answer in radians to 2 decimal places. (2 marks)
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9 The complex number w is given by w = 6 + 3i. Find:

a |w| (1 mark)

b argw. giving your answer in radians to 2 decimal places (2 marks)

Given that arg(d + 5i+w) = % where 4 is a real constant,

¢ find the value of 4. (2 marks)

® 10 z=-1-i3 , find:

a |2l (1 mark)

b |—-| (4 marks)

¢ argz. arg (=*)and arg -_—:;_. giving your answers in terms of . (3 marks)
11 The complex numbers w and = are given by w =k + i and = = =4 + 5ki, where k is a real

’l

constant. Given that arg(w + 2) = % find the exact value of k. (6 marks)
12 The complex numbers w and = are defined such that argw = %, fw|=5andargz= 2%

Given that argw + 2) = % find the value of |z]. (4 marks)

@ Modulus-argument form of complex numbers

You can write any complex number in terms of its modulus and argument.
a For a complex number  with |z| = r and arg £ = 0, the modulus-argument form of z is

z=r{cos@ + isin @)
my -=x4ip From the right-angled triangle, x=rcos# and y = rsiné.
i =x+iy=rcosd +irsind = r(cosé + isind)
r P
i This formula works for a complex number in any quadrant of the Argand diagram.
0 l—' - The argument, 4, is usually given in the range —= < # = 7, aithough the formula
o X Re  works for any value of # measured anticlockwise from the positive real axis.

Example °

Express = = =3 4 1in the form r(cos@ + isinf), where -7 < 0 = 7.

bié Sketch the Argand diagram, showing the position
se—y3 41 of the number.

=1 Here = is in the second quadrant, so the required

3rG =

-1 {a \ < argument is = — o,
v3i 0 Rz
r=y{(~3f+¥=y4=2
B i w5t arctan(;é—} T é _ sz B 553 Find r and £.
Therefore, = = 2(603 %’5 + isin :'g] Apply = = r{cosf + isind).




Chapter 2

earvic @)

Express z = =1 —iin the form r(cos# + 1sin#), where —n < 6 = 7,

Sketch the Argand diagram, showing the position

Ima
' oh of the number.
T 1@ [ ~3 Here = is in the third quadrant, so the required
15 arg = > argument is —(x — a).
o= -1 - :
r={-IF+ -1 =v2
1 - 37 — Find r and 0.
B=argr=-7+ 9%?3!1(7} =-7+ Z= - Grrg—

4
Theretore, = = \-’_2—( co:[ - §4_:7} + isin| - %’) Apply = = r(cos@ + 1sin8),

1 Express the following in the form r{cos# + i sin#), where —7 < 8 = 7. Give the exact values of »
and @ where possible, or values to 2 decimal places otherwise,

a2+ b 3i ¢ -3+4i d 1-31
¢ -2-5 r =20 g 7-24 h =5+5i

2 Express these in the form r(cos# + i sin#), giving exact values of r and # where possible, or values
to two decimal places otherwise.

3 b I " | +i
1+i3 2=1 I=1
3 Express the following in the form x +iy. where x, y € R.
a S{coszr- 4 isini) b -l-(cos—x- + isinz) ¢ 6(00525 4 isini'z
2 2 2 6 6 6 6
2:)..'2’;)) 3 A DT A3 I, v I
d 3{cos( 3 +1sm( 3 e 2\2(cos( 4)+lsm( 4)) f —4(cos g HisinTg
2% . {2m)) . y
@ 4 a Express the complex number = = 4(cos("7] - :‘sm(—g-)) in the form x + iy,
where x. y € R. . (2 marks)
b Show the complex number = on an Argand diagram. (1 mark)
(®) 5 The complex number = is such that || = 7 and arg= = 1%'5- Find = in the form p + gi.
where p and ¢ are exact real numbers to be found. (3 marks)
@ 6 The complex number = is such that || = 5and arg= = -%. Find = in the form a + bi,
where @ and A are exact real numbers to be found. (3 marks)
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You can use the following rules to multiply complex numbers quickly when they are given in
modulus-argument form.

u For any two complex numbers 2, and z,,
¢ |zsza] = lzallzal
+ arg(s ) =argz; +arg

To prove these results, consider =, and z; in modulus-argument form:

@ You multiply the meduli and
add the arguments.

zy=ry{cost, +isinfy) and z, = r{cost; + isinfly)

Multiplying these numbers together, you get

5122 = r{cosd; + isiny) x ry(cosl; + isind,) | . »
= ryr;{cos @, + isind,)(cosd, + ising,) s :?:o?m‘;pigﬂ::ef; Ing

= ryr;lcost cosf, + icosf, sin 8, + isin@, cosd; + i¥sind, sinfl,) addition Formulae:
= ryrylcostycosf, + icost, sinf; + isin @, costl; — sind, sin &) sin{d £ B) = sindcosB £ cosAsinB
= ryrsl(cos B, cosfl, — sinf, sinfl) +ilsin 6, cosd, + cosfysingy)) €0 = B) = cosA cosBxsinAsinB

isi + Pure Yoar 2, Section 7.1
= ryrlcos(@, + 6,) + isin{d; + 6,))

This complex number is in modulus-argument form, with modulus ryr; and argument @, + &,, as
required.

You can derive similar results for dividing two complex numbers given in modulus-argument form.

m For any two complex numbers z, and z,,
lz, 1241 Al You divide the maduli and
- - - ——
al %] subtract the arguments.

4
. arg(z—z] =argz,—arg3;
To prove these results, again consider =; and =; in modulus-argument form:

z; = rylcos @ + isinf,) and =; = ry(cosf; + isind;) @ Explore multiplying and dividing O
S e e complex numbers on an Argand diagram
Dividing =, by =; you get using GeoGebra.

3 rylcosd, +1isind,)

2 ra{cosf, +isinfy)

x ri{cosfy +isinfl) x (cos@, — isind,)

" ralcos; + isindy) * {cosf; - isind,)

] ry(cosél cosé, — icost, sindl; + isiné, cosf; — i*sind, sind,) The last step of this
" ry{cosf, cos, - i cosf,sin 0, + isind,cosf, - i2sind,sing,)  Wworking makes use of the

: g3 > trigonometric addition formulae
_ nillcos#ly cosf; + sinf; sinf) +i(sinf cos B, — cos#y5ind,)) topether with the identity
- r;(cos? @, + sin?d,) sin?d+ costfl = 1

Pure Yoar 1, Section 10.3
=%(cos(ﬂ,-()z)ﬂsin(ox-az)) + Pure Yoar 1, Section

=
This complex number is in modulus-argument form, with modulus F;' and argument 8, — fl,, as required.
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= _3(coc—~+nsm )m1d4(cos—-+xsm-l-;
a Find: i |z i arg(zz,)
b Hence write =z, in the form: ¥ rcos@ +ismnf) § x+ir

a i 53 ==l For a complex number In the form
2| =3 |zl =4 5 z=ricos@+isind), =l =r

I 3PEE) =Ag T+ W Ty For a complex number In the form

arg:-,-?; arq:3=% I s=ricosf +isint, argz =
saza) ot e e OE
RS P2 1 P
b1 =z =rlcost +isintl) = ?Z{c:oe ; + isin ;)-— zyzp =ryrplcos(t, « &;) + isin (¥, + 85))
il cos = =0,%in ==1 '
< . L_ Evaluate cos > and sin 2
235 =12(0 + (1)) = 12 ROy M WS
Example o
2 27
-] = S e + 8 -2 3( —r - e~
2 2(cos isin IS) and z 5 1sin 5
Express z,z; in the form x + iy,
Rewrite =, in the form = = rlcost + isinfl: =3 is not initially given in
modulus-argument form.
co:(-—} = Ccon g— and :m 2:} = —%in 2“.“ S T
2 5 2 Use cosi-¥) = cos# and sinl—# = —sin §
e 27\ .
2= 5{5“’(' ] )* o )) L— =, is now in modulus-argument form.
:~:;=d(co: 5 +|5m’5}x3(oo:;{ )+|> 2))
___ Apply the result
=2x 3(cos[ ‘3 —--} + !sm( Tb 2" })————-‘ 2352 = ryrlcos(, + 8;) + isin(f, +42)
( + Ism( ”
i -‘-1:’1) A= andsinf-F) = -2
-0(2 Apply cos| 3}--Zandsm( =3
=3 -3y3)
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{COS— + xsm-l-;

E.xprcss in the form x + iy.
2(008 & tisin T)

I leon X & iain X ) Both numbers are in modulus-
l 12 12, argument form, so you can divide the
modull and subtract the arguments.

2{co- — + -:»n——l

o 4 S 1-?1]+, o _T__é:‘)
2NN 6 12 6 ’—— Simplify.
< 2o (35) 4 1 35))
: . o Appl cos(-3—*)-—iand
2 RN
2 2 V2 L3 ( )) Slﬂ(-gl)=_l_
. =X
TR 2
1 For cach given z, and z,, find the following in the form »(cos# + i sinf):
i |52 il arg(z;z,) i 2z,
a S(cosg—-nsm}r) 2 -6(cosz—+xsin7—75)
< 8 8/ 8 8
b = =»"§(cos5+isin3) za=4y2 (c«:os;"-—-usin}-—-E
- 3 5 Y i i 4 4
2 Givenz| = 8{cos + isin -—-) and =, = Al(c‘os--?E + 1sin ——) write down the modulus and
argument of:
R b =1 =2
a “yja2 '_."2' C |
3 Express the following in the form x + iy:
a (cos20 + isin20){cos 30 + isin 30) b (cos-—-+xsin-)(cos-—-—+xsm-—)
I3 e MY oo T
c 3(cos +isin-; )xZ(cos-—-ﬂsm-ﬁ) d v6(cos3 isin 3)x\’5(cos3 +1sin 3)
Sw Sw ,
e 4{cos —isin ) 2(t:os18 —1isin T m ﬁrstma.kewreboth
2’ ” numbers are in modulus-
f 6{cos—-+1sm—) x5(oos—+1sm3)x (cos?+ nsm?) argument form,
o & a . w
g (cosdl + isindf)cosf - isinf) h 3(cos—-—+|>m—1§) x\-(oosg-nsm?’)
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4 Express the following in the form x + 1y:

\‘f(cos1 + isinz) 1(cos£ + isinl]
¢0s 50 + isin 50 b 2 3 3 3 cos 28 - isin 24
- T
cos 26 + isin 26 l(cos risin® ] 4(&5__“ +isin>X 5w cos 38 +isin 34
4, 6
@ 5§ :=-94+3i/3
a Express z in the form r{cosf + isinfl), -7 <l =7 (2 marks)

b Given that |w] =3 and argw = Z—Z- express in the form r{cos® + isind), -7 < 0 = 7:

iw iz T (4 marks)

w
Challenge

By writing = = 1 + Iy'¥ in modulus-argument form, show that:

a l=k: b #=p:

where k and p are real constants to be found.

¢ Show z, 2" and =* on an Argand diagram and describe the geometrical relationship between them.

m Loci in the Argand diagram

Complex numbers can be used to represent a locus of points on an Argand diagram,

s For two complex numbers z; = x; +iy; and 2, = x, + iy, |25 = 25| '™
represents the distance between the points z; and z; on an

Argand diagram. 275

=T l_"x

n=x+1y

Using the above result, you can replace z, with the general point .
The locus of points described by |z = =,| = r is a circle with centre o

Re
{xy, v;) and radius r.
@ Explore the locus of z, when O

- iz — 3| =, using GeoGebra.
I=x+iy
Locus of points.
Every point z, on the circumference of the circle,
is a distance of r from the centre of the circle.
0 Re

¥ Given z, = x, +i),, the locus of point z on an Argand diagram such that |z - z,| =1,
or |z = (x; +iy,)| =r, is a circle with centre (x,, y,) and radius r.

You can derive a Cartesian form of the equation of a circle from this form by squaring both sides:

. |z ===+ The Cartesian equation of a
[(x=x) +ir=2)l=r circle with centre (a, b) and radius r
(x—x 2+ (y—0)f=rF ———Since|p+gill=pt+4° s{x—-al+{y-bf=r?

¢ Pure Year 1, Section 6.2
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The locus of points that are an equal distance from two different points z; and z; is the perpendicular
bisector of the line segment joining the two points,

Im
T=x4iy
Locus of points.
=X - y
Every point = on the line is an equal distance
from points =, and =,
=N+ Uy
@ Explore the locus of =, when O
- |z = 5| = |z = z,), using GeoGebra.
) Re

= Givenz, =x, +iy;and g, = x, +i),, the locus of points ; on an Argand diagram such that
2 = Zj| = |z = 23] is the perpendicular bisector of the line segment joining z, and z,.

Given that = satisfies |= = 4| = 5,
a sketch the locus of = on an Argand diagram.
b Find the values of = that satisfy:
i both|:-4|=35and Im(z)=0 ii both|z—4|=5and Re(z)=0

|z = (x; + iyl = ris represented by a circle with

a |z - 4| =5 is 3 circle with centre (4, O)
centre (xy, yy) and radius r.

and radius S,

lma

Sketch a circle with centre (4, 0) and radius Son

/ 0 y an Argand diagram.

b i Im{z} = O represents the resl axs. Centre of circle is (4, 0) and radius is 5.
Soconsider4 +5=9and4-5=-1.

The points where the circle cuts the
real axds are (-1, O) and (9. O).

The values of ¢ at these points are bl IUS Give your answers as complex
r=-landz=9. numbers, not as coordinates,
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ii I.'-4l=5$(_\‘-4)3+‘-2 -5
! P I This is the Cartesi ti f a circl ith
R | : slan equation of a e Wi

S centre (4, 0) and radius 5.
16 +)y"=25
=9 | Re(z) =0 for all points on the imaginary axis, s0
y=+3 set x =0,

The points where the circle cuts the
real axs are (O, 3) and (C. -3}

The valves of s are = = 3i and = = -3i,

A complex number = is represented by the point £ in the Argand diagram.

Given that |z = 5 = 3i| = 3,

a sketch the locus of P b find the Cartesian equation of this locus
¢ find the maximum value of arg = in the interval (=, ).

|z = 5 — 3i| can be written as |z — (5 = 31)|, As this
distance is always equal to 3, the locus of Pisa
circle centre (5, 3), radius 3.

The standard Cartesian equation of a circle is
(x—al+{y-by=r

b The Cartesian equation of the locus s
xX-3F+0-3F=9

c Ima
The maximum value of arg = is the angle OA
makes with the positive real axis.

l-— The line OC bisects the angle AOB.

Problem-solving

When solving geometrical problems like this

Re one, it is helpful to draw an Argand diagram. The
maximum value of arg(z) occurs when the line
between the origin and P is a tangent to the circle.

Using triangle OB8C:

[ () 3
t-*""_é) == L Use circle properties. OB is perpendicular to BC,

3 and triangles OBC and OAC are congruent.
0= 2arctan| 2| = 1.08 rad (3 33)
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Given that the complex number z = x + iy satisfies the equation |z — 12 — 5i| = 3, find the minimum
value of |z and maximum value of |z].

s I— The locus of = is a circle centre (12, 5), radius 3.
3 N || represents the distance from the origin to any
5 3 point on this locus.
(12. 5)
|| sy @nd | = |mas are represented by the distances
7] 12 Ri OX and OY respectively.
I2lqis = OC - CX =13 - 3= 1C.
Flaw=0C+CY=13+3 =16 The distance OC =127 + 5% =13,
The mitimum value of |z| is 10 and the | The radius r= CX'= C¥=3.

maximum value of |z] is 16,

Given that |z = 3| = |z + il,
a sketch the locus of z and find the Cartesian equation of this locus
b find the least possible value of |z|.

a |z-3] = Iz +1| is the perpendicuiar The locus of points = satisfying |= - 2)] = |z - 2
bisector of the fine aegment joining the = is the perpendicular bisector of the line segment
points (3, Q) ang (O, -1), - J joining z, to =;.

The gradient of the line joining (O, —1) and
(3,0)is = The perpendicular bisector will pass through the
—  midpoint.

S0, the gradient of the perpendicular
bisector is -3
The midpolnt of the line joining (0. -1) and ——  Substitute (x,, y,) = % _.;.] and m = -3 into the

(3,05 3. -3} equation of a straight line.

Y=y, =nix - Xx) :
4 - Problem-solving

z==3|x-3
- =3 You could also square both sides of |z - 3] =1z +i|:
PSS (S beip=3| =lc+iy+i
s [(x=3)+ iy =lv+ily+1)
y=-3x+4 (=3R4 p2 =524 (p+1)2
F-bx+9+ =X+ 1+2y+1
y==3x+4
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Im 4
)\

Problem-solving

The minimum distance is the perpendicular

7N <
ey distance from O to the perpendicular bisector.

The line is parallel to the line joining (0, -1) and

o .47 Re
o, -nY &3 I (3.0
b The gradient of the lins izbelled d., 15 5 l‘ The line passes through the origin.

0153

) Lt T -  [yepe ———
TT‘E equation of this ing is ¥ = X Find the polnt where this line intersects the
X ==-3x+4 perpendicular bisector,
Lf.\' =4
x=Bay=i Soive ta find x and substitute into y = 5.x to find .
do. = IE)° + (EF Use Pythagoras’ theorem.
- 210
= 8

Locus questions can also make use of the geometric property of the argument.

s Given z; = x, +i),, the locus of points w A half-line is 2 straight line

:nr;('; Arf;n_ded::gr;::f’;:: ;:':':‘ buit ot extending from a point infinitely in one direction
-%,)= ¥ :

including, the fixed point z, making an on
angle @ with a line from the fixed point z,
parallel to the real axis.

Im

m Explore the locus of 2, when O

aglz=z) arg(z — z;) = 6, using GeoGebra,

7] Re

You can find the Cartesian equation of the half-line corresponding to arg(: - z,) = @ by considering
how the argument is calculated:

arglz=z) =@
arg{ix=x)+i(y-yN =0

- — @ 1s a fixed angle so tan # is a constant.
X=N i This is the equation of a straight line with gradient

=y, = tanf(x - x,) -—l_ tan # passing through the point (x, yy).
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Given that arg(z + 3+ 2i) = }f

a sketch the locus of = on an Argand diagram

b find the Cartesian equation of the locus

¢ find the complex number = that satisfies both |z + 3 + 2i|= 10 and arg(z + 3+ 2i) = %ﬁ

a ima
"r@f‘+3*2”=:‘:_;'r '+3+2|canbewnttenas- (-3 - 2i). As
argz+3+2)= 2% the locus of = IS the haif-line
from (-3, -2) maklng an angle of ==inan
3z o = anticlockwise sense from a line in the same
k) 'l o direction as the positive real axis.
(-3, -2)
b sralz+ 3+ 2) = % — zcanberewrittenasz=x + 1y,
3
aglx+lw+ 3+ 2) ="+ — Group the real and imaginary parts.
3w

T4
:l_‘+ &, l— Remove the argument.

y+2=—(X43) — tanBTT--l

Hence the Cartesian equation of the locus

:_.:__._5.'-<_3
=~ ; : The locus is the half-line so you
need to give a suitable range of values for x,

¢ |=+ 3+ 2i| =10is a circle with centre Use a geometric approach to find =.
(=3, —2) and radius 10.
Draw part of a circle with centre (-3, -2)

= ‘:\ r and radius 10.
/ Angle inside the new triangle is x — 37'7 = %
| e _
A ‘%\ (4] Re As the angie is —:‘E the triangle is isosceles.
[ 2 T G 19 (RO So the two shorter sides have the same length.
3 (3,-2) i

at +ut=10= 245 =100 Problem»solving An a](emat]vea[gebrak

a=v50 = £5/3 approach would be to substitute the equation for
= (-3 - 5/2) +i(-2 + 5¢7) the half-line, y = —x - 5, into the equation of the
circle, (x + 312 + (y + )% = 10%, and then solve for
x and y. You would need to choose the solution
which lies on the correct half line.
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Exercise @

@ 1 Sketch the locus of = and give the Cartesian equation of the

locus of z when: m You may choose a

ald=6 b |7=10 ¢ |z-3|=2 geometric or an algebraic
L S . Al R approach to answer these

d [z+31=3 ¢ |==4|=5 f |lz+1]=1 questions.

g l:—-1-i=5 h|z+3+4i|=4 i [z=5+6i=5

2 Given that z satisfies |z — 5 - 4i| =8,
a sketch the locus of = on an Argand diagram
b find the exact values of = that satisfy:

i both|:—5-4i=8and Re(z)=0 ii both|l:=5-4i|=8and Im(z)=0

® 3 A complex number : is represented by the point P on the Argand diagram.
Given that |z =5+ 7i| =5,
a sketch the locus of P
b find the Cartesian equation of this locus
¢ find the maximum value of argz in the interval (-, 7).

4 On an Argand diagram the point P represents the complex number z.
Given that |- —4 - 3j| =§,
a find the Cartesian equation for the locus of P
b sketch the locus of P
¢ find the maximum and minimum values of |z| for points on this locus.

5 The point P represents a complex number z on an Argand diagram.
Given that |z + 2 = 2/3j| = 2,
a sketch the locus of P on an Argand diagram
b write down the minimum value of arg=
¢ find the maximum value of arg=.

6 Sketch the locus of = and give the Cartesian equation of the locus of z when:

afp=-6=k-2 b |z+8=|--4
¢ 2| == + 6il d |z + 3i| = |= - 8i|
e |p=2=20=f+2+2i [ |z+4+i|=]:+4+6i
g L+3-5i=E-7-5i h |z +4-2i=|-—8 +2i
E+3 : E+6-il
|= — 6il = — 10— Sl
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Argand diagrams

&P 7

EP) 8

10

Given that |z - 3| = |z - 6il,

a sketch the locus of = (3 marks)
b find the exact least possible value of |z]. (4 marks)
Given that [z + 3 + 3i| =]z - 9 - 5i|,
a sketch the locus of = (3 marks)
b find the Cartesian equation of this locus (3 marks)
¢ find the exact least possible value of |=]. (3 marks)
Sketch the locus of = and give the Cartesian equation of the locus of = when:
a 2-z=3 b |5i~==4 ¢ 3=<2i-z=3
Sketch the locus of = when:
a arg:=% barg(:+3)=% ¢ arg(:—2)=3.;-
d arg(:+2+2i)=—§ e arg(:-l—i)=-‘11 f argiz+3)=m

2 =
g arg(:-l+3i)==3E barg(:-3+4i)=-1-; i arg(:-4i)=-§i'-

@ 11 Given that z satisfies |z + 2i| = 3,

EP 12

@ 1

a skeich the locus of = on an Argand diagram

b find 7| that satisfies both |z + 2ij =3 and arg z = %
Given that the complex number = satisfies the equation |z + 6 + 6i| = 4,
a find the exact maximum and minimum value of |z| (3 marks)
b find the range of values for 8. =7 < # < &, for which arg(z ~ 4 + 2i) = f and
|z + 6 + 6i] = 4 have no common solutions. (4 marks)

The point P represents a complex number = on an Argand diagram such that |z] = 5.
The point Q represents a complex number = on an Argand diagram such that arg(z + 4) = %

a Sketch. on the same Argand diagram. the locus of P and the locus of Q as = varies. (2 marks)

b Find the complex number for which both |z| = 5 and arg(z + 4) = % (2 marks)
Given that the complex number = satisfies |z = 2 = 2i| = 2,

a sketch. on an Argand diagram, the locus of = (2 marks)
Given further that arg(z -~ 2 - 21) = %

b find the value of z in the form a + ib. where a. h € R. (4 marks)
Sketch on the same Argand diagram the locus of points satisfying:

a |z -2i=|z-8i (2 marks)
b arg(:-2-i)=§ (3 marks)
The complex number = satisfies both |z = 2i| = | = 8i| and arg(z =2 - {) = % (2 marks)

¢ Use vour answers to parts a and b to find the value of =.
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Chapter 2

Sketch on the same Argand diagram the locus of points satisfying:

afz=342=4

b arg(z~1)= -—%

The complex number = satisfies both |z < 3 + 2i| =4 and arg(z -~ 1) = -%
Giventhat = =a + ih, wherew. he R,

¢ find the exact value of & and the exact value of b.

-

If the complex number = satisfies both arg = = —7:: and arg(z - 4) =
a find the value of = in the form « + ib, where a, b € R.
b Hence, find arg(z -~ 8).

1915

Given that arg(z + 4) = E.
a sketch the locus of  on an Argand diagram

b find the minimum value of |z] for points on this locus.

A complex number : is represented by the point 2 on the Argand diagram.
Given |z + 8 = 4i| = 2,

a sketch the locus of P

b show that the maximum value of arg(z + 15 - 2i) in the interval (~7. 7)

o
. ’ » .-
is 2 za\rcsm(—\l,_._53 )
¢ find the exact values of the complex numbers that satisfy both |- + 8 — 4i| =2

and arg(z + 4i) = 377'.

Challenge

The complex number = satishes both |z +i| =5 and arg(z - 2i) = @,
where @ is a real constant such that ~7 <@ = =
Given that |z - 4i] < 3, find the range of possible values of &

Q Regions in the Argand diagram

You can use complex numbers to represent regions on an Argand diagram.

b

36

On separate Argand diagrams, shade in the regions represented by:
i |z=4=-21=2 i z-4|<|z-6 iii OSarg(:-l-Zi)S%

Hence. on the same Argand diagram, shade the region which satisfies

[zeC:-4-2=2In {:GC:I:-4I<|:-6|}ﬂ{:eC:Oe:arg(:—Z-Zi)ﬂg}

(2 marks)
(3 marks)

(3 marks)

{3 marks)
(2 marks)

(3 marks)
(2 marks)

(2 marks)

(3 marks)

(3 marks)



Argand diagrams

ai -4-2|=2
= |z = 4 = 2i| = 2 represents a circle centre (4, 2),
bt I— radius 2.

|z = 4 - 2I} < 2 represents the region on the
inside of this circle.

]L |z = 4 = 2i| = 2 represents the boundary inside of
this circle.

“y

|z = 4] = |z - 6] Is represented by the line x =5,
This line is the perpendicular bisector of the line
segment joining (4, 0) to (6, 0).

|z — 4] < |z - 6| represents the region x << 5.
All points in this region are closer to (4, 0) than to
(6, 0).

2% 4

& R

R R RN ee o]

Note this region does not include the line x =5.
So x = 5 Is represented by a dashed line,

-
"
o

MO0Zarglz-2-2)= T -
: 4 arg(=-2-2)= 3 is the half-line from the point

(2, 2) at angle f to the horizontal.

Im

arg(= - 2 - 2i) = 0 is the other half-line shown
|7 from the point (2, 2).

0= arglz-2-2)= % is represented by the region
In between and Including these two half-lines.

CEITED e symboi s the symbol for the

intersection of two sets. You need to find the
1z - 8| region of points that lie in all three sets.

b |z-4-2i| =2 |z-4] -

andO=aglz-2-2)= =
4 The line arg(z — 2 - 2i) =7-and the circle

Im 4 ' |V |z = & - 2i} = 2 both go through the point (4, 4).

= The region shaded is satisfied by all three of
: E-4-2i|=2
. ls -4 < |z~ 6]

| M.y 0= arg(z-2-2i) =
0 2 4 5 ©Re @ Explore this region using O

GeoGebra.

=

|
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Chapter 2

Exercise @

1 On an Argand diagram, shade in the regions represented by the following inequalities:

a|7<3 b |z=2i>2 e z47 === d [z46]>|z+24+8i

e 2=|=3 [ l=|-+4il=4 g 3=|-3+5]=5

2 The region R in an Argand diagram is satisfied by the inequalities |- = 5 and |7} = |z - 6il.

Draw an Argand diagram and shade in the region R.

3 The complex number = is represented by a point P on an Argand diagram.

Given thatz+ 1 ~jj= land 0 = argz = 34—“ shade the locus of P.

4 Shade on an Argand diagram the region satisfied by

{:ec:ms3}n{:ec:§aarg(:+3)s7r}

5 a Sketch on the same Argand diagram:
i thelocus of points representing |z = 2| = |z = 6 ~ 8i|
ii the locus of points representing arg(z - 4 - 2i) =0
iii the locus of points representing arg(z — 4 — 2i) = g
b Shade on an Argand diagram the set of points B
1zeC: |z =2 =|z=6-8i} N {:ec:ozarg(:-«z-zi)s%}

6 a Find the Cartesian equations of:
i the locus of points representing |z + 10f = |z - 6 = 4iv2]
ii the locus of points representing |z + 1| = 3.
b Find the two values of = that satisfy both |z + 10| = |z = 6 = 4iv2| and |z + 1| = 3.

¢ Hence shade in the rc_gion R on an Argand diagram which satisfies both
[+ 10|=|-=6-4i2]and |z + 1| = 3.

Challenge

The sets A, B and € are defined as:

A={z€C:|z+5+8i|=5)

B=izeCi:+8+4l|=|z+2+12i)}

G= {:eC:OGarg(:+10+8i) ’;%}

Shade the set of points A 11 BN C, that are in set A and in set B, but not in set C,

38

(6 marks)

(6 marks)

(6 marks)

(2 marks)
(2 marks)
(2 marks)

(2 marks)

(6 marks)
(2 marks)

(4 marks)



Argand diagrams

Mixed exercise e

®1

E&P) 2

EP) 3

® 4

fiz)=22+5z+10
a Find the roots of the equation f{=) = 0. giving your answers in the form a = ib,
where @ and b are real numbers.

b Show these roots on an Argand diagram.

fizy="++3:-5

Given that f{-1 + 2i) =0,

a find all the solutions to the equation f(z) =0

b show all the roots of fiz) = 0 on a single Argand diagram

¢ prove that these three points are the vertices of a right-angled tnangle.

o)==+ 132-47:+ 34

Given that z = -1 + 4i is a solution to the equation,

a find all the solutions to the equation f(z) =0

b show all the roots on a single Argand diagram.

The real and imaginary parts of the complex number = = x + iy satisfy the equation
(4=3i)x=(1+6i)y-3=0

a Find the value of x and the value of y.

b Show = on an Argand diagram.

Find the values of:

¢ |

d arg:

=442 5==341

a Draw points representing z; and z, on the same Argand diagram.

b Find the exact value of |z, = =4

Given that w = -:"-

-

¢ express win the forma + ib, where a. bER
d find argw, giving your answer in radians.

@ 6 A complex number : is given by £ = a + 41 where « is a non-zero real number.

a Find =2 + 2= in the form x + 1y, where x and y are real expressions in terms of a.

Given that 22 + 2z 1s real,
b find the value of a.
Using this value for a.

(3 marks)
(1 mark)

(4 marks)
(2 marks)
(2 marks)

(4 marks)
(2 marks)

(3 marks)

(1 mark)

(2 marks)
(2 marks)

(1 mark)
(2 marks)

(2 marks)
(2 marks)

(4 marks)

(1 mark)

¢ find the values of the modulus and argument of =, giving the argument in radians and

giving your answers correct to 3 significant figures.
d Show the complex numbers =, =% and =%+ 2= on a single Argand diagram.

(3 marks)
(3 marks)
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Chapter 2

The complex number = is defined by =z = 3.,":_'?
Find:

a |2

b arg:

z=1+2i
a Show that |2 -z =2.5.
b Find arg(=? - ). giving your answer in radians to 2 decimal places.
¢ Show = and =7 ~ = on a single Argand diagram.
I

T2

L2

a Expressin the forma + bi, where a. b € R,

i 2 ii = -'i-
b Find [
¢ Find arg(: - -1.-), giving your answer in radians to two decimal places.
__a+d ,
= a a€ER

a Given that a =4, find |2|.

b Show that there is only one value of « for which arg= = Z_and find this value.

4
s==l=iz=1+i3
a Express =, and =, in the form r(cos@ + isinf), where -7 < 0 = 7.
b Find the modulus of:

i =z, ii "_‘::%
¢ Find the argument of: -
iz, ii ?
z=2-2i3
Find:
a ||

b argz, in terms of .
w = 4cos{=5) + isin(-3))
Find:
"W
et-l
W '
d arg(Z) , in terms of .

Express 4 — 4i in the form r{cosf + isin@), where r > 0, —v < = 7,
giving rand & as exact values.

(4 marks)
(2 marks)

(4 marks)
(2 marks)
(2 marks)

(4 marks)
(2 marks)
(2 marks)

(2 marks)

(2 marks)

(2 marks)

(1 mark)
(2 marks)

(1 mark)
(2 marks)

(3 marks)
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16

17
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The point P represents a complex number = in an Argand diagram.
Given that [z + 1 = i| =1,

a find a Cartesian equation for the locus of P

b sketch the locus of P on an Argand diagram

¢ find the greatest and least possible values of |z|

d find the greatest and least possible values of |z - 1.

Given that arg(z - 2 + 4i) = ;-

a sketch the locus of P(x, y) which represents = on an Argand diagram
b find the minimum value of |z| for points on this locus.

Argand diagrams

(2 marks)
(2 marks)
(2 marks)
(2 marks)

The complex number = satisfies |z + 3 - 6if = 3. Show that the exact maximum value of

argz in the interval (—w, w)is % - 2ar¢xin(\%). (4 marks)
A complex number = is represented by the point P on the Argand diagram.
Given that |z - 5| =4,
a sketch the locus of P, (2 marks)
b Find the complex numbers that satisfy both |z — 5| =4 and arg(z + 3i) = %

giving your answers in radians to 2 decimal places. v (6 marks)
¢ Given that arg(z + 5) = # and |z - 5| = 4 have no common solutions, find the range

of possible values of #, =7 < 0 < . (3 marks)
Given that |z + 5 = 5i| = |z = 6 = 31l
a sketch the locus of = (3 marks)
b find the Cartesian equation of this locus (3 marks)
¢ find the least possible value of || (3 marks)
a Find the Cartesian equation of the locus of points that satisfies |z = 4| = |- - 81]. (3 marks)
b Find the value of - that satisfics both |z — 2| = |z — 4i| and argz = % (3 marks)
¢ Shade on an Argand diagram the set of points

::ec:|:-4|s|:-8inn{:ec:i}sarg:sx} (3 marks)
a Find the Cartesian equations of®

i the locus of points representing |z = 3 + i =z = 1 =i

ii the locus of points representing |z = 2| = 2,2. (6 marks)

b Find the two values of = that satisfy both [z =3 +i|=|z =] =ijand |z = 2| =
The region R is defined by the inequalities | =3+ il = |z = | - ijand |z - 2| = 2/

¢ Show the region R on an Argand diagram.

Challenge

The complex number = satisfies arg(z — 3 + 3i) = - %
The complex number w is such that [w — 2| = 3,

a Sketch the locus of w.

b State the exact minimum value of |l

p—

202, (2 marks)
3.

(4 marks)
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Chapter 2

Summary of key points

1

10

11

42

You can represent complex numbers on an Argand diagram, The x-axis on an Argand
diagram is called the real axis and the y-axis is called the imaginary axis. The complex

number z = x + iy is represented on the diagram by the paint P(x, y), where x and y are
Cartesian coordinates.

The complex number = x + iy can be represented as the vector ( ‘\) on an Argand diagram.

The modulus of a complex number, |z|, is the distance from the origin to that number on an
Argand diagram. For a complex number z = x + iy, the modulus is given by |zl = /x% + 32,

The argument of a complex number, arg z, is the angle between the positive real axis and the
line joining that number to the origin on an Argand diagram, For a complex number

¥
2 =x +iy, the argument, §, satisfies tanfl = 3

Im
Let a be the positive acute angle made with the real axis argz=n-a | agr=n
by the line joining the origin and =.
» |If z lies in the first quadrant then argz = a. A z
+ If z lies in the second quadrant then argz =7 — a. o aINe) Re
» If z lies in the third quadrant then argz = = (x - a).
* If z lies in the fourth quadrant then argz = —av args = =7 ~n) argz =-n

For a complex number z with |z| = » and arg z = 6, the modulus-argument form of = is
z=r{cosd +isiné)

For any two complex numbers z, and z,,
[z:22] = |zill=2]

arg(zz) =arg s, +arg 2

5| _ |zl

- =
=2 |z

arg (%) =arg s - argz;

For two complex numbers z; = x; + iy; and 2, = x; + 1y, |2 — 7, represents the distance
between the points z, and z; on an Argand diagram.

Given =, = x; + iy, the locus of points = on an Argand diagram such that |z = =,| =r, or
|z = (xy + iyg)| = r, is a circle with centre (xy, y,) and radius r.

Given z; = x; + iy, and z; = x; + iy, the locus of points = on an Argand diagram such that
|z = z;} = |z — ;| is the perpendicular bisector of the line segment joining z; and z,.

Given =, = x; + iy, the locus of points = on an Argand diagram such thatarg(z -z ) =/disa
half-line from, but not including, the fixed point z; making an angle # with a line from the
fixed point =, parallel to the real axis.



Series

Objectives
After completing this chapter you should be able to:

e Use standard results for ): 1 and Z: - pages 44-47

r=1

® Use standard results for Z r#and Z e - pages 47-51
r=1 r=1

e Evaluate and simplify series of the form Y f(r), where f(r) is

linear, quadratic or cubic - pages 44-51

1707-178:

e AL
| e '

Prior knowledge check

\ 1 Factorise: The Greek letter 3~ is used in mathematics

: 8 X245% 46 b x243c—4 S to represent a sum, For example, the
a8 € 2xi+Tx+6 + Pure Yoar 1, Chapter 1 infinite series -]1; + 212— + 312 . can be
Simplify each expression by writing it as the written as \: !
PICEICE o tat fectors This notatx’o:r: \:as frst introduced by the
VE LI Swiss mathematician Leonhard Euler, who

also proved that this infinite sum Is

e
equal to —
« Pure Year 1, Chapter 1 6

b flk+ 12+ Kk (k+1)?
€ k%(2k =1)+ 10k =5

43



Chapter 3

m Sums of natural numbers

You can use sigma notation to write series clearly and @ e e the sanm o the
concisely. For example:
3

terms in 3 sequence.
2.000r-1)=(10x1-1)+{10x2-1)+(10x3=1) + Pure Year 2, Section 3.2
=1
=0419429=57
Sri=124224324 . 4n? w The numbers below and above the
=1 3 tell you which value of r to begin at, and which
® To find the sum of a series of constant value to end at. You go up in increments of 1 each
terms you can use the formula 3 1=a. S
r=1
= The formula for the sum of the first # natural : ~
Sr=1+2+434
numbers iszr = 3n(n +1). St
r=1
Example 0
4 50 50
Evaluate: a Y (2r—1) b > r e d.r
r=1 r=1 r=21
2 There are only 4 terms in this series. Write out
2r-N=@2x1-N+@x2-1) ———
" f\:.nf E=me = inane } g each one then find the sum.
+2Zx3-N+2x4-1)
=1+3+5+7
=16 r Substitute n =50in ¥ _r= %n(n +1).
rel
b Sr=1x50x51=1275 e '
= S Problem-solving
N0 50 20 2
2 _Z '-2:: z-: = 1275 - £ x 20 x 21 ’§'r=21+22+23+....+49+50
i = 1275 — 210 = 1065 Find the sum of the natural numbers up to 50,
then subtract the sum of the natural numbers up
0 20,

® To find the sum of a series that does not You need to subloct the sum up o
start atr = 1, use Z f(r) = 2 f(r) - Z f(r). k-1, not k.

r=i
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Series

el ©)

2N=-)
Show that Y r=2N?-N-10,N=3.

r=3

ZN-1 2N

Zr_Zr—Zr

= =l el
x@EN-NEN-1J+Uh-3x4x5
% (2N - )2N) - 10

% (4N= - 2N) - 10

2ZN2-N-10

Substitute n = 2N — 1 and # = & in 3n{n + 1).

M= e 1 -

You can rearrange expressions involving sigma notation. This allows you to evaluate the sums of more
complicated series,

. 3 kEG) =k 3 H0)
s E (f(r) + () = E ) + 380

r=1
Example o
&
Evaluate Y (3r+ 1)
r=1
25 25 25 Use the rules glven above to write the expression
1= 1
Z:: gl S,Z-r g rz-:' in terms of Zrand zl
=3x5x25%x26+25 i
=975 + 25 = 1000
Example o
n | =
a Show that 3 (7Tr—4)=3m(Tn - 1). b Hence evaluate Y (7r—4).
r=1 r=2
8 ) (Tr—-4)=7)rr—43}1
= Znin + 1) ~ 4n 72' 7xzn(n+l)an6421 hxn

rel

snl7r+7 —8)

=n{7n - 1)

b $‘m-4) i(’/r—4)-i(7r—4)

'..

Use the result from part a to find each sum quickly.
Tx50-1=349and 7T x19-1=132

Ix50%x349 -1 x19x132 ——
8725 - 1254
7471
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Chapter 3

Exercise @

Evaluate:
3 40

a > (2r+) b Y
r=0 r=]
G v

e Y £ D.r
=10 r= 100

il ue
¢ dr ddr
r=1| r=1
s Lom
g dr h Yr+ 3 r0<k<80
r=21 r=1 r=k+1

Given that Y r =528, find the value of .
r=1

-

A.
Given that  r=
r=1
2=}

a Find an expression for )_r.

r=l
20~

N
3" r. find the value of k.
r=1

I
b Henceshow that > r= %n(n -1)n=2

rensl
s

Show that > r= %(n +2)03n—=1),n=1.

ren-1

a Show that 3 r— Zr=%n{n’— 1)

r=| r=1

81
b Hence evaluate 3 r.

r=10
Calculate the sum of each series;
55 )
a Z(3r-l) b 2(2-71')
r=1 r=1
Show that:

a i:(3r +2)= %»(3n +7)
=1

i+l

e Y (2r+3)=(n+2)n+6)
r=1

-“
a Show that ) (4r = 5) = 24° = 3k.
r=1

m Use your result from part a.

#
¢ Y .(9+2n)

=1

b 3 (5r—4) =n(10n - 3)

d Z(4r+ S=2n+ 11)n-2)
r=3

‘.
b Find the smallest value of k for which ) (4r = 5) > 4850.
r=]

Given that f{r) = ar + b and i: fir) = 3n(Tn + 1), find the constants a and b.
r=1

An-|

a Showthat Y (r+ =2 -1, u=1,

r=1

22
b Hence calculate > (3r + 1),

=]
2+

a Showthat ) (4 =5r)=<(2k « 15k + 1).k = 0.

r=l 5

b Hence evaluate }_ (4 - 5r),

releys

¢ Find the value of >_ (5r—4).
r=-]

(4 marks)
(4 marks)

(3 marks)

(3 marks)

(5 marks)

(5 marks)
(4 marks)

(5 marks)

(5 marks)
(2 marks)

(5 marks)
(2 marks)
(1 mark)



Series

@ 13 Given that Y fir) = n? + 4n, deduce an expression for fir) in terms of .

rwl

14 f{r) = ar + b, where ¢ and b are rational constants,
4 .
Given that Y f{r) =36 and >_f(r) = 78,
re=1 =l

a find an expression for i: f(r) (6 marks)
r=1]

10
b hence calculate > f{r). (2 marks)

r=-1
Challenge

28
Given that 3_ (12 — 21} = 0, find the value of n.

T

@ Sums of squares and cubes

The expression for Y _ 1 is linear, and the expression for Y ris quadratic. Similarly, you can find a

=1 r=1

cubic expression for the sum of the squares of the first » natural numbers, and a quartic expression
for the sum of the cubes of the first  natural numbers,

® The formula for the sum of the squares of the first Yol can prove both of
natural numbersis 3 r*=gn(n + 1)(@n + 1). these results using mathematical

induction. -+ Section 8.1
® The formula for the sum of the cubes of the first n
natural numbersis > 12 =1n?(n+1)2
r=1
Example e
40 25
Evaluate: a . r2 b >
r=20 =1
A5 40 2
s 3 =3 r-3y
re=20 rm? rw)
=g % 40(40 + X80 + 1) Substitute i = 40 and n = 19in
| e N u
EXIIA IO+ N Y =tnln+1)(2n+1)
= 22140 - 2470 = 19670 gl
b $r% =4 x 25% x 267 = 105 625 Substitute n = 25 in 2Z(n + 12,

r

In

a Showthat Y rl=¢n(2n+ 1)(Tn + 1).

=4l

b Verify that the result is truc forn=1 and n= 2.
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Chapter 3

a Z ;“:Zr‘ 'Z:r"

renst

=23
-
=2

=zn(2n + 1H20En + 1) = (0 + 1))

=zn2n+ 7n + 1)

thr n=1
5 peyrests
Fansl rmd
nn+ Wn+)=tx3xB=4y
Whenn = 2;
=) -
R=)Yrr=3234=25
r=ne! r=3

ni2n+ Wn+ )= 5x5%x15=25 ¢

a Show that 3 (r2 + r = 2) = in(n + 4)(n = 1).

!
X 2nZn + dn + 1) - én(n + 1X2n + 1)

Replace i by 2n in 2aln + 1)(20 + 1).

Problem-solving

Look for common factors in each part of
the expression. Here you can take out a
factor of tn(2n + 1).

When you have been asked

to find a general result for a sum it is good
practice to test it for small values of n_ It will
not prove that you are correct, but if one
value of n does not work, you know that your
result is incorrect.

b Hence find the sum of theseries 4 + 10+ I8 +28 + 40 + ... + 418,

3 Z":fr5+r-2)

rel

= Zr- + Zl 231

et

= Znln + N)@2n +1) + Snin + 1) — 2n

Use the results for irz, f:r and i L

—nlln + N2+ N+ 3in+1)-12)

=nEn -+ 3n+1+3n+3-12)

nizZn® + Gn - 8)

= Ni=- 0 |—-

gn(lﬁ + 3n - 4)

= in(n + 4)n -1

b O+4+10+1&+26+40+ .+ 418

48

_Zf +’-2|
=1 x 20020 + 4)(20 - 1)
= 3040

rul =3 rel

Problem-solving

The question says ‘hence’ so use your answer
toparta. Whenr=1,r*+r-2=0,and
when r =20, r® + r — 2 = 418, 50 you can

20
write the sumas »_ 0% +r—2),

rml



Series

a Show that ir(r +3)2r-1= %n(n + 1)(3n? + an + b), where a and b are integers to be found.
r=1

40
b Hence calculate ) p(r + 3)(2r = 1).

r=11

a z“:r(r +3K2r-1) ——— First multiply out the brackets.

re!

=3(2/ + 512 — 31)

rel

= 2Zn:r’= - Sir‘ - 3ir Use these rules:
rel! =" rel n ~

=S+ 1)% + %n(n +)2n +1) - %n[n +1) Zlkf(")= k Zlf(")
- -

= zmin + 1X3nin + 1) + S(2n + 1) - 3
= znln + 1)3n2 + 13n - 4)

i'mr) ) = ‘;f(r) + i'g(r)

a0
P ;-.m FEr =1 . Use the results for Y., Y rand Y r.
A0 \ ral el ral

=Y nlr+3K2r - 1) - Yortr + 3)2r - 1)

= }_(40 x 41 x 531G6) - _'-.(‘.o x 11 x 428) Substitute 7= 40 and » = 10 In the result for a.

= 1453040 - 7810

= 1445230
1 Evaluate:

A ) 40 b

a . b > 2 ¢ D7 d X
=1 re=l r=21 r=1
100 200 A 80

e 2! F 208 g i+ ;r3.0<k<80.
=1 r= 1M =1 r=nel

2 Show that:

-4 =

a > rl=tn(2ns Didn+1) b Y rP=1n(2n-1)4n-1)
r=| r=1

¢ dorr=gnln+1)14n+1)

B4R 1
@ 3 Show that, forany k€M, > ri=z(n+k)Fn+k+1)*
r=1
£
@ 4 a Showthat > ri=n’(dn+ 1)(5n+2) (3 marks)
r=u+l
30
b Hence evaluate Y . (2 marks)

r=11
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5

a Show that jr-‘= %n:(n + )5+ 1). (3 marks)
(o0
b Hence evaluate Z;r’. (2 marks)
Evaluate:
0 a0 o 35
a y (m'-1) b Y rir+4) ¢ Y r(2+3) d Y (7-2)
e =1 r=1 r=11
a Show that ‘Z(r+2)(r+ 5)=%n(nz+ 12n + 41) (4 marks)
r=1 -
0
b Hence calculate Y (r + 2)(r + ). (3 marks)
r=10
a Show that z (FP+3r+l)= %n(n +a)(n + b), where a and b are integers to be found. (4 marks)
r=1
&0
b Hence evaluate Y (r2+ 3r+1). (3 marks)
=19
a Show that i::'?(r- 1)= -,lfn(n + I1K3n’=n-2). (4 marks)
r=1
W=l
b Hence show that ) #2(r= 1) = 1n(2n = 1)(6n* = Tn + 1) (4 marks)

r=|

Show that > (r+ 1)r+3)= %n(.?n: + an + b), where ¢ and b arc integers to be found.
el (4 marks)
Hence find an expression, only in terms of n, for Y. (r+ D(r +3). (3 marks)
rensl
Show that Y (r + 3)(r + 4) = _%n(n3 + an + b), where a and b are integers to be found.
- (4 marks)
i
Hence find an expression, only in terms of n, for Z (r+3)r+4). (3 marks)

renal

Show that ¥ r(r+ 3)*= %n(n + 1)(n? + an + b), where @ and b arc integers to be found.
i (5 marks)
X
Hence evaluate ) r(r+ 3)° (3 marks)

r=10

As

Show that, forany k €N, Y (2r = 1) =k3n?,
r=1

= LR
Hence find a value of # such that Y (2r—1)=Y"r’.
r=1 r=1



Series

@ 14 a Showthat ) (r*-r?)= T’gn(n + Dn—=1)3n+2). (4 marks)
r=1
b Hence find the value of » that satisfies Y (43— 3= 57 (5 marks)
r=1 r=1
a Find polynomials f;(x), f,(x), f.(x) such that for every n € &:
x i " m The polynomial
gfz('] =n? 'glfs(') =n’, Z;fa(’) =n" f,{x) = 1 satishes
b Hence show that for any linear, quadratic, or cubic polynemial hix) '_Zif!m =R

there exists a polynomial g(x) such that igm = n(h(n).

Mixed exercise o

N N "
Throughout this exercise you may assume the standard results for > r, S)r2and 3 »5

r=1 =l r=1
1 Evaluate:
10 SIL IQ 10
a d.r b >« e Y2 d Y»?
r=) r= 10 r=1 =1\
& l(’)ll o0 o0
e Y. r? f Y g Y+
=2 =30 re=1 r=1
2 Write cach of the following as an expression in terms of .
L N n
a Y (3r=5) b Y(rier) e Y. (3rieTr)
r=1 re=l r=l
d Y (4r+6r%) e > .(r’-2) f Y.(r?-3n
r=1 =1 =1
g Dr’-9) h D (234324 r+d)
r=1 =i
30
(® 3 Evaluate }_r(3r-1). (5 marks)
r=1|

n
@ 4 a Showthat }_y3(r = 3) = 2n(n + 1)(n* + an + b), where a and b are integers to be found.
el (4 marks)

20

b Hence evaluate > ri(r - 3). (2 marks)
r=1|

@ 5 a Showthat Y (2r—1)°= %n(an + b)an — b), where ¢ and b are integers to be found. (5 marks)
rsi

2
b Hence find Y (2r - 1)~ (2 marks)
r=|
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@ 6 a Show that }E r{r + 2) = ta(n + L)(an + b), where « and b arc integers to be found. (4 marks)
r=1
3

b Hence evaluate Y (r + 2). (3 marks)
r=15

Show that Y r2= %n(?.n + 1){(an + b), where @ and b are integers to be found. (4 marks)

7T a
r=i+l
b Hence evaluate ;1(-'2' (2 marks)
8 a Show that i(rz- r—- 1)=%n(n3—4). (4 marks)
r=1
2
b Hence evaluate };( (r2=r—1). (3 marks)
r=10
a 2%
¢ Find the value of msuch that Y (rP=r=1)=)"r. (5 marks)
r=1| r=1\
9 a Showthat > r(2r? + 1)= %n(n + I Mn*+n+1). (4 marks)
r=1

b Hence show that there are no values of # that satisfy Y r(2r*+ 1) = 3 (100r2 - 7). (6 marks)
r=1 r=1

"

10 a Showthat Y r(r+ 1= T'gn(n + 1)n + 2 an + b), where o and b are integers to be found.

el (5 marks)
b Hence find the value of » that satisfies 3 r(r + 1)2= Y 70r. (6 marks)
r=1 r=1
" wel
11 Find the value of n that satisfies }_r2=Y_ (97 + 1). (7 marks)
r=1 r=1
Show that:
a ‘Z;(Z;‘) =Snln+ 1P+ 2)
u f S Y
b Z(}:;(z;’)) =ggnln + 1)+ 2)(n + 3)
Sel =1\
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Summary of key points

"
1 To find the sum of a series of constant terms you can use the formula 3 1=n.

r=1

The formula for the sum of the first » natural numbersis >, r= -:-n(n +1).

r=1

x n kel
To find the sum of a series that does not startat r =1, use 3, f(r} = >, f(r) - 3 f(r)
r=1 r=1

rek

You can rearrange expressions involving sigma notation.
« SKf) =k 3 F0)
* 30+ g0 = 3600 + Sp(0)

=l =1
The formula for the sum of the squares of the first 7 natural numbers is

g_;rz =zn(n+1)(2n + 1)

The formula for the sum of the cubes of the first n natural numbers is

ir’ =1n?(n+1)?

Series
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Roots of polynomials

Objectives

After completing this chapter you should be able to:

e Derive and use the relationships between the roots of a
quadratic equation - pages 55-57

® Derive and use the relationships between the roots of a
cubic equation -+ pages 57-59

Derive and use the relationships between the roots of a
quartic equation = pages 59-61

e Evaluate expressions relating to the roots of polynomials
-+ pages 62-64

e Find the equation of a polynomial whose roots are a linear
transformation of the roots of a given polynomial
- pages 65-67

Prior knowledge check

1 Solve the following quadratic equations.
a xX*+4x+5=0
b2x*-7x+8=0 ¢« Section 1.4

i 2 Giventhat =z =1 ~iisarootof the
3 e equation x* — 2x + 4 = 0, find the other

WO roots. « Section 1.5
You can plot the roots of complex-valued 3 f{x)=1%-2x-3.Find the roots of
polynomials on an Argand diagram. The
fractal-like pattern shown here is created by a flx)=0
plotting the roots of all possible polynomials b flx-51=0
with degree = 18 and coefficients 1 or —1. ¢ f2x)=0 & Pure Yoar 1, Chapter 4



Roots of polynomials

Q Roots of a quadratic equation

A quadratic equation of the form ax? + bx + ¢ =0, ¥ the roots of 8 quadratic equation

x € C, where a, b and ¢ are real constants, can
have two real roots, one repeated (real) root or
two complex roots.

with real coefficients are complex, then they
occur as a conjugate pair, + Section 1.4

If the roots of this equation are a and 3, you can determine the relationship between the
coefficients of the terms in the quadratic equation and the values of o and

ax? 4 bx + ¢ = a(x - a)(x - 3)
= a(i2 = ax = i + af) Write the quadratic expression in factorised form,

then rearrange into the formax® + hx + ¢
=ax? - ala + Fx + and

Sobh=-afa+ F)and ¢ = aal.

» If o and 3 are roots of the equation
ax®+ bx + ¢ =0, then: Tbesumofthemotsis—%andﬂwepmducl
A of the roots is 7. Note that these values are real
¢ a+f=-3 even if the roots are complex, because the sum
¢ afim % or product of a conjugate pair is real.

The roots of the quadratic equation 2x? - Sx - 4 = 0 are a and 3. Without solving the equation,
find the values of:

aa+s b ad ¢ 3+ d o2+
A
el
a a+d=3 — Usetheresvlto+d=-7
b ni=-2 -
1 1 a+8 E . — Usetheresultaﬁ:i—
c 7+ i g e . el

d a®+ 3% = (o + 3 - 2ad Problem-solving

& ‘»3»|-‘ 22y = Write each expression in terms of a + Jand a3:

o+ M=o+ Fy2a3=>l+ F=la+H =207

The roots of a quadratic equation ax®+ bx ¢+ c=0area = -*; and G = }
Find integer values for @, b and ¢.

ax* + bx + ¢ =0 can be written as

- 4 5 ' " ) h %
ﬂ"‘,’f:-’j"‘.{:—;{-w —',;':—-d ’ xz'i';;x-l»azo.
3.5 5 I - . Use the values of a + 7 and a3 to write down a
ll;’:-éx3=_—; :’0':=[, ;

quadratic equation with roots o and 3.
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Wiy Any constant muitiple of this equation will have

Byt 4+ 2x-15=0
a=86hb=2¢=-15

roots «x and 4.

You could also set « = 8 to find integer solutions

1_ b 15 ¢
to the equatlons-z- ~zand ~—s

Exercise @

1

56

a and 3 are the roots of the quadratic equation 3x? 4+ 7x - 4 = 0. Without solving the equation,
find the values of: ¢

aa+l b ajd c 5-1-3 d o’ + F
a and 3 are the roots of the quadratic equation 7x7 - 3x + 1 = 0. Without solving the equation.

find the values of; : i

a a+i b ajg ¢ G5 d o+ F
a and 73 are the roots of the quadratic equation 6x” = 9x + 2 = 0. Without solving the equation,
find the values of:

a o+ b a’x F

¢ % +% d ad+ & @ Try expanding (a + 3)°.

The roots of a quadratic equation ax® + bx + ¢ =0area=2and 3= -3.
Find integer values for a, b and ¢.

The roots of a quadratic equation ax®> + bx + e =0area = -% and 3= -_%
Find integer values for a, # and ¢,

The roots of a quadratic cquation ax®* + bx +c=0arcax = # and 7=
Find integer values for @, b and ¢ -

One of the roots of the quadratic equation ax* + bx +c=0isa =-1 —4i.
a Write down the other root, /3.
b Given that a = 1, find the values of 5 and ¢,

Given that kx® 4 (k = 3)x = 2 = 0, find the value of k if the sum of the roots is 4.

The equation n2x® = (16 + n)x + 256 = 0 has real roots a and —a. Find the value of n.

The roots of the equation 6x* + 36x + & = 0 are reciprocals of each other. Find the value of k.
The equation mx? + 4x + 4m = () has roots of the form k and 2k. Find the values of m and k.

The equation ax® + 8x + ¢ = 0, where ¢ and ¢ are real constants, has roots a and a®.
a Given that Re(a) = 2. find the value of a
b Given that Im(a) = 3i. find the value of ¢



Roots of polynomials

@ 13 The equation 457 + px + ¢ = 0, where p and ¢ are real constants, has roots & and a®,
a Given that Re{a) = -3, find the value of p.
b Given that Im(a) # 0, find the range of possible values of ¢.

@ Roots of a cubic equation

A cubic equation of the form ax® + b2 + ex + d =0,

x € C, where a, b, c and d are real constants, will W cLibic equation with real

a!ways hav? atl:east olne real rooLf It V'I]lll also have coefficients has two complex roots, then they
either two further real roots, one further repeated will occur as a conjugate pair,  « Section 1.5

(real) root or two complex roots.

If the roots of this equation are a, 3 and -, you can determine the relationship between the
coefficients of the terms in the cubic equation and the values of a, 3 and +:

ax? + b 4+ ex 4+ d = alx = a)(x = B(x = 7)
= g(x? = ax? = Gx% = yx% 4 afx + Fvx 4+ yax - aFy)
=ax) —alo + 3+ )2+ alal + 5 + a)x - aafy
Sob=«ala+ F4+9), c=ala3 + 3y +n) and d = <aaF~.
a If o, 3 and -y are roots of the equation ax? + bx? + cx + d =0, then:
b
s a+fB+y=—-
a
@ As with the rule for quadratic equations,
d the sum of the roots is —;—l:. and the sum of the
o) . o
¢ afy=- = products of all possible pairs of roots is 77

a, [ and - are the roots of the cubic equation 2x* + 3x* — 4x + 2 =0, Without solving the equation,

. aﬂ+ﬁ7+7n-§

find the values of; g A
a a+34+9 b af+ 37+ ¢ ay da+3+:;
a "+ﬁ+"=-§ Usetheresultu+_3+~,v=-g
b ad+ 87+ ja=-2 Use the result a_3+,37+7n=§
c aBy=-1 Use the result a3y = i
¥ 3 =
d ;; + 1 + ;’ .= #" = ,,‘1} Notice that the numerator is just the sum of the
AR 3 ‘:7 ~—— products of pairs of roots with the terms in a
G 2 different order.
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The roots of a cubic equation ax® + by’ ¢+ ex+d=0area=1-2i, f=1+2iand y=2.
Find integer values fora, 5, cand d.

ao+d+9=01-2+1+2)+2=4,

ao4=-f~: —  ax*+ bx? 4 ex + d=0can be written as
afd + 3 + o O+ 3.\¢ + (%x + g= 0.
=(1=-200+20+(1+20%x2 +2{(1 - 20) — Use thevaluesof a + 3+ v, a3 + 37 + e and
=9 o3y to write down a cubic equation with roots a,
e0 2 = :*' Jand +.
ady=(1-201 +2l) x 2 =10,
so 10 = -g 1
M -4x2+95x-10=0 Be careful with negative signs when
a=lLb=-4c=9d=-10 writing out the equation.
You could also set = 1 to find integer solutions
" tothe equations 4 = —%.9 =§and 10= -g

Exercise @

1

>

6

® 7

® 8

a, (3 and « are the roots of the cubic equation 2x* + 5x° — 2x + 3 = 0. Find the values of:
aa+d+n b ady ¢ ad+ y+9a d E';-n--};-a-%

o, [3and 4 are the roots of the cubic equation x* + 53* + 17x + 13 = 0. Find the valucs of:
aa+f+ny b ady ¢ ald+ dy+0 d oF?

«, 3 and ~ are the roots of the cubic equation 7x* — 4x* — x + 6 = 0, Find the valucs of:
aa+deny b ady ¢ a’Fy d%d-:!}*-%

The roots of a cubic equation ax* + by + cx +d=0arca =3, =3and y =1

Find integer values for @, 6 ¢ and d.

The roots of a cubic equation ax’ + bx* + ex +d=0arca=1+31, =1 -3iand v =%
Find integer values for a, b, ¢ and 4.
3

The roots of a cubic equation ax* + bx* + ex+d=0arca = % J=-5and v= %
Find integer values for a, b, ¢ and d.

The cubic equation 16x% — kx* + | = 0 has roots a, # and 7,

a Write down the values of a3 + 3+ + va and a 3. (2 marks)
b i Given that o = 3. find the roots of the equation. (5 marks)
ii Find the value of k. (1 mark)

The cubic equation 2x3 — kx* + 30x — 13 =0 has roots a, Jand 7.

a Write down the values of a3 + 37 + qa and a 3. and express k in terms of
o, Jand 7. (3 marks)
b Given that o = 2 = 31, find the value of k. (4 marks)
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@ 9 The cubic equation x* — mix + # =0 has roots 1, -4 and .
a State, with a reason, whether o is real. (1 mark)
b Find the values of m. n and a. (4 marks)

@ 10 The cubic equation 2x% = 10x* + 8x ~k=0hasarootat x =3 ~i.
a Find the other two roots of the equation. (4 marks)
b Hence find the value of &. (2 marks)

11 The cubic equation x* - 14x7 4 56x — 64 = 0 has roots o, ka and K’a for some real constant &.
Find the values of a and k. (5 marks)

12 Given that the roots of 8x7 + 12x% = ex # d=0are o, % anda ~4.finda, candd. (5 marks)

.-

13 Given that the roots of the cubic equation 2x° + 4832 + ex + ¢ = 0 are &, 2a and 3« find the
values of a, cand d. (5 marks)

Challenge

a, 3 and v are the roots of the equation ax* + bx* + ex + d =0,
xeCabedeR

By considering all the possible cases in which a, dand 4 are real
or complex, explain why the following are always real numbers:

a a+d+y b ads+ dv+ya < ady

Q Roots of a quartic equation

Consider the quartic equation ax* + bx* + ex* +dx+ e =0, x € C, where @, b, ¢, d and e are real
numbers. If the roots of the equation are o, 3, 7 and 4, you can determine the relationship between
the coefficients of the terms in the equation and the values of a, 3, 4 and &:

axt + b v exi v dix +e=alx = a)(lx = Hlx =) (x = 4)
=alx* — ax® = Ox% — 4 = 07 + adx® + Oy + yax® + 007 + adx?
+ 307 - adyx — addx — avdx — 399x + advd)
=ax'—ala+ F+y+ 0 +alad+ v+ va + 90 + ad + 30)x°
~tloe 3y + 030 + avd + FO)x + an v
Sob==alax 4 F4~v+d),c=alaF+ 37+ ya+ 40+ ad + 30), d=—ulay + a3b + a~d + 3706) and
e = ao/Iyd.
a If v, 3, vand & are roots of the equation ax*® + bx* + cx? + dx + ¢ = 0, then:

. a+ﬁ+7+6=-é

a
. a,@+aq+a6+&y+ﬂ6+7&=‘£’ You can use the following

d abbreviations for these results in your working:
. aﬁ7+aﬂ&+a7&+ﬁ7&=—-‘;

e La=-2  $ag=f  Tap=-4
.a.a‘y -——
a
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The equation x* 4+ 233 4 pa? 4 gy -« 60 =0, x € C. p, ¢ € R, has roots a, 3, v and 4.
Given that v =-2 + diand d = +*,

a showthata+ J-2=0and thatad+ 3 =0.

b Hence find all the roots of the quartic equation and find the values of p and g.

s wtB+yrd=—2 UseXa:-%withh:Zanda:l.
a+ 3+ (-2 +4)+ (-2 -4)=-2

n+3-4=-2

Hencen+3-2=0 {1)

adqd = -60 Useafhd=7 withe=-60anda=1.
o}=2 + 4i)(-2 - 4i) = ~60

2008 = -60 L : ra
Hence ad + 3 =0 (2) You can find (=2 + &i)(—2 — 4i) quickly by

remembering that (a + bi){a — bi) = a* + B~

b Solve eguations (1) and (2) simultancoushy.
From (1), 3 = 2 = a a0 substitute into (2):
2 -a)+3=0
o =-2a-2=0
fa—-3)a+ 1)=0
=3 or-1
Ka=3 3==landifa=-1,8=3
So the roots of the quartic equation are 3,
~1, =2 + 4i ang -2 - &
).In."i:-';; Use Ea:?=§withc=panda=l.
= p =31+ 3=2 + 4i) + 3(=2 - 4i) -
(-2 + 4} — (-2 - 4)) + (-2 + 4)[-2 - 4)
Sop=9
sy 3 S s
Eah=-4 Ladq:-;;wu!hd:qanda:l-
= —f = 3(-1)(-2 + 4%) + 3H{-IN-2 - 41}
+ 32+ 4I-2-4) - (-2 + 4))-2 - 4))
S50 ¢=-52

Exercise @

1 a, 3.~ and é are the roots of the quartic equation

4x* + 3%+ 2x? = 5x = 4 = 0. Without solving the equation. %4, IR 0 |
find the values of: R O
aa+d+7+4d b ad+ay+ad+ 37+ Jd+0 - Sy ayd ;::_"6 ¥ ofy
. p TR R aly
C ady+aldd+avd+ 0 diz=+ 3 MR
2 a, 3.y and § arc the roots of the quartic equation 2x* + 4x° — 3x* — x + 2 = 0. Find the values of:
aa+d+y+4 b ad+aoy+ad+ v+ 35+44 c afy+add+avd+
d adyd el+-!-+l+-]—
' LA B B
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- -]

() 10

£

EP) 11

EP) 12

a, 3, % and 4 are the roots of the quartic equation x* + 3% + 2x* - x + 4 =0,
Find the values of:

el i i b af+ay+ad+3y+ 35+ ¢ afy+afs+ayl+ 30
d afyd e 03

a, @, v and 4 are the roots of the quartic equation 7x* + 6x* — 53 +4x + 3 =10,
Find the values of:

a a+F+y+4 b ad+av+ad+ 3v+ 30478 ¢ afv+add+avd+ 38
5T S A | 333~353
d0+.’3+‘?'+6 e a3

The roots of a quartic equation ax* + by’ + ¢a? + dx +e=0arca =—3, f=—4, 7 =-2and § =3
Find integer values for a, b, ¢, d and e.

The roots of a quartic equation ax* + bx' + ex’ 4+ dv+e=0area = -{;. 8= % v=1+iand
d=1=1. Find integer values for a, b, ¢, dand e.

)

s Zaf =3,

—_
-4

The roots of a quartic equation ax* + by’ + cx* + dx + ¢ = O are such that Xa =

"

% 3 o i
Eady= -‘:’:j and o/3y0 = —¢. Find integer values fora, b, ¢, dand e.

The quartic equation x* — 1617 + 86x — 176x + 105 = 0 has roots a, a + k, o + 2k and
a + 3k for some real constant &, Solve the equation. (7 marks)

The quartic equation 3072x* — 28807 + 840x* — 90x + 3 = 0 has roots «, ra, r°a and r*a for
some real constant 7. Solve the equation. (7 marks)

Three of the roots of the quartic equation 40x* + 90x% = 115y + mx + n=0are |, -3 and %
a Find the fourth root. (2 marks)
b Find the values of m and n. (4 marks)

The quartic equation 2x* = 34+ + 202 4+ dx +e=0hasroots a,a + 1. 2a + 1 and 3a + |.
a Find a. (2 marks)
b Find the values of dand ¢ (4 marks)

The equation 4x* = 19 + p? + gx + 10=0, x € C, p, g € B, has roots o, 5,7 and 4.
Given that y=3 +1and 4 = 9%,

a showthatda +43+35=0and that4a3 -1 =0. (2 marks)
b Hence find all the roots of the quartic equation and find the valucs of p and 4. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

A quartic equation 6x* — 104 + 337 + 6x — 40 = 0 has roots a, /4, yand 4.
1 -3

a Show that —— is one root of the equation, (3 marks)
b Without solving the equation, find the other roots. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)
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m Expressions relating to the roots of a polynomial

You have already seen several results for finding the values of expressions relating to the roots of a
polynemial.

u The rules for reciprocals:

. 1.1 o+B
» Quadratic: a*tg B
ic 1.3, 1 ePtirion
Cubic: = ﬁ == o
1 1 1 1 afy+P8y0+~yba+dasd
* Quartic: °+B+'7 32 e
u The rules for products of powers:
* Quadratic a*x 3 = (af)*
* Cubic: ax 3'xy" = (afy)"

¢ Quartic o"x 3" xy"x §" = afFy5)"
In addition to these you have also used the following results for the roots of quadratic equations:
e o’+P=(a+32-2a07
e a4 P =(a+3) -3ada+ )
There are equivalent results to these for the roots of cubic and quartic equations.

a Expand (o + 3+ 9F,

b A cubic equation has roots a, 3, v such that a3+ Jy+qa=Tand a + 3+ 4 =-3.
Find the value of o + 7 + 4~

a lo+d+ V¥ =la+d+)la+3+7)

: i Rearrange the result from part a. You know the
=a'+af+ay+da+ 3+ Ir+ra+v3497°

value of a + §+ ~ and the value of

=0+ F 497 +2al+ 37+ ya) J 03 + By + v, s0 you have enough

b af+ B+ =(o+ 3+ - 2lad + Fy + ) information to find of + 3 + 7%
=(-3F -2(7)=-5

You can find an expression for the sum of the sguares of a quartic equation in a similar way, by
multiplying out (a + 3 + v + 8)°.

u The rules for sums of squares: if you learn these
» Quadratic: a?+ P =(a+P)2-2a3 you can use them without
« Cubic: als Bevytem(a+ B+ ) -2(aB+ By +70) PO YOureraI,

» Quartic a?+ R+ +df=(a+B+7+08) ' =2(aB +avy+ ad + 3y + 35 +0)
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Roots of polynomials

You can find a similar result for the sum of the cubes of a cubic equation by multiplying out (o + 3+ 4)%
s The rules for sums of cubes: Aedld The result for the sum of cubes
* Quadraticc o+ P =la+8?-3abla+5 for a quartic equation is not required.
« Cubicc a’+F+y’=(a+F3+79)° =3+ 8+ (aB+ By+ya)+3a3y

The three roots of a cubic equation are a. Fand ~. Given that a3y =4. a3 + 37 4+ ya = -5 and
a4 34 =23 find the value of (a + 3)(,3 + 37 + 3).

{4 3)(3 + 3y + 3) Expand the brackets.
=afty+3ad+ 30y + Ba + 33y + 99+ 9y + 27

=af 8+ f A} Sa+ 3
Gy + o+ -?’ - "J ENE 27, Group the terms and factorise to write the
=4 +3-5)+ 33) + 27 — expression in terms of the expressions given in

=43 the question,

Exercise @

1 A quadratic equation has roots a and 7. Given that a + =4 and ad = 3. find:

1!—1-4-1j b a?F ¢ a’+F d o+ F
2 A quadratic equation has roots a and 3. Given that a + J= -_% and ad= % find:
. 2z 3 o y
a a‘+'§ b a3 c a4+ P d o+ F
@ 3 A quadratic equation has roots o and 3, Given thata + 3= % and 3= -_{. find:
a (a+2F+2) b (a=4K37-4) ¢ (l+ 1)(F+1)
4 A cubic equation has roots a, Fand 7. Given thata + F+v=2, af+ Fy+ya=-3and a3y =4,
find:
| I 1 2 - > 3 a3 3 7 202 2
ag+aty b a’+ F++° ¢ a4+ F+y d (a3) +(37) + (ha)*
5 A cubic equation has roots a, 7 and 4. Given that Lo = .. Yad=—3 and afy = ﬁnd:
a '+l+-l- b al43F4+72 e o4+ Feq d a’FP

3
@ 6 A cubic gqualion has roots o, Fand . Given that a + F 4+~ = -“ nad+ Gy +qa= ; and
afy=-3, find:
a (a+2{F+2Nv+2) b {(a=3(5=3v=3) ¢ (I=a)l=3)1==)
d (afd)P +{(B) + (vaf e (afy + () + (o)
7 A quartic equation has roots a, 3. vand 4. Given that a + F+ v+ d= 3,
ald +ay+ad+ v+ 30+ 98 =5, ady +add + avd + 396 =—4 and adyd = =2, find:
) COCR) T M

a Gttty b ol+ Fete i ¢ a'Fytst
.
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A quamc equation has roots a, 4, 4 and 4. Given that £a = Sa % afy= -_% and
adyd = ? find:
a l+]+l+l b o’ F4+?+ & ¢ aiFy

8
d (adF + (5 )- + (ya ) + (96 + (ad) + (30)
e (P + (add) + (ayd) + (34y90)

A quamc equation has roots ax, 3, v and 4. Given that £a = -, 5, Lo = -— L Zady = 1 7 and

m3~,6='; find:
a{a+l)F+1)y+1)d+1) b (2=a)2~3)2<9)2~4)

The roots of the equation x* — 6x*+ 9x - 15=0arc o, Fand 7.
a Write down the values of a + 3+ 7, a3 4 37+ ya and a3y.

b Hence find the values of:

g AL
379

ii o2+ +4
i (a=1)3=1)~r~1)

The roots of the equation 2x* + 4x* + 7=0are o, # and 7.
a Writedown the valuesof a + 3+ . a3 4 F7 4+ yaand a3v.
b Hence find the values of:

i a4 34

i o’y

il (a+ 203+ 2y +2)

Showthat a’ + F+y'=(a+ G+ = 3o+ F+9Nad + Iy + ya) + 30,

The roots of the equation 3x* = px + 11 =0 are o, Fand .
a Given that a4 + 39y + va =4, write down the value of p.
b Write down the values of o + J+4 and a/.
¢ Hence find the value of (3 — a)3 - 3)(3 - ).

The roots of the equation x*+2x* -~ x+3=0area. 3, vand 4.
a Write down the values of Ea, £ad, Lady and adyd.

b Hence find the values of:
RN
(4} d Y B
ii o*+F+4+
il (a+ INT+ v+ D+ 1)
The roots of the equation ax*+ 33 + 2x' + x—6=0are o, 4, v and 4.

a Given that a4 = =3, write down the value of .

b Write down the values of £a, Lad and Lady.
LS (TR L
¢ Henceﬁndthcvalueof;;-’-g-r;-o-z

Prove that if a quartic equation has roots o, 3, yand d then o + 32+ 42 +

(1 mark)

(2 marks)

(2 marks)
(3 marks)

(1 mark)

(2 marks)
(2 marks)
(3 marks)

(1 mark)
(1 mark)
(3 marks)

(1 mark)

(3 marks)

(3 marks)
(3 marks)

(1 mark)
(1 mark)

(3 marks)

=(Sa)P-28a/.



Roots of polynomials

@ Linear transformations of roots

Given the sums and products of the roots of a polynomial, it is possible to find the equation of a
second polynomial whose roots are a linear transformation of the roots of the first.

For example, if the roots of a cubic equation are «, 3 and -, you need to be able to find the equation
of a polynomial with roots (o + 2), (3 + 2) and (4 + 2), or 3ax, 37 and 3+,

Example o
Problem-solving

The cubic equation x% - 2x? 4 3x ~ 4 = 0 has roots a, 3 and .

7 : > ; Find the sum Y, the pair sum
Find the equations of the pelynomials with roots: : S kb e

Y a3 and the product a3y for
a 20, 25 and 24 b (o +3), (F+3)and (y+3) the original equation, Then
use these values to find the
a Method 1 equivalent sums and products
a+d+y=2 08+ +va=3adaly=4 for an equation with roots 2a,
25 and 2+.

Sum=2a+ 25+ 29=2(a+ 3+ =4

Pair sum = (2aX23) + (20)(27) + (29X2a)

Set a =1 in the new equation.
=4lad+ Fy+ya) =12

Product = (2a)(23)(27) = Bajhy= 32 It's a good idea to
Hence the sew equationis n® — 4u? + 12w -32=0 choose a different letter such
e as w for the variable in your
cthod G new equation.
Let w= 2x, hence X = 2
Substituting: (,'_‘_.): > 2(',' 2 + 3[“.) -4=0 ThiS result could have been
o 2l o\ ~— derived by direct substitution,
Multigly through by B: w? — 4w + 12w -32 =0 Each root in the new equation
b Method 1 is twice t-he corresponding root
In the original equation, so set
Sum=la+3)+(f+3)+(r+3)=a+l+7+2=1 W=2x
Palrsum = (a4 3G+ 3) + (3+ 3)(v+ 3) + (v + 3fa+ 3)
= f!l}"‘ -i"v + 70+ 6((\ + d+ ’,) + 2-." Yw cwld havethls in me
=3+12+27 above form, or multiply through
=42 " by 8 to get an equation with
Product = (a+ 3)3 + 3)7+ 3) Integer coefficients.
=alr+ 3ad+y+50)+ S+ 0+ + 27
=4+94+18+27 =58 Follow the same steps. Use the
Hence the new equation is = — 1 + 420w - 58 =0 — results Ea =2, Ead=3and
T oy = 4 from part a,

let w=x+ 3 hencex=w-—3.

Substituting: (w-3P-2(w-3F+3w-3)-4= Oj

I Each root in the new equation is
— 3 more than the equivalent root
W =M+ 27w =27 -2 - +9) +3w-9-4=0 1 in the old equation.

e —-1y? + 420w -58=0
Multiply out and simplify.
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The quartic equation x* = 3x% 4 15x + 1 = 0 has roots a, 3.~ and 4. Find the equation with roots

(2a+ 1,23+ 1).(29+ 1)and (20 + 1).

Method 1
a+d+9+4=3
af+oyv+od+ v+ B+ wW=0
ady + adé + ovd + 38 = -15
advd =1
Sum of roots:
2o+ D+234+ D+ {2+ 1)+ (25+1)
=2{z+F+7+6+4
=10
Pair sum;
daf+or+ad+ v+ F+h)+Ela+F44+8)+E
=4x0+6x3+6=24
Triple sum:
Blax3y + b + avd + 348 + Slo3 + oy + nd + 3y + 35 + 1)
+GCla+d+9+8)+4==-958
Product:
16adyd + Blafy + a8 + ayd + 78 + 403 + o7
+ 0+ Ay + 3+ 0+ 2la+ T v+8) + 1
=-97
Hence the new equation s

W= 1007 + 246 + 28w -97 =0

Method 2 -
et w=2x+ 1 hence x = 12——

. - n- ' a "w - 1 3 " - 1
SU?J'SYT‘{U.‘T@: [—é*} - 3( *‘2'— + 15;[ —‘2“*] +1=0

(w=19-8m-0+120w-1)+16=0"_ 1}
W =P+ B —Sw+ 1 =60 =3 + 3w -1)
+ 120w - 120+16 =0
W' = 10w + 240 + 98w -97 =0____|

Exercise @

1 The cubic equation x* — 7x? + 6x + 5 =0 has roots v, 7 and .
Find equations with roots:

afo+l)(F+)and(7+1) b 2a,23and 2

2 The cubic equation 3x% —4x* - 5x + | =0 has roots a, Fand =,
Find equations with roots:

a (a=3)(7=3)and (y-3) b and

LS IR

|2

-2

66

Even though the

x* term is 0, the equation is still
a quartic. Find expressions for
La, Lajs, La iy and agqyd.

If you expand one pair of roots
you get (2a + 1)(23 + 1) = 4ad
+ 2o + 23 + 1. Each original
root will appear In three of the
six possible pairs, giving you
this expression,

If you expand one triple of
roots you get (2o + 1)(23 + 1)
27 + 1) =8ady + 4las + Oy
+ya)+ela+ 3+7+8) +1,
There are four possible triples,
with each root appearing three
times and each pair of roots

appearing twice,

Expand
(2o + 1)(23 + 1)(2y + 1)(26 + 1).

Problem-solving

In many cases, it Is guicker to
use a substitution.

Multiply through by 16 to

" remove the fractions,

Expand and simplify.
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Roots of polynomials

The cubic equation x% = 3x? 4 4x = 7 = 0 has roots o, 3 and ~.

Without solving the equation, find the equation with roots (2a + 1), (23 + 1) and (27 + I).

Give yvour answer in the form an? + bw? + ew + d = () where a, b, ¢ and d are integers to be
determined. (5 marks)

The cubic equation X7 + 4x — 4x + 2 =0 has roots o, 3 and .

Without solving the equation, find the equation with roots (2a — 1), (23— 1) and (2v - 1),

Give your answer in the form w* + pw? + gw + r = 0 where p, ¢ and r are integers

to be found. (5 marks)

The cubic equation 3x° — x* + 2x — 5 = 0 has roots a, 3 and 7.

Without solving the equation, find the equation with roots (3o + 1). (35 + 1)and (37 + 1).

Give your answer in the form an? + bu? + ew + d = 0 where a. b, ¢ and d are integers to be
determined. (5 marks)

The quartic equation 2x* 4 4x* = 5x? + 2x — 1 = 0 has roots a, /3, 7 and 4. Find equations with
integer coefficients that have roots:

a 30,33, 3vand 3¢ b (a—=1)(F=1)(v=Dand(d-1)

The quartic equation x* + 2x° = 3x* + 4x + 5 = 0 has roots a, /4, v and 4.
Without solving the equation, find equations with integer coefficients that have roots:

a 2a, 23, 2yand 24 (6 marks)
b (a=2).(8=2).(y=2)and (6~ 2) (6 marks)

The quartic equation 3x* + 5x° —4x? — 3x + | =0 has roots o, 4, 9 and 4.
Without solving the equation, find equations with integer coeflicients that have roots:

a 3a. 37, 3yand 34 (6 marks)
b (a+1)L(B+]1)L{v+and(6+1) (6 marks)

Challenge

The quartic equation 2x* - 3x° + ¥ — 2x — 6 = 0 has roots a, 3, v and 4.

a Find an equation with integer coefficients that has roots
(2a+ 1), (25 + 1), (2y + 1) and (25 + 1).

b The diagram shows the locations of the roots of the original equation on an Argand diagram:
Im g

14

Copy this diagram and sketch the approximate locations of the roots of your new equation.
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12—

A N 2 2 =
The roots of a quartic equation ax*+ bx* + ex* +dy+e=0arca = % B=—37=—7 and b=—
Find integer values for @, b, ¢, d and e

The cubic equation x* + px* + 37x - 52 = () has roots a, Jand 4.
a Write down the values of a3+ 37+ o and a3, and express p in terms of a. 3 and . (3 marks)

b Given that ox = 3 = 2i, find the value of p. (4 marks)
The cubic equation 2x? + 5x% = 2x 4+ g =0 hasa root at x = =2 + i.

a Find the other two roots of the equation. (4 marks)
b Hence find the value of ¢. (2 marks)

The quartic equation x* = 40x? 4 510x = 2200x + 1729 = 0 has roots a. a + 2k, o + 4k and
a + 0k for some real constant k. Solve the equation. (7 marks)

Three of the roots of the quartic equation 24x* < 58x* + 17x '+ dx + ¢ =0 are % -% and 2.

a Find the fourth root. (2 marks)
b Find the values of  and e. (4 marks)

The equation &% + 2x* + ma? + nx + 85 =0, x € C, m, n € R, has roots &, 3, 7 and 4.
Given that a =-2 +iand 7= n?,

a showthaty+d~2=0and that 4 - 17 =0. (2 marks)
b Hence find all the roots of the quartic equation and find the values of m and n. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

A quartic equation 4x* — [6x% + 11537 + 4x — 29 = 0 has roots &, /3, y and 4.

a Show that 2 - 5i is one root of the equation. (3 marks)
b Without solving the equation, find the other roots, (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

The roots of the equation 2x° — 5x* + l1x -9 =0are a, Fand 7.
a Write down the values of a + 3+ %, ad + 3y + 70 and a7, (1 mark)
b Hence find the values of:

B

Gttt (2 marks)
i al+ P+ (2 marks)
iii (a=ING-1Nv=-1) (3 marks)

The roots of the equation px* + 1233 4 6x* 4 Sx =7 =0are a, 3. yand 4.

a Given that o34 = ~1. write down the value of p. (1 mark)

b Write down the values of Xa. ¥adand Xady. (1 mark)

¢ Hence find the value of o + 3 + 77 + &% (3 marks)
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The roots of the equation 5x* + ¢x+ 21 =0are a, Jand 7.

a Given that a3 + 3y + va = —6, write down the value of ¢. (1 mark)
b Write down values for a 4+ 34 v and a3~. (1 mark)
¢ Hence find the value of (1 —a)(1 = (1 =~). (3 marks)

The cubic equation 2x* + 5x% + 7x — 2 = 0 has roots «v, 7 and 7.

Without solving the equation, find the equation with roots (3a + 1), (33 + 1) and (37 + 1).

Give your answer in the form pu? 4 gw? 4+ riv 4 5 = 0 where p. ¢. r and s are integers

to be found, (5 marks)

The quartic equation 6x* = 2x% < 5x2 4 7x + 8 = 0 has roots a. 3. vand 4.

Without solving the equation, find equations with integer coefficients that have roots:

a 2a. 23, 2vand 24 (6 marks)
b 3a-2),(360-2),(3v-2)and (36 - 2) (6 marks)

Challenge

1 The cubic equation x? + 4x? — 5x — 7 = 0 has roots a, 3 and 4. Without solving the

R
g e

equation, find a cubic equation that has roots

2 The cubic equation x? + 2x? — 3x — 5 =0 has roots o, Fand +. Without solving the

equation, find an equation that hasrootsa + 3, 3 + yand 7 + a.

3 The quartic equation x* + 2x% — S5x + 2 =0 has r00t5 a, 4, 7 and 4. By using a substitution,

or otherwise, find an equation that hasrootsa® + 1, # + 1, v°+ 1and #° + 1.

Summary of key points

1 Ifa and [ are roots of the equation ax? + bx + ¢ =0, then:
¢ o+ !3‘:—%
. a,j:%
2 If a, 3 and ~ are roots of the equation ax® + bx? + ¢x 4+ d = 0, then:
. u+,’3+';.'=20=-§
s al+ y+a= 20;’3=—§
it

3 Ifa, 3, ~and 4 are roots of the equation ax® + bx? + cx2 + dx + ¢ = 0, then;
. a+»,’3+‘y+6=20=—%
s afd+av+ad+ G+ 364 70=Yai=
+ aBy+a88 +ayd + fyé=Sady=-4
s afyd= %

Sin
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Summary of key points

4 The rules for reciprocals;

T 1 1. a*f
* Quadratic =+ 5= ap
. 1. 1,1 af+8y+qa
* Cubic aT 3 + :"\, = 0.‘3“7
1.1 1,1 afy+ 00 +90a+déal
Quartic: = + 3 ko= e

5 The rules for products of powers:

« Quadratic: a”*x 3" = [ad)"

« Cubic ax ' xvy" = (afy"

* Quarticc a"x 3" x 4" x §" = [aGyd}"
6 The rules for sums of squares:

« Quadratic: al+ F=la+ NHe-2a

¢ Cubic a4 Feydi=(a+ f+4)2=2(al+ 3y +4a)

o Quartic af+ F+2+0=la+J+7+0)P -200+a0y + ad + 3y + 35+ v0)
7 The rules for sums of cubes:

¢ Quadratic o+ P =+ 3 -3adlo+ 3

o Cubic a’+ P+ =la+ 0+ 3o+ 8+)lald + Gy + va) + 3aly
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Volumes of revolution

After completing this chapter you should be able to:

e Find the volume of revolution when a curve is rotated around

the x-axis - pages 72-75
e Find the volume of revolution when a curve is rotated around

the y-axis - pages 76-718

Find more complicated volumes of revolution -+ pages 78-83

Model real-life objects using volumes of revolution — pages 83-86

Prior knowledge check

1 Evaluate;
a [ (6x? - 8xldx

rsf 5 A

b \L (“T\“’ + xi| dx
’. /\2;“8\ dx ¢ Pure Year 1, Chapter 13
J1 X

2 Find the area of the region R bounded

by the curve y = (x + 3){(x — 1)? and the

X-axis.

y={x+3)x-1)°

3 0y X 4 Pure Year 1, Chapter 13

3 Find the area of the finite region
bounded by the curve y = —x° + 6x + 4
and the line x # y = 10.

Woodworkers use lathes to create solid
objects that have circular cross-sections,
Solids such as this are called volumes of

revolution, and you can find their volumes
¢ Pure Year 1, Chapter 13 |= using calculus,

==+ by + 4

—_— - . - - - = .
e e



Chapter 5

m Volumes of revolution around the x-axis

You have used integration to find the area of a w This process s called definite
region R bounded by a curve, the x-axis and integration, - Pure Year 1, Sections 13.4, 13.5
two vertical lines,

1

v=f(x)

The area between a positive curve, the y-axis and the
lines x =a and x = b is given by

Area = [*ydx
w -

where y = f{x) is the equation of the curve.

1
)
'
'
1
]

a

(o

You can derive this formula by considering the sum of an infinite number of small strips of width ax.
Each of these strips has a height of y, so the area of each strip is

o 28 3 ¥

a4 = yhx y=flx)

The total area is approximately the sum of these strips,

or Y yix,

The exact area is the limit of this sum as dx = 0, s

which is written as [ vdx. 0 AN Y
> ¥ &8y

You can use a similar technique to find the volume of an object created by rotating a curve around a
coordinate axis. If each of these strips is rotated through 27 radians (or 360°) about the x-axis, it will
form a shape that is approximately cylindrical. The volume of each cylinder will be x4 since it will
have radius y and height x

So the volume of the solid will be approximately equal to the sum of the volumes of each cylinder, or
Y my25x. The exact volume is the limit of this sum as dx — 0, or 7 [ y?dx.

= The volume of revolution formed when y = f(x) is rotated through 2+ radians about the
x-axis between x = ¢ and x = b is given by:

Volume = j; Fy2dx

12



Volumes of revolution

Va
Example 0

The diagram shows the region R which is
bounded by the x-axis, the y-axis and the curve
with equation y = 9 —x2. The region is rotated
through 2 radians about the x-axis, Find the

. 0 X
exact volume of the solid generated. \
G—x2=0 First find the point where the curve intersects the
X-axis,

(3 -XN3+x)=0

|-— From the diagram, x > 0, therefore x = 3.

x=3orx=-3
e nf B xPds — UseV=x J bv2dxwitha=0b=3and y=9- 2
- :-E‘,{&J ~18x2 + x8 dx — Simplify the integrand.
= :Ee;.n - x4+ xf Integrate each term separately,
= 7((243 - 162 + —~, ) = [0 = 0 + O}) —— Substitute the limits.
_ 64b= Simplify the resulting answer and write it as an

exact fraction in terms of .

Exercise @

1 Find the exact volume of the solid generated when each curve is rotated through 360° about the
x-axis between the given limits.
a y=10x"between x=0andx=2
b y=5~-xbetweenyx=3andx=35

¢ y=+xbetweenx=2and x =10

|
d yv=1+ e betweenx=landx=2

@ 2 The curve shown in the diagram has equation y = 5 + 4x — x°. The finite region R is bounded by
the curve, the r-axis and the y-axis, The region 18 rotated through 2= radians about the x-axis (o
generate a solid of revolution. Find the exact volume of the solid generated. (5 marks)

F=S+4x-x

=y

0
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The diagram shows the region R wlnch is bounded by the x-axis, the linesx =1 and x = 8, and
the curve with equation y = 3 — Vx. The region is rotated through 2 radians about the x-axis.
Find the exact volume of the solid generated. (5 marks)

The diagram shows the curve € with equation y = vx + 2 . The region R is bounded by the
v-axis, the line x = 2 and C. The region is rotated through 360° about the x-axis. Find the exact
\'olume of the solid generated. (S marks)

joSbanwew

The diagram shows a sketch of the curve with equation y = 9x* = 3x:. The region R is bounded
by the curve and the x-axis,

a Find the coordinates of A. (2 marks)
The region is rotated through 2a radians about the x-axis.
b Find the volume of the solid of revolution generated. (5 marks)

: y vax+-3 ., . .
The curve with equation y =~ is shown in the diagram.
X

A

~ C

o 6

The region bounded by the curve C. the x-axis and the line x = 6 is shown shaded in the
diagram. The region is rotated through 2% radians about the x-axis. Find the volume of the
solid generated. giving your answer correct to 3 significant figures. (6 marks)



Volumes of revolution

7 The diagram shows the curve with equation 5)* - x* = 2x — 3. The shaded region is bounded

by the curve and the line x = 4, The region is rotated about the x-axis to generate a solid of
revolution. Find the volume of the solid generated.

1 ey
Spr=x=2x=3

Problem-solving

Rearrange the equation to make 32 the subject,

8 The curve shown in the diagram has equation y = xv4 - x°. The finite region R is bounded by
the curve, the x-axis and the line x = @. where 0 < a < 2. The region is rotated through 2=

m

; ; ) ; ; 57
radians about the x-axis to generate a solid of revolution with volume -6i~ 60
Find the value of a. (5 marks)

ya

. ¢ -
0 I 2 .

@ 9 The diagram shows a shaded rectangular region R of length & and width ». The region R is

rotated through 360° about the r-axis. Use integration to show that the volume, V, of the
cylinder formed is V= xrh
Va

r

ESE R
-

Challenge v

The diagram shows the curve C with equation
»={a% — Tx + 10|. The shaded region Ris
bounded by the x-axis, the curve C and the
lines x = 1.and x = 6, The region is rotated 27
radians about the x-axis. Find the exact volume
of the solid generated.

6 N

&8
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@ Volumes of revolution around the y-axis

You can find a volume of revolution around the y-axis by considering x as a function of y. The diagram
shows a curve with equation x = f( ). A small strip of height 8y is rotated 2x radians about the y-axis.
The volume of the cylinder created will be wx%8y since the radius is x and the height is 8.

So when the whole region, R, is rotated 2x radians about the y-axis, the volume formed will be
approximately equal to the sum of the volumes of each cylinder, or ¥ =x%3y. The exact volume is the
limit of this sum as x — 0, or [ x2dy.

® The volume of revolution formed when x = f(’) is rotated through 2 radians about the
y-axis between y=aand y = b is given by

Volame = fp cidy @ Explore volumes of revolution
a’ Y around the x- and y-axes using GeoGebra,

The diagram shows the curve with equation y =vx - 1.
The region R is bounded by the curve, the y-axis and the
lines y=1and y=3.

14

| 4

The region is rotated through 360° about the y-axis.
Find the volume of the solid generated.

(¢]

First rearrange the equation to make x the

F=Va=1

—l I— subject

_"- — ¥ e
x=ys +J

V=wf*(y*+ 1)y Use V= n["x2dywitha=1b=3and x=1?+ 1.
gt : A

=w[ 0" + 257 + 1)d»
X ; “— Simplify the integrand.

=wl=y  + 513 + _l']

15 5 — Integrate each term separately.

=[5 +18+3)- (3 +5 +1)]

= {1088 ' — Substitute the limits.

_ 1016w Simplify the resulting answer and write it as an
15 exact fraction in terms of .
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Exercise @

Find the exact volume of the solid gener
when each curve is rotated through 360°

. ) s xZ the subject.
about the y-axis between the given limits.

Volumes of revolution

ated @ In part d, rearrange the expression to make

a x= .[,1 + 1 betweeny=2andy=35 b y=2/x between y=0andy = |

| N
¢ y=betweeny=1and y=3

The curve C with equation x = %y’ + | 1s shown in the diagram.
The region R is bounded by the lines y = 1. y = 4, the y-axis and
the curve C, as shown in the diagram. The region is rotated
through 27 radians about the y-axis.

Find the volume of the solid generated,
(6 marks)

The diagram shows the finite region R, which is bounded by the
curve x =,y + L the lines y = 4, y = 9 and the y-axis.

a Find the exaL“l area of the shaded region. (3 marks)
The region R is rotated through 2= radians about the y-axis.

b Use integration to find the volume of the solid generated.
Round your answer to 2 decimal places. (5 marks)

The diagram shows the finite region R, which is bounded
by the curve x = * — 6y + 10, the lines y= |, y=4 and
the y-axis,

a Find the area of the shaded region R, (3 marks)
The region R is rotated through 360° about the y-axis.

b Use integration to find an exact value for the volume of the
solid generated. (5 marks)

The curve C with equation y = 2¢* + 5 is shown in the diagram.
The region bounded by the y-axis. the curve € and the line

¥ = 10is shown and shaded in the diagram. The region is

rotated 360° about the y-axis. Find the exact volume of the
solid generated. (6 marks)

d y=2"-4betweenx=5Sand x=11

x= 2= 6y 10

-y

17
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@ 6 fix)=*"-x+1l,x>1
The diagram shows the finite region R bounded by the curve
v = f{x). the y-axis and the lines y =l and y = 9.
a Show that the equation y = f{x) can be written as

X2=p+2fp+ L (2 marks)
b The region R is rotated through 27 radians about the y-axis.
Find the exact volume of the solid gencrated. (5 marks)

7 The diagram shows the finite region R, which is bounded
by the curve y* + x* — 2y =4 and the x-axis.
The region R is rotated about the y-axis to generate a solid
of revolution.

Find an exact value for the volume of the solid. (5 marks)

: : > 1. . .
8 Part of the curve C with equation y* = Tcalls shown in the diagram.
The region R is bounded by the curve, the y-axis and the line y = 4,
The region R is rotated 27 radians about the y-axis.

Find the volume of the solid generated, (5 marks)

b=
o

@ 9 The diagram shows a shaded region R in the shape of a right-angled triangle of width r and
height 4. The region R is rotated through 27 radians about the y-axis. Use integration 1o show

that the volume, ¥, of the cone formed is given by V= _'im'fh.

¥ /
I 4 3
R ; Problem-solving
E Start by finding an equation for the line that
forms the hypotenuse of the triangle,
o i

Q Adding and subtracting volumes

You might need to solve volume of revolution problems involving the volumes of cylinders and cones.

Remember these two formulae:
= A cylinder of height /it and radius r has volume =r*h.
= A cone of height / and base radius r has volume %m-‘h.
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The region R is bounded by the curve with equation y = x* + 2,
the ling y = 5 = 2, and the y- and y-axes,
a Verify that the coordinates of 4 are (1. 3).

A solid is created by rotating the region 360° about the x-axis.

b Find the volume of this solid.

a Cornve: 3 4+2=3 I_
line: 5-2x1=3
So (1, 3) i= the point of intersection

b Find the volumes of revolution of R, and

R separately.

Volume of revolution of R,

V=

:_ v+ 8“- dAx

w [ [x® 4+ 4x3 + 4ldx

:I--_\: + 8 4 4.\']

\

-+ 0+0))

':]' + 1+ 4|

30
N P51
= -

Volume of revolution of R,

The ling y = 5 = 2x will Intarsect the y-sxs
at-x:=28.

When R: s rotated sbout the x-axis, it v
create a cone,

V=gmx3°x15

V= S
R
The total vol 3cx 9% 1357w
otal volume ls == S
€ LOLal voilume 1S = + 2 4

Volumes of revolution

d

Substitute x = 1 into each equation to show

that the point (1, 3) lies on both the line and the

curve,

Problem-solving

Divide the original area into two separate areas.
Use integration to find the volume of revolution
of R,. Then add the volume of the cone formed
by rotating R, about the x-axis.

Use V=x"pidxwitha=0b=1and y=2*+2
o

Simplify the integrand.
Integrate each term separately.
Substitute the limits

Simplify the resulting answer by writing it as an
exact fraction in terms of @.

o

The height of the cone is25-1=15.
The radius of the cone 15 3.

The formula for the volume of a cone is I"=1arih.

Add the values of R, and R; to find the total
volume of revelution.
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You can find more complicated volumes of revolution by subtracting one volume of revolution from

another.

Example ° ¥

The diagram shows the region R bounded by the curves with

’ — 1 "
equations y=vxy and y = 8x and the line x = 1.

The region is rotated through 360° about the x-axis.
Find the exact volume of the solid generated.

.
.
.
.
.
]
.
.
4
+

-“v

o

N point of intersection, $ :
e ' Solve the equations simultaneously to find the

VX =2 x-coordinate at the point of intersection of the
S tWO Curves,
N =
i
[ 1) 1
vl
'u ba) .' 4

Consider volumes of revolution of R, and R; Problem-solving

Work out how you can create the necessary
volume of revolution using simpler volumes of
revolution. In this case, you can find the volume
of revolution of the area under the v = ,x curve,
then subtract the volume of revolution of the

area under the y = §1; curve.

o

Volume of revolution of R.:

Vi=w [ [Vxl dx
1 : ‘
=7 2%, R U
: Sl B4 i 50 when you integrate this term
i n 1,
' o Fa o 1 s
becomes B .-

Volume of revolution of R: = 64x

- o 1\% .,

Vg% -{. l'&_\-.l o The safest way to find this volume is to work
2 - SIS out each volume of revolution separately then
TR GA X2 subtract, as shown here, But you could also do
. _l 1 ] this in one combined calculation:

64 ¢ l-.,f(.xld\—-rf{ )d\
= ﬁl_cilg = (.— ',If)] = {J: 1
¥ i 3 =*[(l\r)‘-(—l )d\-rl—\fd-—l

Volume: of revolution of R: béx

5% _3x _27x oy 1 27..

V=~ 4~ o4 =a(5+5) (5547 ])
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Volumes of revolution

Exercise @

The diagram shows the line with equation 3x 4 2y = 27, ¥
a Use integration to find the volume of revolution when the region is
rotated through 360° about the x-axis.

b Use integration to find the volume of revolution when the region is
rotated through 360° about the y-axis.

¢ Use the formula for the cone to check your answers to parts a and b.
Clearly state the radius and the height in each case.

re=dxix+2)
A(2,8)

The region R is bounded by the curve with equation ¥
y=3x2(x +2), the line y = 16 - 4x, and the x-axis.

r=16-dx

o
a Show that the coordinates of 4 are (2, 8). 0 X (1 mark)

A solid 1s created by rotating the region through 360° about the x-axis.

b Find the volume of this solid. (6 marks)

3 The region R 1s bounded by the curve with equation y = --;-.\-1 (x = 4)and the line 2x + y = §.

1"

2x+y=8 Problem-solving

You will need to find a volume of revolution then

N R yu=ia=a subtract the volume of the cone,

\ B

0 X
a Show that the coordinates of A are (2, 4) and write down the coordinates of 5. (1 mark)
A solid is created by rotating the region through 360° about the v-axis
b Find the volume of this solid. (6 marks)
4 The shape shown is bounded by the curve y = %\’ and the 4

lines 2v + y = 6and 2r - y = 6.
a Find the coordinates of the points 4 and 8. (2 marks)

b The shape is rotated about the y-axis to generate a solid
of revolution.

Find the volume of the solid generated. (6 marks)
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The region R is bounded by the lines x = -3, x = 3 and y = 3, the curve C with equation
x* + 3y =4 and the x-axis. The region is rotated about the y-axis to generate a solid of
revolution. Find the volume of the solid generated.

'

y=3 3
Problem-solving

Find the volume generated by rotating the curve
x=3 x% + 2 = 4 about the x-axis and subtract this
from the volume of a suitable cylinder.

(6 marks)

6 The shaded region R is bounded by the curve y = -_%.\'3 + 35, the x-axis and the lines with

® 7

82

equations y=4 -xand y =4 + x.

Find the volume of the solid of revolution generated when this region is rotated about

the y-axis.

The shaded region is bounded by the curve C with equation

6" = x' +4x =0, x > 0, the straight lines 4x = 3y =4, 4x 4+ Iy =4,
and the line x = 4. The region is rotated about the x-axis to
generate a solid of revolution. Find the exact volume of the
solid generated.

ya

The shaded region is bounded by the curve with
equation y = 4 - 32, the curve with equation y =%,

the y-axis and the line with equation x = 1.

The region is rotated through 360° about the x-axis.
Find the exact volume of the solid generated. (7 marks)

Ve

(8 marks)

b=y g4yl

yuix




9 The diagram shows the region R bounded by the

curve with equation y = x* + 1 and the curve with

equation x* + =11

a Find the x-coordinates of the points of
intersection of the two curves, (3 marks)

The region R is rotated through 360° about the

X-axis.

b Find the volume of the solid generated,

Volumes of revolution

giving your answer correct to 2 decimal
places.

Challenge

The shaded region shown in the diagram is bounded by the curve

‘= % the line y= SO g. , the x-axis, and the

line y = 1, for 0 = x = & The region is rotated about the y-axis.
Find an exact value for the volume of the solid generated.

(7 marks)

Q Modelling with volumes of revolution

Volumes of revolution can be used to model real-life situations.

L canrie €

A manufacturer wants to cast a prototype for a new design for a pen
barrel out of solid resin. The shaded region shown in the diagram is
used as a model for the cross-section of the pen barrel. The region is
bounded by the x-axis and the curve with equation y = k— 1007, and
will be rotated around the y-axis. Each unit on the coordinate axes
represents 1 cm.

a4 Suggest a suitable value for k.

b Use your value of & to estimate the volume of resin needed to make
the prototype.

¢ State one limitation of this model.

I

MNAR®)
=40 _38
e A
o B4
‘.F
0 s
ra
v=k-100x°
o X
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a8 k=10
b ¥ =10 - 100x*
100x%=10—}
.l 1 ".
=10 100
vl 1 )
{ | ‘
vex - i60)
l v 1 L
10 200
= (10 _ JQE-; - | 0 _ 0% |
"t“;O 200 10 200
= {1 - ,} =2
\ < <
Approximately 1.57 em® of resin will be
weded

match the curve exactly.

1 of the pen is unlikely to

Consider the context of the question and choose
a value that makes sense. Most pens are between
10cm and 15cm long so any value in the range
10 = &k = 15 is sensible.

Use your value of & from part a
Rearrange the expression to make x* the subject.

Use V== [*x?dywitha=0,b=10and

I— Give units with your answer.
Problem-solving

You can give any sensible answer that refers to
the context of the question. You could also say
that some resin might be wasted when the pen is
made, or there might be air bubbles in the mould.

1 The diagram shows the shape of a large tent at a fair. The outside of the tent can be modelied
=—0.01x" + £, Each unit on the coordinate axes represents | metre.

by the equation *

a Suggest a suitable value for £, (1 mark)
b Use your value of & to estimate the capacity of the tent. (5 marks)
¢ State one limitation of this model. (1 mark)

@ 2 The diagram shows half of the outline of a rugby ball. The
outline is modelled by the curve 3@ =4(16 — x).
The measurements shown are given in centimetres. By rotating
the curve through 360° around the y-axis, find the total volume

of the rugby

84

ball.

=000+ 42

-y

()
(5 marks) /16
e =416~ x)
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wn

The cross-section of an egg can be modelled as an ellipse
3

; T . o : G
with equation ot a= |, where the dimensions shown are

in centimetres.

a Calculate the volume of the solid formed by rotating this
curve through 360° about the x-axis.

b Show that the solid formed by rotating the curve through
360° about the y-axis has the same volume.

¢ Say which of these two solids most resembles an egg.

The diagram shows the cross-section of an egg timer. which has
a height of 16cm. The shape of the egg timer is modelled as a
solid of revolution of a curve C about the y-axis. The curve C has

equation x = /7.

Sand flows through the egg timer at a rate of 8cm¥/min. The
designer wants the egg timer to empty in 5 minutes. Calculate, to

2 decimal places, the height of sand that should be placed in the
top half of the egg timer. (5 marks)

Volumes of revolution

r

2
-u - :
= _ ¥
= +—=1

The diagram shows the bowl of an electric stand mixer. The height of the bowl is 18cm.
The shape of the bowl is modelled by rotating the curve with equation y = 0.02x* through

27 radians about the y-axis.

1

v=002¢"

a Find the diameter of the bowl,

(2 marks)

b Find the maximum volume of liquid that can be contained within the mixing bowl. (4 marks)

The mixing bowl has a paddle of height 12¢m. The paddle just touches the side of the bowl.
In its starting position, the paddle forms a region R, as shown in the diagram.

¢ Calculate the area of the paddle.

(3 marks)

The paddle rotates about the y-axis when the mixer is in operation.

d Find the proportion of the total volume contained within the bowl that can be mixed

by the paddle.

(4 marks)
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6 The diagram shows a vase with a base width of 10cm and a heigl}_l of

20cm. The edge of the vase 1s modelled by the equation x =35 < /y.
The vase is formed by rotating the shape through 360° about the y-axis

a Use this model to estimate the capacity of the vase. (5 marks)

The vase is initially filled to a height of 10cm. When the flowers are
placed in the vase, 50cm’ of water is displaced.

b Determine whether the vase will overflow, (3 marks)

7 A circular spinning top is made of solid wood with a width of - "
‘ - . . . I'=2Iv+
18¢m and a height of 24cm. A cross-section of the spinning ¢ \

top 1s shown in the diagram. The cross-section is formed by
part of the curve with equation 3 = 4(x + 9) and the straight
line with equation y = 2x + I8, and is symmetrical about the
y-axis. The cross-section is rotated about the y-axis. Find the
total volume of wood in the spinning top. (7 marks)

Challenge

The diagram shows the cross-section of a circular place-holder

used to hold a rugby ball when penalties and conversions are

kicked. The cross-section can be modelled by the straight lines

with equations 3y - 4x = 24 and 3y + 4x = 24, and the curve

with equation v = 3x* + 3, The place-holder is formed by 3y~ by =24
rotating this cross-section about the y-axis, and is constructed

from solid plastic.

.\: =4y +9)

yNE

ya yadbiied

Jysdx=24

Find the volume of plastic needed to construct the place-holder, -6

Mixed exercise o

I The curve shown in the diagram has equation y = x*v9 — x*
. The finite region R is bounded by the curve and the x-axis.
The region is rotated through 27 radians about the x-axis to
generate a solid of revolution. Find the exact value of the
volume of the solid that is generated. (S marks)

@ 2 The diag_mm shows the curve with equation

2y? = 6/x + 3 = 0. The shaded region is bounded by the

curve and the linex = 4.

a Find the value of x at the point where the curve cuts
the x-axis

The region is rotated about the x-axis to generate a solid of revolution.

b Find the volume of the solid generated.

86
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6

fix)=F+4dy+4. x=-2

The diagram shows the finite region R bounded by the curve

¥ = [{x). the y-axis and the lines

v=4andy=9.

a Show that the equation y = f{x) can be written as
Y=4-4y+y. (2 marks)

b The region R is rotated through 2« radians about the y-axis.
Find the exact volume of the solid generated. (5 marks)

The diagram shows the shaded region bounded by the curve with
equation y = x” 4 3, the line

x = 1, the x-axis and the y-axis. Find the volume gencrated when
the region is rotated through 2 radians:

a about the x-axis (3 marks)

b about the y-axis (4 marks)

The diagram shows the curve with equation y = %_\'(.\' + 1)? and the
line with equation 3x + 4y = 24_ The line and the curve intersect

at the point A.

a Show that the coordinates of the point 4 are (2, 4.5). (2 marks)
The shaded region R is bounded by the curve, the line and the
x-axis. The region is rotated through 27 radians about the x-axis.

b Find the exact volume of solid generated. (6 marks)

The diagram shows a cross-section of a circular golf ball

trophy holder. The dimensions shown on the diagram are in
centimetres. The cross-section of the trophy is formed by the A
lines x = -2, x = 2, the x-axis and the curve with equation

y= 0.1 + 4. The cross-section is rotated 360° about the
y-axis. The trophy holder is to be cast out of solid bronze.

a Use this model to find the volume of bronze needed to
make the trophy. (5 marks)

Volumes of revolution

[} .

4
£ o | «x
va A
\_/ Sl
(7] i =
A y=gxlx+ 1P
A
A v +dy=24
R \
o v
¥y

\,\' =01 +4

b Give one limitation of this model. (1 mark)

The diagram shows the outline of a circular mushroom.

The dimensions on the diagram are in centimetres, The cap of
the mushroom is modelled by the curve with equation

5.\‘3 - 8,¥ + 4y = 0. The mushroom is formed by rotating the

b

O

-

shape shown about the y-axis. Find the exact volume of the
mushroom. (6 marks)
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8 The shaded region is bounded by the curves with
equations y = 2x* and 337 4+ x> = 11y =0.
The shaded region is rotated 360° about the y-axis.
Find the exact volume of the solid of revolution
generated. (9 marks)

}_\:b v lly=0

-~y

Challenge A

The diagram shows a sphere of radius r and centre (0, 0).
a Show that the area of the shaded disc is =zlr? —x2.

b By considering an integral over an appropriate interval,
show that the volume of a sphere is 37 7,

-— -

“Y

~
il

Summary of key points

1 The volume of revolution formed when y = f(x) is rotated about the x-axis between x = a and

x = his given by
Volume = rj;"yzdx
2 The volume of revelution formed when x = f(y) is rotated about the y-axis between y =@ and
y = his given by
Volume = 7 j;bxzdy

3 Acylinder of height 4 and radius r has volume wr%h.

4 A cone of height fr and base radius r has volume s_l;.weh.
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Review exercise

z; =4~ 51and =, = pi, where p is a real
constant. Find the following, in the form
a+ b, giving a and b in terms of p:

& Z;—%» (1
b 2,2, (1)
€= (1)

« Sections 1,1,1.2,1.3

f{z) = =% = k=7 + 3= has two imaginary
roots.
a Find the range of possible values

of k. (3

b Given that k& = 2. solve the equation
flz)=0. (3)
« Section 1.1

The solutions to the quadratic equation
-5+ 13=0are z; and z,. Find z, and
z,, giving each answer in the form e = ib
wherea. b € R. (3)

+ Section 1.1

The real and imaginary parts of the
complex number = = x + iy satisfy the
equation (2—i)x— (1 + 3i)y-7=0.
Find the values of x and y. 4)
« Section 1.1
2+ 3i
S5+i
can be expressed in the form A(1 +1),
stating the value of 4. (3)

2 3 l.
L ‘l} is real and
S4+1

determine its value. (2)
« Sections 1.2, 1.3

a Show that the complex number

b Hence show that (

6

7

(E/P) 9

(EP) 10

Rz)=z2+5+8=+6
Given that <1 + 118 a root of the equation

f(z) = 0, solve f(z) = 0 completely. (4)
« Section 1.5
fz)=-62"+ kz-26
Given that {2 - 3i1) =0,
a find the value of & (2)
b find the other two roots of the
equation f(z) = 0. (3)
4 Section L5

f(z)=z-"-6"-20:-16
a Write {{z) in the form
(Z2=3z=<4)(*4+bz40)
where b and ¢ are real constants to be

found. (2)

b Hence find all the solutions to the
equation f(z) = 0. (3)
« Section 1.5

glz)=z* =874 2722~ 50=-4 350

Given that g(1 — 2i) =0, find all the roots

of the equation g(z) = 0. (5
« Suction 1.5

f{z) =z%4 p=* + 4= = 12 where p and q are
real constants.

Given that a, g and o + ~: + 1 are the
roots of the equation f(z) =0,

a solve completely the equation
fz)=0, (5)

b Hence find the valuesof pand ¢.  (3)
+ Sections 1.4, 4.2
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Review exercise 1

a Find. in the form p + ig where p and ¢
are real, the complex number z which
3z-1 4
= 4)

satisfies the equation I
b Show on a single Argand diagram the
points which represent = and z*, (2)

¢ Express © and z* in modulus-argument
form, giving the arguments to the

nearest degree. (3)
¢+ Sections 1.2, 2.1, 2.3

Given that the complex number = = x + 1y
satisfics the equation |z — 4i| = 1, find the
maximum and minimum possible values
of argz. (4)
&« Section 2.4

The complex number z s -9 + 171,
a Show z on an Argand diagram. (1)
b Calculate argz, giving your answer in
radians to two decimal places. (2)
¢ Find the complex number w for which
zw = 25 4 351, giving your answer in
the form p + ig, where p and ¢ are
real, (3)

« Sections 1.3,2.1, 2.2 I8

S =5%1,z,==243i

a Show that |z, = 2|z, (3)
b Find arg(z,2.). 3)
+ Section 2.2

a Given that z =2 - 1, show that
=34

b Hence. or otherwise, find the roots.
z, and z,, of the equation

(z4if=3-4i (3)

¢ Show points representing =, and z-
on a single Argand diagram. (2)
d Deduce that |z, - z,| = 2/3. (2)
e Find the value of arg(z, + =,). (2)

+ Sections 1.2, 2.1, 2.2

@) 19

@ 16 The complex numbers z, =2 + 2i

and z; = | + 3i are represented on an
Argand diagram by the points P and Q
respectively.

a Display z, and z, on the same Argand

diagram. (2)
b Find the exact values of |z, |z;| and

the length of PQ. 3)
¢ Hence show that A0PQ, where O is

the origin. 1s right angled. 2)

d Given that OPQR is a rectangle in the
Argand diagram, find the complex
number z; represented by the point R.

(3)

« Sections 2.1, 2.2

Show that
cos2xy +18in2x
cos9x —isin9x
can be expressed in the form

cosny + 1 sinnx, where # is an integer
1o be found. (4)
+ Saction 2,]

The point P represents the complex number
zin an Argand diagram,

Given that |z =2 41| =3,

a sketch the locus of £ in an Argand

diagram 2)

b find the exact values of the maximum
and minimum of |z]. (2)
« Section 2.4

Given that = satisfies |z = 2i] = 2,

a sketch the locus of z on an Argand

diagram (2)
b find the maximum value of |z|. (2)
&« Section 2.4
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A complex number z is represented by the
point P in an Argand diagram.

Given that |z - 3i| =3,

a sketch the locus of P (2)
b find the complex number = which
satisfies both |z - 3i| = 3 and
arg(z - 3i) = %,:I (3)
« Section 2.4

Sketch, on an Argand diagram, the locus
of the point P representing a complex

number z such that

argiz+3+1i)= % (3

« Section 2.4

The complex number = satisfies the
equation [z+ 3+ =|z-2+1].

a Sketch the locus of = (2)
b Find the minimum value of |=|. (1)
¢ Find a value of = that also satisfies
3r
arg s =—"r (2)
« Section 2.4
Sketch, on an Argand diagram, the
region which satisfies the following
condition.
w 2%
Z"Sarg(:-l)’s—; 3)
& Section 2.5

Shade on an Argand diagram the set of

points
3w
T
(6)

« Section 2.5

{:EC:-%,.'-<arg{:-3-3ibs
NizeC:k=3il=3)

Use standard formulae to show that

2@ = 1F= 104 = 1)

r=l

(4
+ Section 3.2
Use standard formulae to show that

Zr(r’ -3)= %n(n +Din=2)n+3) @
Jo « Section 3.2

® 27

® 30

® xn

Review exercise 1

a Use standard formulae to show that

n 4 =
Zr(Zr-—l)=”(”+lg" 1) @
r=1

i
b Hence, evaluate Zr(Zr - 1)

redl

(2)

+ Section 3.2

a Use standard formulae to show that

Z(Gr’ +4r=S)=n(2n" 4+ 5n-=2) @)

rel

b Hence calculate the value of

2(614 +4r—35)

re=io

(2)

+ Section 3.2

l{sc standard formulae to show that

Zr(r+ l)=%n(n+ IXn+2)

r=1

b Hence. or otherwise, show that

4)

Zf‘( r+l)= %n(Zn + 1)(pn + @), stating

the values of the integerspand ¢.  (3)
+ Section 3.2

Given that

Zr"(r- l):l—lzn(n + 1) pn+gn+r)

r=1

a find the values of p, ¢ and r. (4)
11U

b Hence evaluate Zr’(r -1) (2)

res 4 Soction 3.2

The roots of the equation 3x" 4+ kx + 11 =0
are v, 7 and 4.

a Given that a3+ J9 + va = -4, write

down the value of k. (1)
b Write down values of o + 7 4 v and

ad. (1)
¢ Hence find the value of

(1 =a)l= g}l =+) (3)

+ Sections 4.2, 4.4
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Review exercise 1

€D 3

The roots of the equation
axt+ T 45374 3x-4=0
are ov, 3. vand 4.
a Given that a3+ = -1, write down the
value of a. (1)
b Write down the values of Ya, Lad
and a3y.
¢ Hence find the value of
o'+ FarvaF

(1)

(3)
< Sections 4.3, 4.4
The cubic equation x* + 3° + Sx - 1=10
has roots «, 7 and ~. Without solving the
cquation, find the equation with roots
(2a+ 1), (25 + 1)and (2~ + ).
Give your answer in the form
e+ gt + rw + 5= 0 where p, ¢, r and
s are integers to be found. (5)

+ Section 4,5
The quartic equation 37
¥ = x*=2x" + 3x + 4 = 0 has roots a, 3,
7 and 4. Without solving the equation,
find equations with integer coefficients

that have roots:

a 3a, 305, 3y and 38 (4)
b 2a—=1).(28-1),(2y-1)and

(26=1) (6)

+ Section 4.5

The curve shown in the diagram is
y=xvl—y*

s

2 /
a Write down the value of a. (1)

The finite shaded region bounded by the

curve and the x-axis is rotated through

27 radians about the x-axis.

b Find the exact volume of the solid
generated. (5)

+ Section 5.1

The curve shown in the diagram is
y=vyx'+3

The finite region between the curve, the

y-axisand the lines y =2 and y =k is

rotated through 27 radians about the

y-axis. Given that the volume of the

solid gencrated is 487, find the value of .
(5)

4 Section5.2

The graph shows the curve y =4 — x* and
theline y =2x+ L.

The region indicated is rotated through
2w radians about the x-axis. Find, correct
to three significant figures. the volume of
the solid generated. (5)

& Section 5.3



38 Nellic is a champion bowler and decides to
make a stand for her favourite ball to rest on.
Viewed from above, the stand will be circular.
She models the cross-section of the stand
using a curve and two lines as shown below
where the dimensions are in centimetres,

i
20‘/

o

~10 0¥

The curved section is modelled using the
equation x~ + (y - k)" = 100.
a Write down the value of 4.

b Show that the volume of revolution
formed by rotating the curve about the
v-axis between the lines y=aand y=5b
can be written as

13’46011;: — &) —b* - a*) — 900(h — )
where 10 =a < b= 20. (5)

The stand is made from a resin which costs
£0.025 per cm’.

¢ Find, to the nearest penny, the cost of
Nellie's stand.

(M

(2)

& Section 5.4

The diagram shows parts of the curves with
equations y =12~ x? and y = 8 - 0.2x°.

A jeweller models a gold ring as the volume
of revolution formed when the arca
bounded by these two curves is rotated
through 360° about the x-axis.

Review exercise 1

a Given that the dimensions on the diagram
are in mm, state the maximum outer
diameter of the ring.

The density of gold is 19.3 g/fem’.
b

(1)

Find the mass of the ring according to
this model, giving your answer in grams
to 1 decimal place. (10)

¢ Give one reason why the actual mass of
the ring is likely to be different from your
answer to part b. (1)
+ Sections 5.3, 5.4

Challenge

1 In the Argand diagram the point P represents
the complex number =.

- -8
Given that atg{: 2 2} =%
a sketch the locus of P
b deduce the value of |z - 5|

T

+ Chapter 2
2 Therth tenn.of a finite series is denoted by u,
Given that Z_u, =n®+5n,
a express :4: Ilt;.temts of r

b showthat O _u, = (n+ 1)+ 4)
e ¢ Chapter 3
3 The cubic equation x* —5x* + 11x—15= 0 has
roots o, 4 and 4. By using a substitution, or
otherwise, find an equation that has roots
a*+1, 3+ Land~+* +1. & Chaptor 4
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Matrices

After completing this chapter you should be able to:

94

Understand the concept of a matrix
Define the zero and identity matrices
Add and subtract matrices

Multiply a matrix by a scalar

Multiply matrices

Calculate the determinant of a matrix
Find the inverse of @ matrix

Matrices can be used to describe

transformations in two and three dimensions.

Computer graphics artists use matrices to
control the motion of characters in video
games and CGI films.

- pages 95-99
- pages 95-99
=% pages 95-99
-+ pages 96-99
-+ pages 99-103
- pages 104-108
-+ pages 108~116

Use matrices to solve systems of equations - pages 116-121
Interpret simultaneous equations geometrically

-+ pages 118-121

Prior knowledge check

1 Vectorsaandb are defined asa = (§}
_[4) gina. '
and b= (-l‘]' Find;
aa+b b 3a-2b

¢ 4b-a) « Pure Year 1, Chapter 11

Solve the following pairs of simultaneous
equations.

a2x~-3y=53x+2y=27
b 4x-3y=-13;5x-2y=-22
« Pure Year 1, Chapter 3




Matrices

@ Introduction to matrices

A matrix is an array of elements (which are

usually numbers) set out in a pair of brackets. @ A vector |5 a simple example of a matrix
with Just one column,

You can describe the size of a matrix using the « Pure Year 1, Chapter 11; Pure Year 2, Chapter 12

number of rows and columns it contains.

For example (2 S is a2 x 2 matrix and (1 o 1) is @ 2 x 4 matrix. Generally, you can refer to a

4 O) 23 0 2
matrix as n x 1 where n is the number of rows and m is the number of columns.

= A square matrix is one where the numbers of rows and columns are the same.
= A zero matrix is one in which all of the elements are zero. The zero matrix is denoted by 0.

= An identity matrix is a square matrix in which the elements
on the leading diagonal (starting top left) are all 1 and the Matricos are
remaining elements are 0. Identity matrices are denoted by usually represented with bold
I, where k describes the size. The 3 x 3 identity matrix is capital letters such as M or A,

T

Write down the size of each matrix in the form n x n.

(2 -1 b(lI 0 2
t\r 3 ) A ;’
¢ 4 ) d|-1 1
-1 0 -3
(2 -1
a | S There are two rows and two colurnns.
Theskzeis 2 x 2
(1 O 2)r There Is just one row and three columns.
Thegze s 1x 3
c | 41 I There are two rows and one column.
’:'he ‘:25 is2Z2x)
(3 2
d ’ -1 1 ] There are three rows and two columns.
\ 0 =3]
Thesizeis 3 x 2
= To add or subtract matrices, you add or subtract the w Matrices which are
corresponding elements in each matrix. You can only the same size are said to be
add or subtract matrices that are the same size. additively conformable.
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Chapter 6

i a 2 -1 -1 4 Top row:
Find:: & (.0 3)*(5 3, —Sa
-1+4=3
b(l -3 4]_(0 2 1] i
2 1 1 5 2 3
Bottom row:
ir— 0+5=5
2 -1 -1 4 :
. [ 3 +[ 5 3) | 3+3=6
=(1 2' | Top row:
2 ~_1-0=1
[ -3-2=-5
1 -3 4 _f0 2 1)
bz 7 Y-l5 2 3 4-1=3
_ |‘1 -5 3) ' Bottom row:
S = =8 | 2-5=-3
1-2=-1
1-3=-2
= To multiply a matrix by a scalar, you M A scalar is a number rather than a
multiply every element in the matrix by matrix. In questions on matrices, scalars will be
that scalar. represented by non-bold letters and numbers:

A=Y 3 B=60-9

Find: a 2A b 1B
¢ Explain why you cannot work out A + B.

124 Top row:
S L 2%1=2
Note that 2A aves the same answer 35 A+ A 2x2=4
Bottom row:
biB=(3 C -2 | — eXx-1=-2
2x0=0
¢ A and B are not the same size, =0 you can't %x 6=3
add them. T — _;. x0=0
%x (-4)=-2

| You could also say that A and B are not
additively conformable,
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Given that A + 2B = C._ find the values of the constants a. b and c.

A=

B-(p 3} <=(1 9

i el a=(5 %)

If two matrices are equal, then all of their

Fre g4

corresponding elements are equal.

= Compare top left elements,

Exercise @

1 Write the size of each matrix in the form n x m.

n

. (-I-l 2}

d (1 2

b ()

3) e (3 -1)

Write down the 4 x 4 identity matrix, 1.

Two matrices A and B are given as:

"*=(; -31 :;)'h(zl; -31 3)

If' A = B. write down the values of « and h.

For the matrices

a=(; 3) =5 3 <= 3)
find:

a A+C b B-A

For the matrices

A=(;).B=(l 1), C=(=1 1 0),

p=0 1 -0, E=(]) F=@ 1 3
find where possible:

a A+B b A-E

¢ F-(D+C) f A-F

~ Compare top right elements.

—— Compare bottom right elements,

1
3

1
(s
0

4

0
0
1

S—o OW

¢c A+«B-C

¢c F-D+C
g C~-(F-D)

d B+C

Matrices
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12

13

14
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Chapter 6

Given that ( :‘l i] = (:1 _‘2) = ((5] (5)) find the values of the constants a. b. ¢ and d.

Given that ( 2] - (‘l' ’2’ “)) = (5 3 :) find the values of a. b and c.

1 2
a b

O

3 a b 9P
Given thal( ~1|+le¢ d =(2 0).ﬁnd1hevaluesofa.b.c.d.eandf.

1 e J 1 4

1 =1 3 6 3 -4 -2 0 3
For the matrices A = (2 0 2). B=|1 | 2 }|andC= ( Z '8 -6). find;
3 4 0 -2 0 =3 -1 1 1

a A+B b B-C ¢c C+A

5 -6 b
d A matrix M = (4 a 6). Find the values of . b and ¢ if*
2 0 ¢

6 -7 =2 S -9 -8
iA+M=(6 3 8 iM-B={-2 7 -i
5 4 6 i 2 2

-

a 3A b {A ¢ 2B
d Explain why it is not possible to find A - B,

For the matrices A = (i _(:5), B= (_ ] find:

The matrices A and B are defined as:

him (: ‘02] and B = (_27 :)

Find:
a 3A+2B b 2A-4B ¢ SA-2B d A +3B

The matrices M and N are defined as:
2 4 -] 6 -2 5
M=|1 =3 =1] and N=|3 =3 1
0 2 1 1 -1 0
Find:
a M+ 2N b 3IM-N ¢ 4M + 5N d M —3N

o
Find the value of & and the value of x such that (2 (l)) - k( _? 6) = ? ;)

Find the values of a, 4, ¢ and « such that 2(‘; g) - 3("’ _") = ( 3 3).

-4 -4



Matrices

15 Find the values of «. b, ¢ and d such that (2 g) - 2(; j) = (3 :1)

@ 16 Find the value of & such that (i’) + k(i’i) = (2)

@ 17 The matrnices A and B are defined as:
p 0 0 2g 0 0

A=|0 ¢ rlandB=({ 0 4 6

0 0 5§ 0o 0 2

where p. ¢ and r are positive constants.
Given that A — kB =1, where 1, is the 3 x 3 identity matrix, find:

a the value of & b the values of p. g and r.

@ I8 The matrices P and Q are defined as:
0 2 ¢ 0 -1 -l
P=|a 0 0 )|andQ=|3 4 0O
0 b -1 0 2 e

where a, b, ¢, d, and e are constants.
Given that P - £Q = 0. where 0 is the zero matrix. find the values of a, b. c. d. ¢ and k.

@ Matrix multiplication

Two matrices can be multiplied together. Unlike the operations we have seen so far, this is completely
different from normal arithmetic multiplication.

= Matrices can be multiplied together if the number m KB cxbote. ther, matrix
of columns in the first matrix is equal to the number A i <aid to be muuipli;atively

of rows in the second matrix. conformable with matrix B.

The product matrix will have the same number of rows as the first matrix, and the same number of
columns as the second matrix.

If A has size # x m and B has size m x k then

AR=% the product matrix, € has size n x &,

The order in which you multiply matrices is important. This has two consequences:

« In general AB # BA (even if A and B are both square matrices).

« |f AB exists, BA does not necessarily exist (for example if Aisa 3 x 2 matrixand B is a 2 x 4 matrix).

= To find the product of two multiplicatively conformable matrices, you multiply the elements
in each row in the left-hand matrix by the corresponding elements in each column in the
right-hand matrix, then add the results together.

N g P 2 2 15 21 You are multiplyinga 2 x 3 matrixbya 3 x 2
( 8 3 _4] 19 -3[=4s _9) matrix, 5o the product matrix will have size 2 x 2.
- ] . k& { To find the bottom left element, work out
[ - | Bx2+3x9+(-4)xT=16+27T-28=15




Chapter 6

Given that A = (:l; .42] and B= (,-23)

a find AB b explain why it is not possible to find BA.

a First calculate the size of AB.

The number of rows is two from here.

(2x2) x{2x1) gives 2 x1

=3 7] =@

2

p=1x{=3)+(-2)x 2=~-7

L The number of columns is one from here.

The top number is the total of the first row of A

g=3x-3)+4x2=-1.
SoAB= ("

b BA cannot be icund, since the number
of columns In B is not the same as the
number of rows in A.

GiventhatA=(") J)anaB=(3 ) fina:
a AB b BA

a Asz2xZ2Zmatrixand Blsa 2 x 2 matrix
so they can be multiphed and the product

multiplied by the first column of B.

; The bottom number is the total of the second row
— of Amultiplied by the first column of B.

Remember that order is important.

B is not multiplicatively conformable with A, but
A is muitiplicatively conformable with B.

—— This time there are four elements to be found.

a is the total of the first row multiplied by the
first column.

vill e 3 2 x 2 matrix,

=3 3o )= 3

a=(-}%x44+0x0=-4 |

b=-1)x1+0x (-2} =~

r b is the total of the first row multiplied by the
second column.
¢ is the total of the second row multipiied by the
first column.
d is the total of the second row muitiplied by the
second column,

c=2x4+3x0=58

d=2%x143x(-2)=-4 |

-1

soAB= (7 7

b BA will also be 3 2 x 2 matrix,

First row times first column
Gx(-l}+1x2=-2

First row times second column
4x0+1x3=3

M
l.g -’a}(:_ (3))=[-§ _?(,}

Second row times second column
0x0+(-2)x3=-6

Second row times first column

You can enter matrices directly into your
calculator to muitiply them quickly

100
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Matrices

A=()andB=(p 2)

(0) isa 1 x 1 zero matrix. You could also write it

Given that BA = (0). find AB in terms of a. a5 0.
BA=(h 2(7)=t-b+2a) BAisalx1matrix.
S0 BA = (0) implies that b = 2a.
- [-] ) == =h -2 i i
AB = )b 2)= s 2“} ABisa2 x 2 matrix
Substituting & = 2a gives AB = (-2“ -2)

R E 2a° Zal Although you can multiply matrices
using a calculator, you need to know how the
process works so that you can deal with matrices
containing unknowns.

Example o
4\ .
A=(1 -1 2),B=(3 -2)and C=(Z]. Find BCA,

This preduct could have been calculated by
first working out CA and then multiplying B by

= this product. In general, matrix multiplication is
BCA =21 -1 Z)=12 -2 4) ——-+—
e i gl ol associative (meaning that the bracketing makes
no difference provided the order stays the same),

BC=(3 -2)(5)=

so (BOA = B{CA).

1 Given the sizes of the following matrices:

Matrix A B C D E

Size 2x2 | x2 I1%x3 | 3x2 | 2%3

find the sizes of these matrix products.

a BA b DE ¢ CD

d ED ¢ AE f DA
2 Use vour calculator to find these products:

1 2\/=1 1 2y 0 §
: (2 4)( 2] b (3 4)(-1 -2]
5 -1 =2 4 1 0 1

3 The matrix A = ( 0 3 ] and the matrix B = (| | 0).

Use your calculator to find:

2
a AB b A2 m A®means A x A.
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Chapter 6

The matrices A, B and C are given by:

a=(3) B=(3 ) c== -2

-

Without using your calculator, determine whether or not the following products exist and find
the products of those that do.

a AB b AC ¢ BC
d BA e CA f CB

. .
Find (I _”l)((l) _3| g) giving your answer in terms of a.

2

Find( 3 )(‘ -2) giving your answer in terms of x
-1 N1 3 ) EVINE} *

The matrices A. B and C are defined as:

A=(3 5)om=( Yanac=(7 )
Use your calculator to find:
a AB-C b BC+3A ¢ 4B-3CA

The matrices M and N are defined as:

k
-1

a MN b NM ¢ 3M-2N d 2MN + 3N

M= (z I;) and N = (}( ) Find, in terms of k:

The matrix A = (:) "12)
Find:

a A°
b A3 @ You might be asked to prove

S t a form for Ad this general form for A*, —+ Section 8.3
¢ Suggest a form for A%

; ‘a ()
The matrix A = ( b 0).
a Find. in terms of @ and A, the matrix A

Given that A? = 3A,
b find the value of «.

2

A=(-1 3), B=((l))~ c=(; 3)

Find: a BAC b AC?



1
12 A=(-I. B=(3 -2 -3)
2

Find: a ABA b BAB

@ 13 a Write down 1,.
b Given that matrix A = (f -32] show that Al = 1A = A.

©® A= P[4 Jamc-(} 2)

Show that AB 4+ AC = A(B + C).

15 A= (; f) and 1 is the 2 x 2 identity matrix.

Prove that A*=2A + 5L

| G
@ 16 A matrix M is givenas M = (a =] I).
I 5 0

Find M?in terms of @, b and c.

1 -1 &
17 AmalrixAisgivenasA:(a 2 0).

1 § -3
-4 -3 -8
Giventhat A= 9 1 6. find the values of 2 and b.
4 -1 7

3 2
18 A= (p ) and B= (q q)' where p and ¢ are constants, Prove that AB = BA.

6 p 4

: Y L 3 ;
19 ThematrixA={_,  |issuch that A?=1. Find the values of p and ¢.

Challenge

A2 x 2 matrix A has the property that AZ = 0. Find a possible matrix
A such that:

a at least ope of the elements in A is non-zero
b all of the elements in A are non-zero.

Matrices

(2 marks)

(3 marks)

(3 marks)

(3 marks)

(3 marks)
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@ Determinants

You can calculate the determinant of a square matrix. The determinant is a scalar value associated
with that matrix.

a b @ You can write the
- ForaZmeatrle_(c d}' the determinant of M determinant of Mas detM,
is ad-bl’- a b
(Ml DTL_ d{ itisalso

= |f det M = 0 then M is a singular matrix.
= |f det M = 0 then M is a non-singular matrix.

sometimes written as A,

Singular matrices do not
have an inverse. -+ Section 6.4

Given that A =($ 3], find det.

detA=ad-he=6x2-5x1=12-5=7

4 p=+2
A=(-—l 3—/))

Given that A is singular, find the value of p,

detA =43 - p) - (p+ 200 Although you can find the

detA=12 -4p+p+ 2 =14 -3p determinant using a calculator, you need to know

A Is sinaular so detA = O how the process works so that you can deal with
< o actet S

4-3p=0=p="% matrices containing unknowns.

Finding the determinant of a 3 x 3 matrix is more difficult,
= You find the determinant of a 3 x 3 matrix by reducing the 3 x 3 determinantto 2 x 2

determinants using the formula:
i & d f m There is a minus sign
aik I bl | '”1 in frant of the second term.

In this expression for the determinant, each of the elements a, » and ¢ is multiplied by its minor,

a b ¢

dej“

» The minor of an element in a 3 x 3 matrix is the determinant of the 2 x 2 matrix that
remains after the row and column containing that element have been crossed out.
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Find the minors of the elements 5 and 7 in the matrix

5 0 2

-1 8 1

6 F 3

( 1 8 1)
7 3

{18 1| _ = Y e
15 J-éxB 7% 1= 24 7_ﬂ____j

The minor of 5 is 17.

5 2

lj ﬂf5X1-ZXFU=5+2=7

L

I

The minor of 7 is 7.

Find the value of

31

1 =
2[5 5+

(V)
[ SN N

-'ly=1§2 7l
3l 148

NG —4)-2(9+ 1)+ 412 + 2)
IXx2-2x10+4x14
=2-20+56=386

3 2
1 4

Matrices

To find the minor of 5, you begin by crossing out
the row and the column containing 5.

When you have crossed out the row and the

column containing 5, you are left with the elements
8 1
o3

2 % 2 matrix.

and you evaluate the determinant of this

To find the minor of 7, you begin by crossing out
the row and the column containing 7.

When you have crossed out the row and the
column containing 7, you are left with the elements

{_51 f} and you evaluate the determinant of this

matrix.

The determinant of this 2 x 2 matrix Is the minor
of the top left element.

The determinant of this 2 x 2 matrix is the minor
of the top centre element.

The determinant of this 2 x 2 matrix Is the minor
of the top right element.

3 kK 0
The matrix A = (-2 | 2 ) where & is a constant.
5 0 k+3

a Find det A in terms of &,
Given that A is singular,
b find the possible values of k.
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21 3 |=s|? -2 2 |+0|Z A
a |- =3} .
2 0O k+3 19 ,'+3 k+3 k3@
=3k + 3) - ki-2(k + 3) - 10) -
=3k +9 + 2% + 16K
=2k + 19k + 9
b As A ls slnaular,
2+ 18k +92=0
2k + )k +9) =0
k=-3-9
1 Find the determinants of the following matrices
3 4 4 2 -2 1
A (-1 2) b (.1 z,) - (3 o)
-4 -4 7 -4) (-1 -1
a (T 7 e lp 3 LAk =10
@ 2 Find the values of « for which these matrices are singular.
@ 1+u'} b |l +a 3—(1) 2+a
3 2 a+2 l-a l~a
: . -2 1=k
3 Given that k is a real number and that M = (k 1 ]
find the exact values of k for which M is a singular matrix.
3k - .
4 P= (k = Y ] where k is a real constant.
Given that P is a singular matrix. find the possible values of &.
2b =2a
5 The matrix A = ( P b and the matrix B = (-—h a )
a Find det A and det B.
b Find AB.
6 Use your calculator to find the values of these determinants.
I 00 0 4 0 1 01
0 20 b|S 2 3 cl2 % 1
0 0 3 - O M 3 82

106

Part b will require you to
solve det A = 0, so multiply
— this expression out, collect

together terms and express
the result as a quadratic.

Problem-solving

l;a)

As A is singular, its
determinant is 0. This gives

a quadratic equation, which
you solve, giving two possible
values of &.

(3 marks)

(3 marks)

|
s
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10

(E/P) 11

(E7) 12

(E/P) 13

(EP) 14

Without using your calculator, find the values of these determinanis

4 3 -l 3 =2 1 X = =3
a2 =2 0 bj4 1 <3 c|6 4 2
0 4 =2 7 2 -4 -2 -4 -3

2 1 -4
Thematnx A={2k+1 3 &k |
1 0 1

Given that A is singular, find the value of the constant k.

2 =1 3
The mainx A = ( k 2 4 ) where k 1s a constant.
-2 1 k+3

Given that the determinant of A is 8, find the possible values of k.

2 5 3 I 1 0
The matrix A=| -2 (0 4|andthematrix B= (l 2 2 )
3 10 8 0 -2 -1

a Show that A is singular.
b Find AB.
¢ Show that AB is also singular.

0 a =b
Show that, for all values of «, b and ¢, the matrix (—a 0 ¢ ) is singular.
b - 0

3

Show that. for all real values of x. the matrix ( 3

-2 4
x =2 }is non-singular.
-1 3 x

x=-3 =2 O
Find all the values of x for which the matrix ( 1 X =2 ) is singular.
=2 -1 x+1

The matrix M = (,], -13) and the matrix N = (-4[ 13‘) where & is a constant.

a Evaluate the determinant of M.

b Given that the determinant of N is 7, find the value of &.
¢ Using the value of & found in part b, find MN.

d Verify that det MN = det M det N.

Matrices

(3 marks)

(3 marks)

(4 marks)

(1 mark)
(2 marks)
(1 mark)
(1 mark)

107



Chapter 6

2 1 <1 ¥ T X
15 The matrix A = ( 1 0 4) and the matrix B = (k 4 5). where & 1s a constant.
-4 2 1 0 2 3
a Evaluate the determinant of A. (2 marks)
Given that the determinant of B is 2,
b find the value of &. (3 marks)
Using the value of & found in part b,
¢ find AB (2 marks)
d verify that det AB = det A det B. (2 marks)
Challenge
a Find all the possible 2 x 2 singular matrices whose elements are the m In part a,
numbers 1 and ~1. there are 8 possible
b Find all the possible 2 x 2 singular matrices whose elements are the matrices.
numbers 1 and 0,

m Inverting a 2 x 2 matrix

You can find the inverse of any non-singular matrix.
# The inverse of a matrix M is the matrix M~ suchthat MM = MM =1.
You can use the following formula to find the inverse of a 2 x 2 matrix.

.,f,,:('l: 3},thenll*‘=—1— d -b). QD £ detM = 0, you will not be able to find the

oMt & inverse matrix, since P elt Nisundeﬁned.
a=(3 18- 1) e=( o

For each of the matrices A. B and C. determine whether or not the matrix is singular.
If the matrix is non-singular, find its inverse.

Use the determinant formula witha =3, b= 2,

4 2 )
A=(-1 |)5chtA=3x‘-2x(4 c=-landd=1.

det A=5

Since 5 # 0, A |s non-singular.

; Swap « and d and change the signs of b and ¢.
|
o - JPY i) ‘0.2 -04
S0 A -:_:(1 3’0'.(3? 05 e
2NN “— A-‘can be left in either form.
B=|? ?}:-odctb=2x 1-1x2= Qe

‘— Remember if det B = 0 then B is singular.
So B Is singular and B™' cannot be found.

108



Matrices

Note that a determinant can be 3 negative

C=(; g)scdetc=lx0—3x2=-£

number.
This Is non-zero and so C is 3 non-singular
Mk o 6 Swap a and d and change the signs of band ¢.
C = —2(_2 1 } ar (; _) Then multiply byd—elt?

You can find the inverse of a matrix using
your calculator.

= |f A and B are non-singular matrices, then (AB) ! =B-*A%,

P and Q are non-singular matrices. Prove that (PQ)”' = Q-'P-\.

Let € = (PQ)™ then (PQIC =1 Use the definition of inverse A-A=1=AA".
b L Multi the left by P-*
t :
PPIQC = P~ - b oL
So QC =P ~— RememberP-'P=LIQ=Qand Pl =P,
Q'QC = QP Multiply on the left by Q%
IC = QP
L UseQQ=L
C= QP 59

So (PQ)~ = Q' P as required.

A and B are non-singular 2 x 2 matrices such that BAB = L.
a Prove that A =B 'B-.

Given that B = (‘f ;]

b find the matrix A such that BAB=1.

a BAB =1
BE'BAB =BT Multiply on the left by B,
BBAB =BT l_
AB = B- Remember B-'B=Iand B'I =B,
ABB'=B" B
AL= B B | Multiply on the right by B-? and remember BB~ = 1.

And hence A = B! B as reauired.
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3 -5]_ 3 -5}

RBE=N 2T &

B=[‘:2 2)50det5=2x3-5x’=71
o J First find B,

From part a,

: (3 &3 -5 Use the result from part a and matrix
A=BB"'=("
(-1 2 “ -1 2 ) multiplication to find A_
4 =25
A= [-5 - }

Exercise @

® 7

110

Determine which of these matrices are singular and which are non-singular.
For those that are non-singular find the inverse matrix.

(32 v (5 3) <5 o
(s 3 e (i 3 (s 3
Find inverses of these matrices. giving your answers in terms of @ and b.
a l+a 2a 3b
l4a 2+ a) » (-a -h)

a Given that ABC = 1, prove that B-' = CA.

b GiventhatA=("  Janac=(2 |

% L) finaB.

a Given that AB = C, find an expression for B. in terms of A and C.

Y )andc=(} 5 ) fndB.

b
b Given further that A = (;

a Given that BAC = B, where B is a non-singular matnx, find an expression for A in terms of C.

b When € = ; ;) find A.

B o i
The matrix A = (_'4 zl ) and AB = (:‘S —17 3 lg . Find the matrix B.
5 4 11 -1
The matrix B = (., | ) and AB=| -8 9 | Find the matrix A,
a -2 =1



® s

3a b
4a 26

a Find A-', giving your answer in terms of @ and b.

The matnx A = { ) where @ and b are non-zero constants.

The matrix B = (;g 2’;)) and the matrix X is given by B = XA,

b Find X, giving your answer in terms of ¢ and b.

The non-singular matrices A and B are such that AB = BA, and ABA =B.
a Provethat A= L

Given that A = (? (l)] by considering a matrix B of the form {‘: Z '

b showthata=dand b= c.

7
M= (,: _3| ) where k is a constant.

a For which values of & does M have an inverse?
b Given that M is non-singular, find M~ in terms of &.

4
Given that A = ( i P,,) where p is a constant and p # 4,
a find A~ in terms of p.

b GivenlhatA+A"=( 3

-3 ) find the value of p.

= wle

k=3 )
M= (4 PR 3) where & is a real constant.

a Find detM in terms of &.
b Show that M is non-singular for all values of &.

¢ Given that 10M-' + M = I where 1 is the 2 x 2 identity matrix, find the value of 4.

o
Given that A = (g .;“) where « 1s a real constant.

a find A-' in terms of @
b write down two values of a for which A-! does not exist.

Matrices

(3 marks)

(3 marks)

(2 marks)
(3 marks)

(2 marks)

(3 marks)

(2 marks)
(3 marks)
(3 marks)

(3 marks)
(1 mark)
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@ Inverting a 3 x 3 matrix

Finding the inverse of a 3 x 3 matrix is more complicated. You need to know the following definition.

= The transpose of a matrix is found by interchanging w
The transpase of
CA TS A X1 XM the matrix M is written as M”.

RN o MY | o ¢
Forexample,ifA=(, -).A™=(, 3}
» Finding the inverse of a 3 x 3 matrix A usually consists of the following 5 steps.

Step 1 Find the determinant of A, det A.

Step 2 Form the matrix of the minors of A. In this chapter, the symbol M is used for the matrix
of the minors unless this causes confusion with another matrix in the question.

In forming the matrix of minors, M, each of the nine elements of the matrix A is
replaced by its minor.

Step 3 From the matrix of minors, form the matrix of cofactors by changing the signs of
some elements of the matrix of minors according to the rule of alternating signs

illustrated by the pattern
y o m A cofactor is a minor with its

. appropriate sign.
b t 2 In this chapter, the symbol C is used for the
' matrix of the cofactors unless this causes
You leave the elements of the matrix confusion with another matrix in the question.
of minors corresponding to the + signs
in this pattern unchanged. You change
the signs of the elements corresponding
to the - signs.

Step & Write down the transpose, C7, of the matrix of cofactors.

Step 5 The inverse of the matrix A is given by the formula

A= d lt A (< Each element of the matrix € is divided by
e the determinant of A.

1 3 1

The matrix A = (O 4 l). Find A,
2 -1 0
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Step 1
detA = 1 I 4 | 3;0 1 | o O 4 | The first step of finding the inverse of a matrix
I S o 12 ol 7 'l2 =1 Is to evaluate its determinant.
=10+ 1)-3{C -2+ 10~ 8}
=1+6-8=-1 ___ The second step is to form the matrix of minors,
The minor of an element is found by deleting the
Step 2 ; 3 2
4 1110 1llo 2 row and the column in which the element lies,
4 ' 2 ollz - then finding the determinant of the resulting
2 x 2 matrix.
.. 3 1 ‘ iy l 1 3 _ _
= -1 ollz ollz = For example, to find the minor of 4 in
3 N1y 1y B 1 3 1
4 1llo 1 [O p 0 & 1| delete the rowand column
' 2 -1 0
| -2 -8 1 1
={1 =2 -7) containing 4, + . The minor is the
-1 4 2 =1 0
1 1
Step 3 determinant of the elements left, I 2 Ol =-2
i1 2 =&
C= (-‘ -2 7 ) You find the matrix of cofactors by adjusting the
= =1 A signs of the minors using the pattern
Step 4 + - +
R — 4+ — |-Hereyou leave the elements
C'= ( 2 -2 —') | =+
-85 7 4 1 -8
Step 5 ( : -2 5 ) unchanged but change the
Y A B 3
Al = *.%RC': '1( 2 =2 —‘) -2
oLt T\ 7 4 signs of | 1 -1
1

]
|
® L
|m_.
~

(I
B

S

You divide each term of the transpose of the
matrix of cofactors, C7, by the determinant of

A -1
Example @
3 2 =22
The matrix A = (-2 kK 0 ) k=0, Find A,
-l =3 3
Step 1 m Make sure you understand the steps
deta=3| B Pl_2|2 9| a2 & needed to find the inverse of 3 3 x 3 matrix. You
SRR 5 | 2y R l -1 -3‘ won't be able to use your calculator if the matrix

=9A'+‘|2—12-2k:7k

[  Asyou are given that k = 0, the matrix is non-
singular and the inverse can be found.
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a Show that A-! = A.

Step 2
| Ii O' -2 O '_2 A]
i-3 3111 3 | - -3
M= 22113 -2||3 2 The second step is to find the matrix of minorsin
-3 3||=1 3 || _3| terms of k.
|2 21| 3-2|]| & 2
lk 0l1-201||=-2 ki
3k -6 k+
2k -4 3k+ 4
Step 3 You obtain the matrix of the cofactors from the
5 : matrix of the minors by changing the signs of the
c= (%& G; A _+, C‘) elements corresponding to the — signs in the
r 4 - +* =
2k 4 3k+4 pattem(- AT
Step 4 o e A=
3% © 2k
C'=| 6 7 4
k+6 7 3k+4 You can leave the answer in this form or write the
1 2
Step 5 A
3k O 2k I— inverse matrixas| & = W
Sl 1.,cuc-:'?‘»t}'( B o Y ) S
i k+6 7 3k+4 e .
Example @
-2 3 -3 8 -17 9
Thematrix A= 0 1 0 |andthematrix Bissuch that (AB)y'=[-5 10 -6|.
1 -1 2 -3 5 -4

b Find B-'.
"A‘:=(C ! 0)(0 1 O) Proving A = A™! is equivalent to proving
1 -1 2/N1 T 2 A2 = 1 You still need to add working to show
( 4+0=8 “B+3%3 C¥0- e,) that AZ = I implies that A = AT,
= 0+0+0 O+1+4+0 O+0+0
24042 3-1-2 -3+0+4
( 0 0O
fo o):r
@ 01 Multiply both sides by A-L.
AA =T r
AAA =A l'_ Since A'AA= (A A)JA=IA= A
A = A as reguired
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b (AB)" =B7A - l Multiply both sides of this formula on the

right by A and use A—A = to obtain an
expression for B! in terms of (AB)~ and A,

(AB)"A = B'A-'A = BT = B~

o A 1=t

D= oA both of which you already know.
& 17 9\/-2 3 -3

EEE
-3 5 -4 1 -1 2

& ‘ You could check your answer by multiplying

-16+0+9 24-17-9 -24+0+16 these matrices quickly using your calculator,
=| W0+0-6 -15+10+6&6 15+0-12
G+0-4 -2 + 5+4 2+0-8

(—7 -2 —G) @ IfA-* = A, then the matrix A is
4
2

(; 3 said to be self-inverse.
) )

Exercise @

1 Use your calculator to find the inverses of these matrices,

1 0 0 1 0 0 1
02!) b(ozo) ¢ [0
0 1 2 00 3 2

o

il

Udbs vl ©
|
|

il

2 Without using a calculator, find the inverses of these matrices.

1 -3 2 23 B 3 2 -7
a |0 =2 l) b3-2|) c(l-3l)
3 0 2 21 1 0 20 2
(1 0 1 2 I -
3 Thematn'xA:(O ! Olandthematrix B=|1 0 | )
2 0 1 1 2 1
a Find A-'. b Find B'.
2 1 1
3 2 2
Given that (AB)'=]| | -«i - %
2 | A |
3 2 2
¢ verify that B-'A-! = (AB)\.
2 0 3
4 ThematrixA=|k 1 1|
- G " !
a Show that det A = 3(k + 1). (3 marks)
b Giventhat k= ~1. find A-'. (4 marks)

115



Chapter 6

5 a 4
5 ThematrixA=(h -7 8
2 -2 ¢
Given that A = A, find the values of the constants @, b and c. (6 marks)
2 -1 1
6 ThematrixA={4 -3 0}.
-3 3 |1
a Show that A*=1, b Hence find A-',
. ;1. N
7 ThematrixA={3 -3 1|
0 3 2

a Show that A*= 13A - I5L b Deduce that 15A-' = 131 - A°, ¢ Hence find A-'.

8 The matrixA=|4 3 -2

0 3 -4
a Show that A is singular.

1)

The matrix C is the matrix of the cofactors of A.
b Find C. ¢ Show that ACT = ).

2 k 3
. 9 M= (-l 2 1 ) where & is a real constant.
1 =1 =]

a For which values of & does M have an inverse? (2 marks)
b Given that M is non-singular, find M~! in terms of k. (4 marks)

» 2p 3

10 A=14 -1 1| wherepisa rcal constant.
1 =2 D

Given that A is non-singular, find A~ in terms of p. (4 marks)

@ Solving systems of equations using matrices

You can use the inverse of a 3 x 3 matrix to solve a system of three simultaneous linear equations in
three unknowns.

- -
- “

N R

X
If A Is non-singular, a unique solution for (\) can be found for any vector v.
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Use an inverse matrix to solve the simultaneous equations:
-x+6p-2:z= 21
6x=2y=- z==16

—2x+3y+5z= 24

You can confirm that this is equivalent to the
Write the system of equations using matrices: original equations by multiplying out the left-

A & <2\Ix 21 hand side:
- - | = -1 3
(-62 32 51)(1) (246) (-1 6 _2)(_,;) (-x+6.r-2:)
6 .[' =

-2 ~1 6x -2y—=
Find the inverse of the left-hand matrix: -z 3 5 ~2x +3y+ 5=z
. ( 7 3¢ 10)
w20 9 13 1
N\ 32 a 34 | Use your calculator to find the Inverse matrix

and then to multiply the matrices.

Left-multigly the rdght-hand matrix by this invarse:

e (26 9 13)(—16) =55 ( 756) = ( 4) ‘ ropiem-soiving
-14 9 34/\24 378 2 Once you have found the inverse matrix,
Hence x = -4, y=d&ang = 2. youcou]d use it to solve a similar systemof

equations with a different answer vector.
Example @

A colony of 1000 mole-rats is made up of adult males, adult females and youngsters.
Originally there were 100 more adult females than adult males.

After one year:
the number of adult males had increased by 2%

the number of adult females had increased by 3% Problem-solving

the number of voungsters had decreased by 4% Assign a letter to each unknown val

« the total number of mole-rats had decreased by 20 then work your way through the question
Form and solve a matrix equation to find out how many T ‘:?i“g the information to forrmulate
equations,

of cach type of mole-rat were in the original colony.

This represents the total number of mole-rats
in the original colony.

X = number of adult males
3 = number of adult females

= = number of younasters
g . There are 100 more adult females than

v+ 1+ = =1000C [ adult males.

X - ¥ = -100C
This equation represents the number of

102x + 103y + 096z = 980 e —-L mole-rats of each type after 1 year. You could
also consider the percentage changes in each
population and the total overall change of -20:

0.02x + 0,03y - 0.04: = -20
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1 1 T\fx\ (1000 Convert the three equations into a matrix
(B — =
.02 103 096/ \=/ 980
’ ( -9 7 100 )
A=—|-96 -& 100
Bl\oos -1 -200 Use your calculator to find A%,
X 1000
(_‘.)= Al ( -ICO) __ Useyour calculator to multiply A" by the
= B0 answer vector,
1 -9 7 100\ /100
= 1—3-( -2¢ -6 100 )(—?;g) Write your answer in the context of the
205 -1 -200/\ 280 question, and check that it makes sense.
Az 100 You could also check that your answer
(.;-) = ( 200) matches the information given in the
g 700 question, For example, the Initial number
There wers 100 adult males, 200 aduit females and of mole-rats Is 100 + 200 + 700 = 1000, as
700 youngsters in the eriginal colony. given in the question.

You need to be able to determine whether a system of three linear equations in three unknowns is
consistent or inconsistent,

» A system of linear equations is consistent if there is at least one set of values that satisfies
all the equations simultaneously. Otherwise, it is inconsistent.

If the matrix corresponding to a set of linear equations is non-singular, then the system has one
unique solution and is consistent. However, if the matrix is singular, there are two possibilities: either
the system is consistent and has infinitely many solutions, or it is inconsistent and has no solutions.

You can visualise the different situations by considering the An equation in the form

points of intersection of the planes corresponding to each ax + by + 2 = dis the equation

equation. Here are some of the different possible configurations: of a plane in three dimensions.
- Section 9.2

The planes meet at a point. The The planes form a sheaf. The The planes form a prism,
system of equations is consistent system of equations is consistent The system of equations is
and has one solution represented and has infinitely many inconsistent and has no
by this point, This is the only case solutions represented by the line solutions,

when the corresponding matrix is of intersaction of the three planes.

non-singular.
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m If one row of the

corresponding matrix is

a linear muitiple of
another row, then these

two rows will represent

parallel planes.
Two or more of the planes are paraliel All three equations represent the
and non-identical. The system of same plane. In this case the system
equations is inconsistent and has no of equations is consistent and has
solutions. infinitely many solutions.

A system of equations is shown below:

Ix—-ky—-6z= k
kx 43y +3z= 2
=3x- y+3z=-2

For each of the following values of k. determine whether the system of equations is consistent or
inconsistent. If the system is consistent, determine whether there is a unique solution or an infinity
of solutions. In each case. identify the geometric configuration of the planes corresponding to each
value of k.

a k=0 b k=1 ¢c k=-6
Use your calculator to find the determinant
3 0 -¢ |—_ of the corresponding matrix.
ak=0:10 3 3|=-18 '
-3 -1 3 Problem-solving
The corresponding matrix is non-singuiar so the If the matrix is singular, you need to
system is consistent and has a unique solution. consider the equations to determine
The planes meet at a single point. whether the system is consistent. Eliminate
one of the variables from two different
3 -1 -5 2
k=t | 2 al=p pairs of equations, If the resulting two
w84 3 equations are consistent then the system
will be consistent.
3x- y—-6z= 1 M
X+3r+3:= 2 (2) Eliminate = from equations (1) and (2) to
-3x- y+3:=-2 (3) — form equation (4), and eliminate = from
M+2x(2): 5x+5r=5 @~ | equations (2) and (3) to form equation (5).
(2) - (3): dx+4y=4 (5) |

Equations {4) and (5) are consistent
because one is a linear multiple of the

. other. Any values of x and y that satisfy
The:planes meet In- 3 shest. one equation will also satisfy the other,

Eauations (4) and (3] are consistent so the system
is consistent ang has an infinity of sclutions.
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Problem-solving

3 6 =6
e k=-6 !-g 3 3b =0 This method is equivalent to showing that
l -3 4 3} one equation is a linear combination of
. - ' the other two. In this case
3x+Er-6:=-6 (1 &x (1) +3x(2)=—=5x(3).
-6x+3r+3:= 2 (2)
-3x- yp+3z=-2 (3} = ) y
) + (3) Sy = 3s =B @ ] __ Eliminate x in two different ways to get

2x()+ (2 15y-9:=-10 (5 " two equations in y and =.

Eauations (4) and (5) are inconsistent so the 3 % (4) gives 15y - 9z = ~24 There are
no values of y and = that can satisfy this
equation and equation (5) simultaneously.

sy=iem @ inconsistent and has ne solutions.
The glanes form a prism.

Exercise @

1 Solve the following systems of equations using inverse matrices.

a 2x=6y+4z= 32 b ~4x+6y=2-=-22
3x+2y-9: =-49 Ix+3y—-2z= |
~2x+4y+ z = -3 -6x=Ty+3z= 3

¢ dx+T7y-22= 21 d -3x-6y+ 4:=-23
“10x= y=T7z= 0 ~3x+6y=10z= =]
~2x4+ p=4z= 9 Ix+ Ty= 3=2= 27

2 Three planes 4. Band C are defined by the following equations.
A: x=3y=-4z=3
B: 6x43y=T7==30
C: x+4y+6z2=-3
By constructing and solving a suitable matrix equation, show that these three planes intersect at
a single point and find the coordinates of that point. (5 marks)

3 Phyllis invested £3000 across three savings accounts, A. B and C. She invested £190 more in
account A than in account B,
After two vears, account A had increased in value by 1%, account B had increased in value by
2.5% and account C had decreased in value by 1.5%. The total value of Phyllis’s savings had
increased by £41.
Form and solve a matrix equation to find out how much money was invested by Phyllis
in each account. (7 marks)

4 A colony of bats is made up of brown bats, grey bats and black bats. Initially there are 2000 bats
and there are 250 more brown bats than grey bats,
After one year:

e the number of brown bats had fallen by 1%
« the number of grey bats had fallen by 2%
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o the number of black bats had increased by 4%

» overall there were 40 more bats

Form and solve a matrix equation to find out how many of each colour bat there were
in the initial colony. (7 marks)

Three planes A, 8 and C are defined by the following equations:

A x+ay+2z=a
B X= y= z=ua
C: x+dy+4:-=0

Given that the planes do not meet at a single point, m If the three planes do not meet at

a find the value of @ (4 marks) a single point, the corresponding 3 x 3
b determine whether the three equations form matrix must be singular.
a consistent system, and give a geometric
interpretation of your answer. (4 marks)
1 4 ¢
The matrix MisgivenbyM =12 3 -3
q ¢ 2
a Given that det M = 0, show that ¢* + 9¢ - 10 =0. (4 marks)

A system of simultancous equations is shown below:
X+dy+qgz=~16
2x+3y-3z=13¢
Gx+ gy =2z ==1
b For each of the following values of ¢, determine whether the system of equations is consistent
or inconsistent, If the system is consistent, determine whether there is a unique solution

or an infinity of solutions. In each case, identify the gecometric configuration of the planes
corresponding to each equation.

i g=-10 i g=2 i g=1 (7 marks)

Mixed exercise 0

® 1 The matrix A = (; -13} and AB = (‘; ; 3} Find the matrix B.

2 u b
2 Thematnx A = ( ) where a and b are non-zero constants.

2a 3b
a Find A%, giving your answer in terms of « and b, (2 marks)
The matrix Y = ( 2‘; ? 2:) and the matrix X is given by XA =Y,

b Find X, giving your answer in terms of ¢ and 5. (3 marks)
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@ 3 The 2 x 2, non-singular matrices A, B and X satisfy XB = BA.

10
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a Find an expression for X in terms of A and B.

y 5 3 Z
b lecnthat»\=lo _2)andB=(_ 3 ).ﬁndx.

a 2 -1
Amatrix AisgivenasA=|-1 1 =1}
' F A
2y 7 4
Given that A’ = (-5 -3 -l). find the values of @ and b.
4 10 -4
0 SR | Rl
,\:( g 3 l)
-2 -1 1
Given that A is singular, find the value of 1.
1 0 0
M=x 2 0}
3 1

Find M-! in terms of x.

y _‘)’
A= <f4 k-] where £ is a real constant.

a For which values of & does A have an inverse?
b Given that A is non-singular, find A~ in terms of k.

B= ( k K E .,] where k is a real constant.

a Find det B in terms of &.
b Show that B is non-singular for all values of k.

¢ Given that 2I1B-" + B = 81 where I is the 2 x 2 identity matrix. find the value of k.

; 2 —-m P
Given that M = <m i ) where »1 is a real constant,

a write down two values of »r such that M is singular
b find M~' in terms of m, given that M is non-singular.

3 4 35

A= ( 1 a = l) where @ is a real constant.
-2 1 1

a For which values of @ does A have an inverse?

b Given that A is non-singular, find A~ in terms of «.

(1 mark)
(2 marks)

(3 marks)

(3 marks)

(4 marks)

(2 marks)
(3 marks)

(2 marks)
(3 marks)
(3 marks)

(2 marks)
(3 marks)

(2 marks)
(4 marks)



Matrices

11 Three planes 4. Band C are defined by the following equations.
A: X+ y+ z= 6
B x—-dy+2:=-2
C: 2x+ y-3:= 0
By constructing and solving a suitable matrix equation, show that these three planes intersect at
a single point and find the coordinates of that point. (5 marks)

12 A sheep farmer has three types of sheep: Hampshire, Dorset horn and Wiltshire horn. Initially
his flock had 2500 sheep in it. There were 300 more Hampshire sheep than Wiltshire horn,

After one year:
o the number of Hampshire sheep had increased by 6%

« the number of Dorset horn had increased by 4%
e the number of Wiltshire horn had increased by 3%
« overall the flock size had increased by 110

Form and solve a matrix equation to find out how many of each type of sheep there were in the
initial flock, (7 marks)

13 a Determine the values of the real constants « and b for which there are infinitely many
solutions to the simultaneous equations

2x43y4 z=6
-X+ y+2z=7
ax+ y+4z=b (6 marks)

b Give a geometric interpretation of the three planes formed by these equations.
(1 mark)

Challenge

Given that A and B are 2 x 2 matrices, prove that det(AB) = det A det B,
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Summary of key points

1 Asquare matrix is one where the numbers of rows and columns are the same.
2 Azero matrix is one in which all of the numbers are zero. The zero matrix is denoted by 0.

3 An identity matrix is a square matrix in which the numbers in the leading diagonal (starting
top left) are 1 and all the rest are 0. Identity matrices are denoted by I, where k describes

1 0 0
the size. The 3 x 3 identity matrixis I, = (o 1 0)
0 0 1

4 To add or subtract matrices, you add or subtract the corresponding elements in each matrix.
You can only add or subtract matrices that are the same size.

5 To multiply a matrix by a scalar, you multiply every element in the matrix by that scalar.

6 -+ Matrices can be multiplied together if the number of columns in the first matrix is equal to
the number of rows in the second matrix. In this case the first is said to be multiplicatively
conformable with the second.

+ To find the product of two multiplicatively conformable matrices, you multiply the elements
in each row in the left-hand matrix by the corresponding elements in each column in the
right-hand matrix, then add the results together.

7 Fora2x=2matrixM = (: fl , the determinant of M is ad - be.

8 « Ifdet M=0then Mis a singular matrix.

+ If det M = 0 then M is a non-singular matrix.

9 You find the determinant of a 3 x 3 matrix by reducing the 3 x 3 determinantto 2 x 2
determinants using the formula:

e f d fl. |d e
h i"’lgi”gh

=da

10 The minor of an element in a 3 x 3 matrix is the determinant of the 2 x 2 matrix that remains
after the row and column containing that element have been crossed out.

11 The inverse of a matrix M is the matrix M~' such that MM~ =M-'M = L
_(a b) a__1 (d =b

12 1M=(? D) thenmr=—1o(d -b)

13 If A and B are non-singular matrices, then (AB)~' = B-'A~",
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14 The transpose of a matrix is found by interchanging the rows and the columns.

15 Finding the inverse of a 3 x 3 matrix A usually consists of the following 5 steps.

Step 1

Find the determinant of A, det A.

Step2 Form the matrix of the minors of A, M.

Step 3

In forming the matrix M, each of the nine elements of the matrix A is replaced by its
minor.

From the matrix of minors, foerm the matrix of cofactors, C, by changing the signs of
some elements of the matrix of minors according to the rule of alternating signs
illustrated by the pattern

You leave the elements of the matrix of minors corresponding to the + signs in
this pattern unchanged. You change the signs of the elements corresponding to
the - signs.

Step &4 \Write down the transpose, €', of the matrix of cofactors.

Step 5 The inverse of the matrix A is given by the formula

e g
Fe e

X

X
16 lfA(J’) =vthen (y) =A'v.

-

17 A system of linear equations is consistent if there is at least one set of values that satisfies all
the eguations simultaneously. Otherwise, it is inconsistent.
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Linear
transformations

After completing this chapter you should be able to:

® Understand the properties of linear transformations and

represent them using matrices - pages 127-130
o Perform reflections and rotations using matrices -» pages 131-136

Carry out enlargements and stretches using matrices - pages 136-140
® Find the coordinates of invariant points and the equations

of invariant lines - pages 131-140
® Carry out successive transformations using matrix products -+ pages 140-144
® Understand linear transformations in three dimensions - pages 144-147
® Use inverse matrices to reverse linear transformations -» pages 148-150

< (POl
3 | Find: “‘
¢« Section 6.2 -

X

a AB b BA

A matrix M = |i _12). Find:

a detM b M*! & Sections 6.3, 6.4

. Matrices can be used to describe l‘
., transformations in two and three dimensions. -1 2 0
Einstein’s theory of relativity relies on matrices A matrixA= ( 0 1 = 1) Use your ‘
which describe the relationship between I° 3. 2 -
' different frames of reference. calculator to find A-L. « Section 6.5
AN . W




Linear transformations

m Linear transformations in two dimensions

You can define a transformation in two dimensions by describing how a general point with position

vector (:) is transformed. The new point is called the image.

The three transformations S, T and U are defined as follows. Find the image of the point (2, 3)
under each of these transformations,

sG) -6 =0)-G7)  w()-(2)

s, (‘2);_, [2 +4}=(6}. The image is (6. 2) Substitt._ne.mZant-!_v=3lntothe
3 3-1 2 ' expressions for the image of the general
point.

r (i) - ‘2 ; f;?} - (;} The image is (1. 3)

Substituting x =2 and y = 3 into

2x— y gives 1 and into x + y gives 5.
(2 2x3_(6 A

Ui (3] > _on } } The image Is {6, —4} —

T \-4 When x =2, -x¥= -2t = -4

A linear transformation has the special properties e e L
that the transformation only involves linear terms in Mite i niot 8 linaar transformation Sng e.you

xand y.In tﬁe exarpple above, Tis a linear can't write x + 4 in the form ax + by
transformation while S and U are not,

= Linear transformations always map the origin onto itself.

® Any linear transformation can be represented by a matrix.

. . x) (ax + by ¥ (a b)
The linear transformation T (y — o can be represented by the matrix M ¢ d
. a b\(x ax + by
— (‘-‘ d) ()’) . (cx + dy) : m You can transform any point P by
multiplying the transformation matrix by
the position vector of P.
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Find matrices to represent these linear transformations.
X v+ x X =2y
3 — - =3 o
I (J) ( 3x ) Wi ()) (3.\- + .v)

a Transformation T is equivalent to

Ix + 2y by
T (\) — ( ‘_+ ") Write the transformation in the form © ).
y 3x+ 0y cx +dy
o ) 2
20 the matrix ( 3 O) Use the coefficients of x and y to form the matrix.

b Transiormstion V is equivalent to

: -y by

V: (‘) o [ 282 Write the transformation in the form (w“ ? )
Ay 3x+y G

so the matrix 5 (g '12 ) Use the coefficients of x and y to form the matrix.

Example 0

a The square § has coordinates (1. 1). (3. 1). (3. 3) and (1. 3). Find the vertices of the image of §
=l D
under the transformation given by the matrix M = ( ,,l ;)

b Sketch S and the image of S on a coordinate grid.

i (-1 2}( 1} = ( 1 ) Write each point as a column vector and then use
2 1)\ 3 the usual rule for multiplying matrices.
-1 2y3) (-
2 ’( | ) as ( 7 )

2 Mz =)

z Shs)=(3)
The vertices of the image of 8. §', lie at
(1, 3) (=), 7). (3, S} and {5, 5).
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Linear transformations

b LY
5
- ,
4 1 g 1 e) o _ . _
\;\ L T DD 5 is used to denote the image of §
% } after a transformation.
3 |
2 5
14
4-32410 { 234 58"
|

Exercise @

1 Which of the following transformations are linear transformations?

()= vef)-()  ex()- ()
as()=(2) ()= re()=(2

2 Identify which of these are linear transformations and give their matrix representations.
Give reasons to explain why the other transformations are not lincar.

[x Ax =y X 2y + 1 ([x (.\'y)
a (_V)H 3x ] b T:(y)H (.\'—I &2 (J-‘)H 0

ar()=(2)  ew()-0)

3 Identify which of these are linear transformations and give their matrix representations.
Give reasons to explain why the other transformations are not linear.

G (x) - (1:’) b T (\) en (-_\‘) e U (\) sl (,\' -_v)
¥ & ¥ X v xX—y
X 0 (X X
d v ()) - (0) e W ( ) % (‘)
J
4 Find matrix representations for these lincar transformations:

a P(:) — (_r t‘l\) b O: :) e (,\' :‘2,1)
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Chapter 7

The triangle T has vertices at (=1, 1). (2, 3) and (5, I).
Find the vertices of the image of 7 under the transformations represented by these matrices:

2 (3 1) bl %) 3

The square S has vertices at (=1, 0), (0, 1). (1, 0) and (0. <1).
Find the vertices of the image of .S under the transformations represented by these matrices:

2o 3 v (i 7) e (i 2

The rectangle R has vertices at (2, 1), (4, 1), (4, 2) and (2, 2).
a Find the vertices of the image of R under the transformation represented by the

matrix (-ol _0' )

b Sketch R and its image, R', on a coordinate grid,
¢ Describe fully the transformation that maps R onto R'.

A quadrilateral Q has coordinates (1, 0), (4. 2). (3, 4) and (0, 2).
a Find the vertices of the image of Q under the transformation represented by the

matrix (g (2) :

b Sketch Q and its image, @', on a coordinate grid.
¢ Describe fully the transformation that maps Q onto Q.

A square § has coordinates (=1, 0). (=3, 0), (=3, 2) and (=1, 2).

a Find the vertices of the image of S under the transformation represented by the
0 2
2 oF

b Sketch S and the image of S on a coordinate gnd.
¢ Describe fully the two transformations that map S onto S'.

matrix (

A triangle T has vertices (4. 1). (4, 3) and (1. 3).
a Find the vertices of the image of 7 under the transformation represented by the

matrix ( (l] ?)

b Describe the effect of the transformation represented by the matrix ((l) (l))

Challenge @ T(;) is used to denote the image

A transformation T is defined as T¢ (;) —
a Show that T(i'\') =kT t‘ )
}7 '

2x -3y

X+ of the point (:) after the transformation T.

b Show that T( ("") . (':l)) 5 -"l) + T(Nz) @ All linear transformations
7 : g Yol
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Linear transformations

@ Reflections and rotations

Any linear transformation can be defined by the effect it has on unit vectors ((l)) and ((1))

The transformation represented by the matrix M = (: Z) will map ((1)) to (:') and (?) to (2)

You can visualise this transformation by considering the unit square:

Ly | The linear transformation (:f :;) stretches
. and rotates the unit square S to produce the image S'.

The origin does not change under a
linear transformation.

T(a + b) = Ta + Tb so you can add the two image
‘ vectors to find the fourth vertex of the new shape.
* This means that the entire transformation can be

defined by the images of the two unit vectors ( (l))
and {‘1))

Points which are mapped onto themselves under the given transformation are called invariant
points. Lines which map onto themselves are called invariant lines.

The only invariant point in the above transformation is the origin, which is always an invariant point
of any linear transformation, The above transformation has invariant lines y = x and y = —x,

The transformation U, represented by the 2 x 2 matrix Q. is a reflection in the y-axis,
a Write down the matrix Q.
b Write down the equations of three different invariant lines of this transformation.

Consider the unit square, and the effect that the
transformation has on the unit vectors

((1,) and {?) This will completely define the
> transformation.

Problem-solving

Each peint on the mirror line is invariant, so this

a (é) maps te (3) andg (?} maps to ((‘))

R (o e o\ line is an invariant line. Any line perpendicular
nence th trix Q 18 .
Gkt | MR ) to the mirror line will also be an invariant line,
bx=0.y=0,y=1. although the points on the line will not, in

general, be invariant points.

131



Chapter 7

= A reflection in the y-axis is represented by the matrix ( _ol :) Points on the y-axis are
invariant points, and the lines x = 0 and y = & for any value of 4 are invariant lines.

= A reflection in the x-axis is represented by the matrix (: _01). Points on the x-axis are
invariant points, and the lines y = 0 and x = & for any value of & are invariant lines.

0 -l
X (- 1 0 ]
a Describe fully the single geometrical transformation U represented by the matrix P.

b Given that U/ maps the point with coordinates (a, 5) onto the point with coordinates
(3% 2a. b+ 1), find the values of @ and b.

1) 9 (6 -1
a [O’ mags te (_]} and l,. } maps to [O )
nence the transformation U represented
by matrix P 5 3 reflection in the lne y = —x.
ra

1

' You can visualise the transformation by sketching

/ ) the effect it has on the unit square,

I8 :’ / M
5

e (2 =342

h+1
N Write a matrix equation to show the

[:Z) = (3’,: 21“‘ transformation, then solve the resulting equations
simultaneously to find the values of « and .

So -b=3+2a (1)

and =a=h+1 (2

Solving simultaneously qlves a = -2 and

R You can solve two equations in two unknowns
= |,

quickly using your calculator.

= A reflection in the line y = x is represented by the matrix (: ;) Points on the line y = x are
invariant points, and the lines y = x and y = ~x + & for any value of k are invariant lines.
= A reflection in the line y = —x is represented by the matrix (_?1 '01). Points on the line

) = -x are invariant points, and the lines y = ~x and y = x + k for any value of k are
invariant lines.
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The transformation U, represented by the 2 x 2 matrix P, is a rotation of 180° about the point (0, 0).
a Write down the matrix P.
b Show that the line y = 3x is invariant under this transformation.

a The given rotation is shown In the diagram:
¥4

i
B

If you need to find the matrix that represents a

’z S given transformation, it can help to draw a sketch

\ " transforming the unit square. Remember the

~ 1[I KR transformation is defined by its effect on the unit
?Xi :'.;. vectors.

() rars () na (9 et (9)
%

.
-

o (3 Sa) -5

~1
Hence the matrin is ‘O

Since —3x = 3(—x), this point lies on the Write a general point on the line y = 3x as

line y = 3x (_’:) = (3‘;) Apply the transformation to this

So polnts on the fine. y = 3x aré mapped point, then show that the image also lies on the
to points on the line y = 3x. line. Watch out: although the line is invariant, the
Hence v = 3x is an ivariant line. only invariant point on the line is the origin.

You need to be able to write down the matrix representing a rotation about any angle.
= The matrix representing a rotation through angle @ anticlockwise about the origin is

(‘” 0 -slng @ This general rotation matrix
sinf  cos® is given in the formulae booklet,
The only invariant point is the origin (0, 0). For € = 180°, there

are no invariant lines. For # = 180°, any line passing through the origin is an invariant line.

R
M= = =
2 ¥2
Z- 5y

a Describe geometrically the rotation represented by M.

b A square S has vertices at (1, 0). (2. 0), (2, 1) and (1, 1). Find the coordinates of the vertices of
the image of S under the transformation described by M.
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a cos 135° = -iéz— and =in 135° =

s a rotation, anticlockwise, through 135°

soout (0, O).

b Apply the matrix to each vertex of S'in

tuom:

=
|

T2
\'2

2

| <.
[P

1

1=

I rolpg ™M N

| -
{n

ro|ig no!

The vertices of $' are (

(=v2,2l (-

Exercise @

1 a Write down the matrix representing a reflection in the x-axis.
A triangle has verticesat A =(1, 3), B=(3, 3)and C=(3, 2).

(%

i ol

’—
Ina|

| ng) e

342
E:

=

You are told that the M represents a rotation, so

compare the matrix with (

@ Explore rotations of the unit

square using GeoGebra,

o

Work out the position vector of each vertex in the

42|

1 2
(o,.]= /3
2

2 _(—‘2)
ol "\ /3

32!
2}= 2
L Ve
E 3
1=

V2

2" &

."",—22*) ang (—v2,0),

image of S.

Read the question carefully.

Glve your final answers as coordinates, not
position vectors.

b Use matrices to show that the images of these vertices after a reflection in the x-axis are

A'=(1,=3),B'=(3,-3) and C" =(3, =2).

2 a Writec down the matrix representing a refiection in the line y = —x.
A rectangie has verticesat P=(1.1), @=(1,3), R=(2,3)and S=(2, 1).

b Usc matrices to show that the images of these vertices after a reflection in the line y = —x are

P=(=l,=1), Q" =(=3,~1), R" = (=3, =2)and § = (=1, =2).
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3 Find the matrices that represent the following rotations.

a 90° anticlockwise about (0, 0) m The § i
b 270° anticlockwise about (0, 0) for angles measured anticlockwise, so
¢ 45° anticlockwise about (0. 0) make sure you convert the clockwise

g . angle to its equivalent anticlockwise
d 210° anticlockwise about (0, 0) angle.
e 135° clockwise about (0, 0)

4 A tnangle has verticesat A = (1, 1), B8=1(4, 1) and C=(4, 2). Find the exact coordinates of the
vertices of the triangle after a rotation through:

a 90° anticlockwise about (0, 0} b 150° anticlockwise about (0, 0)

5 A rectangle has verticesat P=(2.2). 0=(2.3). R=(4. 3)and S = (4. 2). Find the exact
coordinates of the vertices of the rectangle after a rotation through:

a 270° anticlockwise about (0. 0) b 135° clockwise about (0. 0)

6 A=y )anan=(3 o)

a Write down fully the transformations represented by the matrices A and B. (4 marks)
b The point (3, 2) is transformed by matrix A. Write down the coordinates of the
image of this point. (1 mark)
¢ The point (a, &) is transformed onto the point (a — 3b, 2a — 2b) by matrix B,
Find the values of @ and 5. (3 marks)
L
V2 V2
- Rl TG
V2 V2
a Write down fully the transformation represented by matrix M. (2 marks)
b The transformation represented by M maps the point (p, ¢) onto the point C with
coordinates (=2, =2v2). Find the values of p and ¢. (4 marks)
¢ Use your calculator to find M2, (1 mark)
d Point C i1s mapped onto the point D by the transformation represented by M?, Find the
coordinates of point £ and describe fully the transformation represented by M®. (2 marks)
8 a Describe fully the transformation represented by the matrix A = (? (l)) (2 marks)
b Write down the equations of three different invariant lines under this
transformation. (2 marks)
¢ Write down A¥, (1 mark)
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9 The matrix (‘: K 3 5) represents an anticlockwise rotation about the origin, through an

angle 4.
a Write down the value of a. (1 mark)
b Find two possible values of #, and write down the matrix corresponding to each

rotation. (3 marks)

10 a Write down the matrix representing a rotation through 270° clockwise about (0. 0). (1 mark)

b A point (a, b) transformed using this matrix is such that its image is the point
(@ — 5b, 4b). Find the values of « and b. (3 marks)

Challenge

Prove that the general matrix representing a rotation through

s oo (cosf —sind
angle # anticlockwise about the origin is Gnp eospl:

@ Enlargements and stretches

You can describe enlargements and stretches using linear transformations.

a Find the image 7" of a triangle 7 with vertices (1. 1), (1. 2) and (2, 2) under the transformation
represented by M.

b Sketch Tand 77 on the same set of coordinate axes.

¢ Describe geometrically the transformation represented by M.

3 oyn_ (3 |
" [0 2)(:’=(2)

(3 O)(l] =('3} Use matrix multiplication to find the image of

O 2127 4/ each vertex under the transformation.

G 96)-()

lo 2i\2i ~ \4/ |

The coordinates of the Image are (3, 2),
(3, 4) and (&, 4).
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e "4 m Explore enlargements and

stretches of triangle T using GeoGebra.

c ¥ Every x-coordinate has been multiplied by 3, and
every 1~coordinate has been doubled. Note that
¢ The triangie has been stretched by a scsle this is not the same as an enlargement, because
factor of 3 paraliel to the x-axis and by the triangle has been stretched by different
scale factor of 2 parallel to the y-axis, factors in the x- and y-directions.

w

L
!
-

S
n o
VI B

. a 0
= A transformation represented by the matrix ( 4 b) m h i D

is a stretch of scale factor « parallel to the x-axis and onty will have matilx (a 0

a stretch of scale factor b parallel to the y-axis. o
In the case where a = b, the transformation is an A stretch parallel to 129 y-axis only
enlargement with scale factor a. will have matrix (; b

= For any stretch in this form, the x- and y-axes are invariant lines and the origin is an
invariant point.

® For a stretch parallel to the x-axis only, points m For a stretch in both

directions, although the axes are
invariant lines, the points on the
axes are not themselves invariant.

i i fi
® For a stretch parallel to the y-axis only, points :2;?3;?:‘:: :: ': ‘:riampart ;:‘;;:f

on the x-axis are invariant points, and any line it ihe Sahe k.
parallel to the y-axis is an invariant line.

on the y-axis are invariant points, and any line
parallel to the x-axis is an invariant line.

Reflections and rotations of 2D shapes both preserve the area of a shape. When a shape is stretched,
its area can increase or decrease. You can use the determinant of the matrix representing this
transformation to work out the scale factor for the change in area.

= For a linear transformation represented by m i the determinant of
matrix M, det M represents the scale factor the matrix M is negative, the shape
for the change in area. This is sometimes has been reflected.
called the area scale factor.
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2 0
M= 4
a Describe fully the transformation represented by M.

b A triangle 7" has vertices at (1, 0), (4, 0) and (4, 2). Find the area of the triangle.

¢ The triangle 7 is transformed using the matrix M. Use the determinant of M to find the area of
the image of 7.

b

c

The matrix s of the form [8 2) soitie

a stretch parallel to the x-axis, with scale
factor 2 and a stretch paraliel to the
¥y-axis, with scale factor 4,

Using A = 3 x base x heiaht:

.4=-é;x3x2=3 I—— detM=2x4-0x0=8 + Section 6.3

aet M=8
The ares of the image of Tis 3 x & = 24.

The area increases by a factor of detM.

Exercise @

138

Write down the matrices representing the following linear transformations.
a A stretch with scale factor 4 parallel to the x-axis

b A stretch with scale factor 3 parallel to the y-axis

¢ An enlargement with scale factor 2

d A streich with scale factor 5 parallel to the x-axis and a stretch scale factor % parallel to
the y-axis

For each of the transformations in question 1, m Inan enlargement, ‘scale factor’

write down the area scale factor. refers to the linear scale factor of the
enlargement so the area scale factor
will be the square of this value.

The unit square is transformed using the matrix ( (3) g)

a Write down the coordinates of any invariant points.
b Work out the area of the resulting rectangle.

Write down the matrices representing the following transformations.
a A stretch with scale factor -2 parallel 1o the x-axis
b A stretch with scale factor -3 parallel to the x-axis and scale factor 4 parallel to the y-axis

¢ An enlargement with scale factor -%
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Linear transformations

Prove that the line y = kx is invariant under the transformation (g 2) where @ and k are real
constants.

2 0
M= (o -3)
a Describe fully the transformation represented by M. (2 marks)
A 2D shape with area & is transformed using the transformation represented by M.
b Given that the image of the shape has area 24, find the value of k. (2 marks)

30

A triangle with vertices at (1. 3). (5, 3) and (5. 2) is transformed using the matrix ( o 3

a Find the coordinates of the vertices of the resulting image.
b Find the area of the new triangle.

A rectangle has vertices at (2, 0), (4, 0), (4, 5) and (2, 5). The rectangle is transformed by
a stretch with scale factor 2 parallel to the x-axis and a stretch with scale factor —3 parallel
to the y-axis.

a Find the coordinates of vertices of the resulting image.
b Find the area of the new rectangle.

253 0
A= ( ! —)
0 25
a Describe fully the transformation represented by the matrix A. (2 marks)
b A triangle 7 has coordinates (a. ). (4, 1) and (4. 3). Given that T is transformed
using matrix A, and the arca of the resulting triangle is 60, find the value of a. (3 marks)

M= (Z ‘l,} where p and ¢ are constants and ¢ > 0.

a Find MZin terms of pand ¢. (3 marks)
Given that M represents an enlargement with centre (0, 0) and scale factor 6,
b find the values of p and ¢. (3 marks)

n=(§ Yuman-(2

a Find the matrix M where M = AB. (1 mark)
b Describe fully the transformation represented by the matrix M. (3 marks)
¢ A triangle 7" has vertices at (2, 1), (6, 1) and (6, k). Given that 7" is transformed
using matrix M, and the resulting triangle has area 320, find the value of k. (4 marks)
M:("L ‘/2) mvouwillleamhowto
-v2 -l describe transformations
A pentagon P of area 12 is transformed using such as this in Section 7.4,

matrix M. Find the area of the image of the pentagon P’.
(2 marks)
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13 A triangle 7 has vertices at the points A =(k, 1), B=(4, 1) and C=(4, k) where k is
an integer constant.

Triangle T'is transformed by the matrix (z _,,l )

Given that triangle T has a right angle at B, and the area of the image triangle 7" is 10,
find the value of k. (5 marks)

@ 14 A triangle T has vertices at (0, 0), (7, 7) and (3, <2).
a Write down the matrix, M. which represents a rotation through 45° anticlockwise

about (0, 0). (1 mark)
b Find the exact coordinates of the image of 7" when 7’ is transformed using M. {3 marks)
¢ Show that detM = 1. (2 marks)
d Hence find the area of the original triangle 7", (1 mark)
A transformation L7 is represented by the matrix P = (; g) A non-zero singular 2 % 2 matrix
a Find detP. maps any point in the plane onto 2
b Show that any point in the xy-plane is mapped onto the straight line through the origin.
x-axis by L.

m Successive transformations

You can use matrix products to represent combinations of transformations.

® The matrix PQ represents the transformation O, with matrix Q followed by the
transformation P, with matrix P,

a Find the 2 x 2 matrix T that represents a rotation through 90° anticlockwise about the origin
followed by a reflection in the line y = x.

b Describe the single transformation represented by T.

a Rptation 90 anticlockwise about the | Write down the two matrices for the single
origin: ( ? '3 transformations,
Reflection in the line y = x: {O é}
y Find the matrix product to determine the
T- (0 1 ){O -1} i ‘ 1 O single matrix that has the same effect as these
A\t o1 o/l -1 combined transformations. Make sure you apply

- i i right order.
b T represents reflection in the fine y = 0 A Oy S i e :

Check where T maps the position vectors
(o) sne(3)-
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=-2V2 =2/
e ( 2\5 -2 vg)

The matrix M represents an enlargement with scale factor & followed by a rotation through angle ¢
anticlockwise about the origin.

a Find the value of k.
b Find the value of 6.

a detM =186 Use your calculator to find det M.
Area scale factor = 16
k=J16=4 1 kis the linear scale factor. The rotation does not
" (—2~2 —2~2) _ jcos@ -5:r.0)[4 O) affect area, so k= ydet M.
2/8 —2y2] \sin@ cosf/\O 4
{4 conl 4 %in6) If the enlargement matrix is Q and the rotation
4 cosl=-2y2 —
S 4“ Lo 22 Use one element to find possible values of .
A =135°or B = 225° —
-'fs L e @I vou vill need to use one of the sin
hex e Ry o osiiy st elerments to check which angle is correct.
sinf =2 55 8 = 135° sin @ Is positive so choose the angle in the second
2 quadrant.
_{-1 O) _(0 —l) {2 0
1a=(g 8= J)e=( 2
Find these matrix products and describe the single transformation represented by each product.
a AB b BA ¢ AC d Al e C?
2 A =rotation of 90° anticlockwise about (0, 0) B = rotation of 1807 about (0, 0)
C = reflection in the x-axis D = reflection in the y-axis

a Find matrix representations of each of the four transformations 4, B Cand D.

b Use matrix products to identify the single geometric transformation represented by each of
these combinations.

i Reflection in the x-axis followed by a rotation of 180° about (0. 0)

ii Rotation of 180° about (0. 0) followed by a refiection in the x-axis

iii Reflection in the y-axis followed by reflection in the y-axis

iv Reflection in the y-axis followed by rotation of 907 anticlockwise about (0, 0)

v Rotation of 180° about (0, 0) followed by a second rotation of 180° about (0, 0)
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vi Reflection in the x-axis followed by rotation of 90° anticlockwise about (0. 0) followed by
a reflection in the y-axis

vii Reflection in the y-axis followed by rotation of 180° about (0. 0) followed by a reflection
in the x-axis

3 0 0 1 50
R=(y 5)s=(5 g)anat=(] §
Find these matrix products and, where possible, use your knowledge of the standard forms of
transformation matrices to find the single transformation represented by the products:

a RS b RT ¢ TS d TR e ST f RST

A is a stretch with scale factor 2 parallel to the x-axis, and scale factor 3 parallel to the y-axis.
B is an enlargement with scale factor 2.

C'is an enlargement with scale factor 4.

a Write down the matrices representing each of the transformations 4, Band C.

b Find the single 2 x 2 matrix representing each of the following combined transformations:

I Biollowed by 4 i Cfollowed by 4 m If Cis represented by matrix M,
iii B followed by C iv C followed by C then C followed by € will be
v Cfollowed by B followed by A4 represented by M2

Use matrices to show that a refection in the y-axis followed by a reflection in the line y = —x
is equivalent to a rotation of 90° anticlockwise about (0. 0).

A student makes the following claim:

If T i= a reflection in the x-3xis and U is a rotation 30° anticlockwise sbout the origin
then T followed by U is the same as U followed by TC

Show, using matrix multiplication, that the student is incorrect, (4 marks)

P= (’: g) and Q = (g 2) where k is a constant,

a Find the matrix product PQ. (2 marks)
b Describe, in terms of k, the single transformation represented by PQ. (2 marks)
¢ Show that for any value of &, PQ = QP. (2 marks)
A=(p 4

a Find the matrix A°. (1 mark)
b Describe fully the transformation represented by A% (2 marks)

B= (8 g) where @ and b are constants.

¢ Find the general matrix B? and state, in terms of @ and b, the transformation
represented by this matrix, (3 marks)
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Linear transformations

1 -1
The matrix R is given by 'F ‘F
2 2
a Find R%, (1 mark)
b Describe the geometric transformation represented by R, (2 marks)
¢ Hence describe the geometric transformation represented by R. (1 marks)
d Write down R¥, (1 mark)
L X
V2 V2
M=l 3 3
2 V2

The matrix M represents an enlargement with scale factor & (k < 0) followed by a rotation of
angle # anticlockwise about the origin.
a Find the value of &. (2 marks)

b Find the value of #. (3 marks)

0 1 50
"=(-1 o)a“dB=(o 5)
A triangle T'is transformed using matrix B. The image 1s then transformed using matrix A.
Given that the area of the image, 7" is 73, find the area of T. (3 marks)

The transformation T is a rotation through 225% anticlockwise about the origin.

a Write down the matrix representing this transformation. (1 mark)
The transformation U is a reflection in the line y = x.

b Write down the matrix representing this transformation. (1 mark)
¢ Find the matrix representing the combined transformation of U followed by 7. (2 marks)

A= ( k ~‘3) where & 1s a constant.

v"§ -k
a Find, in terms of A, the matrix A2, (2 marks)
b Describe fully the transformation represented by A*, (2 marks)

P= (;; b ] where ¢ and b are constants,
—-a

Show that the general matrix P? represents an enlargement. and write down, in terms
of @ and b, the scale factor of the enlargement. (3 marks)
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Challenge

a Giventhat?:(cs?:g 2‘5"0 ,shwalgebraicallythat?’:(?:g ;':2";, :

b Interpret this result geometrically.

m Linear transformations in three dimensions

Any linear transformation in three dimensions can be defined by the effect it has on the unit vectors

1\ /0 0 a b ¢
(0). (1) and (0) The transformation represented by the matrixM=|d ¢ [ ) will map
0 1 h i

Be (0ol

You need to be able to carry out transformations @ In three dimensions the coordinate axes
in three dimensions that are reflections in the are labelled x, y and =, 4 Pure Year 2, Chapter 12

planesx=0,y=00rz=0,

: A x=0

A transformation U, in three dimensions, represents a reflection in the plane = =0,
a Write down the 3 x 3 matrix that represents this transformation.
b Find the image of the point (~1. 2. 3) under this transformation.

1
a The point with position vector (O) es in
o
the xy-plane sc stays where it is, e—m——

(0
The point with position vector (1) igs in
(8
the xp-plane so stays where it is.

The plane z = 0 contains the x- and y-axes.
Hence points in the xy-plane are invariant.
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0
The point with position vector (O) refiects
1

in the xy-plane to the point with position

o)
vector | O )
-1

Nence the matrix representing the

1 O O
tramsformationis ([C 1 O )
0O 0 -1

{8 5 N3]

Mo coordinatss of the unags e (<12, <3) The x-and y-coordinates stay the same, and the

sign of the z-coordinate changes.

-1 0 O
= A reflection in the plane x = 0 is represented by the matrix( 0 1 o).
0 0 1

i1 0 0
® Areflection in the plane y = 0 is represented by the matrix (o -1 o).
0 0 1

10 0
= Areflection in the plane z = 0 is represented by the matrix (o 1 0 )
0 0 -1

You also need to be able to carry out rotations about one of the coordinate axes in three dimensions.

1 0 0
= A rotation, angle @, about the x-axis is represented by the matrix (o cosf =sin 0).
0 sinfd cosé

cosf O sinﬂ)

= A rotation, angle 8, about the y-axis is represented by the matrix ( 0 1 0
-sinf 0 cosé@

cosf -sinf 0)

= Arotation, angle #, about the z-axis is represented by the matrix (sin 8 cosf O
0 0 1

= @ In all cases, # is the angie
w Sl e T O measured anticlockwise when facing

coordinate axes using GeoGebra. in the positive direction.
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V3 1
2 9 3
M=] 0 1 0
1 3
~2 VT

a Describe the transformation represented by M,

b Find the image of the point with coordinates (=1, =2, 1) under the transformation represented
by M.

State the axis of rotation. You need to be familiar

a Rotation about the y-axis.
g with the general forms of matrices for rotations

cosll="2 so = 30° or 330° about each of the coordinate axes.
2
sinf = =50 = 30° L Use the top-left element to determine two
= possible angles.
The transfarmation is a rotation anticlockwise
about the y-axis throughn an angle of 30° sin# is positive so choose the angle in the first
3 1 (1-v3 quadrant.
T 0 2l 2 \
bl 0 1 O)|-2]=| -2 Use your calculator to find this matrix product.
1 243 I 1+v3
2 2 | 2

The coardinates of the image are
(.’_'_~"§. EoRL Ll
2 .

Exercise @

1 Write down the matrices representing the following transformations.
a Reflection in the planec x=0
b Reflection in the plane y=0
¢ Rotation of 180° about the y-axis
d Rotation of 90° anticlockwise about the z-axis
¢ Rotation of 2707 anticlockwise about the y-axis
f Rotation of 300° anticlockwise about the x-axis

2 Describe the transformations represented by the following matrices.

1 0 0 0 01
a0 1 o0 b0 1 0 c
0 0 -1 -1 0 0

146

o
()]

= NI:S] )



3

Linear transformations

1 0 0
M=|0 0 -]
01 0

a Determine the single transformation represented by the matrix M. (3 marks)
b The point 4 = (3, ~1. 4) is transformed using this matrix. Find the coordinates of

the image of A. (1 mark)
¢ The point B =(a, —a, 2a — 1) is transformed to the point with coordinates

(@, @ = 5. =a) using matrix M. Find the value of «. (3 marks)

P is the matrix representing a rotation of 120° anticlockwise about the z-axis

a Write down the matrix P. (1 mark)
b A pomnt Q = (3. ~1.0) is transformed using the matrix P. Find the coordinates of
the image of Q. (1 mark)
¢ A pomnt R=(k, 0, k) is transformed using matrix P. Find, in terms of &, the exact
coordinates of the image of R. (3 marks)

A is the matrix representing a reflection in the plane x = 0 and B is the matrix representing a
reflection in plane y = 0.

a Write down the matrices A and B. (2 marks)
b The point P (a, b, ¢) is transformed using matrix A. Find the coordinates of P
in terms of a, b and . (2 marks)
¢ P is transformed using matrix B. Find the coordinates of the image of P’
in terms of a, b and . (2 marks)
\"’5 |
=
M=| 0 | 0
| V3
2 Uag
a Find the transformation represented by matrix M. (3 marks)
b The point with coordinates (k, -k, 0) is transformed using matrix M. Find,
in terms of k. the exact coordinates of the image of this point. (3 marks)

a Write down the matrix representing a rotation of 315° anticlockwise about the y-axis.

A tetrahedron 7 has vertices at (1, 0. =1), (1, 1. =1), (3. 2. 3) and (0, 0, 0).

b Find the images of the vertices of the tetrahedron under the transformation described
in part a.

¢ Hence find the volume of 7. m The formula for the volume of a

tetrahedron is% x base area x height.

Challenge

a Find the 3 x 3 matrix representing a reflection in the plane x =0 followed

by a reflection in the plane y = 0.

b Find the 3 x 3 matrix representing a rotation of 45° anticlockwise about

the x-axis followed by a reflection in the plane x = 0.
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@ The inverse of a linear transformation

Since A-*A = I, you can use inverse matrices to reverse the
effect of a linear transformation.

® The transformation described by the matrix A-* has BTTD Reflections are self-inverse
the effect of reversing the transformation described  Sacion b A 6_5'
by the matrix A.

p)
The matrix A = {_’, _45) represents a transformation 77

Given that 7'maps point £ with coordinates (x, ¥) onto the point P with coordinates (6, 10),
a find the coordinates of P

The matrix B represents a transformation U. Given that the transformation 7 followed by the
transformation U is equivalent to a reflection in the line y = x,

b find B.

} This represents the inverse transformation to 7.
-l -1/ You can find it quickly using your calculator,

(2 “-J("T)=(f’é) —
(3)=(22 2)&) I{‘(fv)‘(w)

a A=

= 311 Left multiply both sides by A™:
Sy J x 6 _Y : 6
P has coordinates (35. —1G). A"A(“) =A'l(10) so (y) =A (10}
o 1
b BA= ( v )
B AN ‘ The matrix representlng T followed by Uls BA.
B=[ _'T _1)'(25 2 - Thisisequalto 1 )Much:sthemamxfora
reflection in the line y = x.
Right multiply both sides by A-*, Remember that
___ the order is important.
S0 AN 1\,
wan=(2 Jac,som=(0 Ja-
1 The matrix R = (0 -l)
1 0
a Give a geometrical interpretation of the transformation represented by R.

b Find R,
¢ Give a geometrical interpretation of the transformation represented by R-1.
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5, i)

i Give a geometrical interpretation of the transformation represented by S.
ii Show that S’ =1
iii Give a geometrical interpretation of the transformation represented by S-'.

b The matrix T = (_01 Bl)

i Give a geometrical interpretation of the transformation represented by T.
ii ShowthatT’=1
iii Give a gcometrical interpretation of the transformation represented by T-"

¢ Calculate det S and det T and comment on their values in the light of the transformations
they represent.

a ThematrixS= (

The matrix A represents a reflection in the line y = x and the matrix B represents an
anticlockwise rotation of 270° about (0, 0).

a Find the matrix C = BA and interpret it gecometrically.
b Find C-' and give a geometrical interpretation of the transformation represented by C-'.
¢ Find the matrix D = AB and interpret it gecometrically.
d Find D! and give a geometrical interpretation of the transformation represented by D-'.

The matrix A = (_lg _22) represents a transformation 7.

Given that 7"'maps point P with coordinates (x, y) onto the point P* with coordinates (5, 8),
a find the coordinates of P. (2 marks)

The matrix B represents a transformation U. Given that the transformation 7" followed by the
transformation U is equivalent to a reflection in the line y = <X,

b find B. (2 marks)
4 0

E=lp 4

a State the transformation represented by matrix E. (1 mark)

b Use your calculator to find E-'. (1 mark)

A triangle T transformed using matrix E is such that the coordinates of the image are
(4, 6), (9, 7)and (3. 1),
¢ Using your answer to part b, find the coordinates of the vertices of 7. (2 marks)

M= (g g) where a and b are non-zero constants.

a Find, in terms of « and b. the matrix M-, (2 marks)

b The point D = (p. g) maps to the point (-6, 8) under the transformation represented
by M. Find, in terms of @ and b, the coordinates of D. (3 marks)
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A L
sl =
=l a
2 2
a Describe fully the transformation represented by R. (2 marks)
£ Wi ]—2\‘§ 2+\'§ 3
b The point (p, g) is mapped onto T under the transformation
represented by R. Find the values of p and ¢. (3 marks)
2 4 0 =1
A=(] 3Jana=(2 7))
Triangle T is transformed to triangle 77 using the matrix AB.
Find the matrix P such that triangle 7 is mapped to 7. (3 marks)
6 -2
a=(5% )

The transformation represented by A maps the point P onto the point Q.
Given that ©Q has coordinates (a, b), find the coordinates of P in terms of « and b. (4 marks)

1 0 1
M= (0 2 -2)
1 3 =]

The point (a, b. ¢) maps to the point (3, 2, 1) under M. Find M~ and hence find
the exact values of &, b and ¢. (4 marks)

The 3 x 3 matrix P represents a reflection in the plane x = 0. The matrix Q represents an
anticlockwise rotation through %0° about the z-axis.

a Find the matrix M = PQ and interpret it geometrically. (3 marks)
b Use your calculator to find M- and give a geometrical interpretation. (2 marks)
¢ Find the matrix N = QP and interpret it gcometrically. (3 marks)
d Show that N-' = P-'Q-! and interpret geometrically the matrix N-'. (3 marks)

I 3 =1
The matrix A = (—1 i 2 ) represents a transformation 7, in three dimensions.
2 0 -1
The matrix B represents a transformation U. Given that transformation T followed
by transformation U represents a reflection in the xy-plane, find B. (4 marks)



Linear transformations

Mixed exercise o

1

The matrix Y represents an anticlockwise rotation of 90° about (0. 0).

a Find Y. (1 mark)
The matrices A and B are such that AB =Y. Given that B = (3 ? A
b find A. (3 marks)
¢ Describe the transformation represented by the matrix ABABABAB and write

down its 2 x 2 matrix. (2 marks)

The matrix R represents a reflection in the x-axis and the matrix E represents an
enlargement with scale factor 2 and centre (0, 0).

a Find the matrix C = ER and give a gcometrical interpretation of the

transformation C represents. (4 marks)
b Find C-! and give a geometrical interpretation of the transformation represented
by C-. (2 marks)

(s 4

k0

Given that P represents a transformation 7', followed by a reflection in the line y = x,

a find, in terms of &, a matrix representing 7. (4 marks)
b Given that the point (-3, —=2) maps to peint (9, 6) under 7, find the value of k. (2 marks)
¢ Given that the line y = m.x, where m is a real constant, is invariant under T, find

the two possible values of m. (3 marks)
2,3 =2 .
The matrix M = ( P ,3) represents a rotation followed by an enlargement.
e -‘
a Find the scale factor of the enlargement. (2 marks)
b Find the angle of rotation. (3 marks)
A point P 1s mapped onto a point P’ under M. Given that the coordinates of P’ are (a, b),
¢ find, in terms of @ and b, the coordinates of P. (4 marks)
0 1 0 |1
A=(] ojaman=(], )
a Describe fully the transformations represented by the matrices A and B. (4 marks)
b The point (p. g) is transformed by the matrix product AB. Give the
coordinates of the image of this point in terms of p and g. (2 marks)
~4 3
ML ( 1 =2

A triangle T has vertices at (k, 2). (6, 2) and (6. 7).

a Given that T'is transformed using matrix M, and the area of the resulting triangle
1s 110, find the two possible values of &. (3 marks)

b Show that the line x + 3y = 0 is invariant under this transformation. (4 marks)

151



® 7

152

Chapter 7

A=(y j)amd=(g 3

a Find the matrix P = AB. (1 mark)
A triangle 7" is transformed using matrix P,
b Given that the area of 77 is 60, find the arca of 7 (2 marks)
V3 |
3 2 1
t\ = l \"_3_
T 2
0 0 |
a Find the transformation represented by matrix A. (3 marks)
b The point with coordinates (a. b. -«) is transformed using matrix M. Find. in
terms of @ and b, the exact coordinates of the image of this point, (3 marks)

P= (g 2) where « is a non-zero constant.

a Find. in terms of «, the matrix P/, (2 marks)
b The point 4 maps to the point (4, 7) under the transformation represented
by P. Find, in terms of «, the coordinates of 4. (3 marks)

R
The matrix P = (_l g) represents a transformation U
A triangle T is transformed by transformation U followed by an anticlockwise rotation
through 90° about the origin. The resulting image is labelled 7.
Find a matrix M representing a linear transformation that maps 7" back onto 7. (3 marks)

a=(3 O Janam=(}

The transformation represented by B followed by the transformation represented by A

is equivalent to the transformation represented by matrix P.

a Find P. (1 mark)
Triangle 7'is transformed to the triangle 7° by the transformation represented by P.

Given that the arca of the triangle 77 is 35,

b find the area of trangle 7. (3 marks)

Triangle 7" is transformed to the original triangle 7" by the transformation represented
by matnix Q.

¢ Find Q. (2 marks)
g 0
fz' \”—2—
m=" "7 3
v‘§ v‘j
ihas e

The point («, b. ¢) maps to the point (0. 1, 1) under M. Find M-! and hence find the
exact values of ¢, b and ¢, (4 marks)



Linear transformations

1 =1 0

13 The matrix A = (2 0 4 ) represents a transformation 7.

J -2 -1
Given that T maps point P with coordinates (x, y, z) onto the point P" with coordinates
(3,7.4),
a find the coordinates of P. (3 marks)

The matrix B represents a transformation U. Given that the transformation 7 followed by the
transformation U is equivalent 1o a rotation through 90° about the x-axis,

b find B. (3 marks)

Challenge

1 Find the 3 x 3 matrix representing the single transformation that is
equivalent to a reflection in the plane y = 0, followed by a rotation of 90°
about the x-axis, followed by a reflection in the plane = = 0.

2 a Show that the transformation described by ( g :) maps any point in
the plane onto the line y = ¥,
b Find the matrix representing the linear transformation that maps any
point in the plane onto the straight line p = mx.
¢ Explain why, in general, the transformation that maps any point in the
plane onto the straight line ax + by = ¢ is not a linear transformation.

Summary of key points

1 « Linear transformations always map the origin onto itself.
» Any linear transformation can be represented by a matrix.
ax + by

cx +dy

2 The linear transformation 7 G‘) = ( 2

since (” ") (') ("-"*by
B -
c di\y] \ex+dy
3 A reflection in the y-axis is represented by the matrix [-01 ?) Points on the y-axis are
invariant points, and the lines x =0 and y = 4 for any value of k are invariant lines.

4 A reflection in the x-axis is represented by the matrix ((1) 01

invariant points, and the lines y = 0 and x = & for any value of k are invariant lines,

5 A reflection in the line y = x is represented by the matrix (2 (1’) Points on the line y=x

are invariant points, and the lines y = x and y = —x + k for any value of & are invariant lines.

) can be represented by the matrix M = (g b)

)- Points on the x-axis are

6 A reflection in the line y = —x is represented by the matrix (-?1 '01). Points on the line y = —x
are invariant points, and the lines y = =x and y = x + & for any value of k are invariant lines.
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cosfl  —sinfl

sinf  cosé@ '
The only invariant point is the origin (0, 0). For & = 180°, there are no invariant lines. For § =

180°, any line passing through the origin is an invariant line.

7 The matrix representing a rotation through angle # anticlockwise about the origin is (

8 Atransformation represented by the matrix (g g) is a stretch of scale factor a parallel to the

x-axis and a stretch of scale factor 4 parallel to the y-axis.
In the case where a = b, the transformation is an enlargement with scale factor a.

9 For any stretch of the above form, the x- and y-axes are invariant lines and the origin is an
invariant point,

10 For a stretch parallel to the x-axis only, points on the y-axis are invariant points, and any line
parallel to the x-axis is an invariant line,

11 For a stretch parallel to the y-axis only, points on the x-axis are invariant points, and any line
parallel to the y-axis is an invariant line.

12 For a linear transformation represented by matrix M, det M represents the scale factor for the
change in area. This is sometimes called the area scale factor.

13 The matrix PQ represents the transformation Q, with matrix Q, followed by the transformation
P, with matrix P.

-1 0 0
14 Areflection in the plane x = 0 is represented by the matrix ( 0 1 0).
0 0 1

1 0 0
15 Areflection in the plane y =0 is represented by the matrix (0 -1 O).
o 0 1

1 0 0
16 A reflection in the plane = = 0 is represented by the matrix (0 Joatl )
0 0 -1
17 Arotation, angle #, anticlockwise about the x-axis is represented by the matrix
1 0 0
0 cosfl —sind
0 sin®? cos@

18 A rotation, angle #, anticlockwise about the jy-axis is represented by the matrix

cosff 0 sinf
0 1 0
—siné 0 cos#
19 Arotation, angle @, anticlockwise about the z-axis is represented by the matrix

cosfl =sinf? O
sinfl  cosé ©Q
0 0 1

20 The transformation described by the matrix A-! has the effect of reversing the transformation
described by the matrix A.
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Proof by induction

After completing this chapter you should be able to:
® Understand the principle of proof by mathematical induction and
prove results about sums of series - pages 156-159

® Prove results about divisibility using induction -3 pages 160-162

® Prove results about matrices using induction -5 pages 162-164

Prior knowledge check

1

Write down expressions for;
= n+1

a };_:l' b X r « Chapter 3
r=1 r=1
Prove that for all positive integers »,
3v+Z = 3 i5 divisible by 8.
¢« Pure Year 1, Chaptar 7

".

M-
{k +
Find MN, giving your answer in terms of &,
+ Section 6.2

1 -23) andN= (3 -28]

These dominoes are set up so that, as each
domino falls, it knocks over the next one
As long as the first domino is pushed over,
all the dominos will fall. You can prove
mathematical statements in a similar way
using mathematical induction,




Chapter 8

@ Proof by mathematical induction

= You can use proof by induction to prove
that a general statement is true for all
positive integers.

= Proof by mathematical induction usually
consists of the following four steps:
Step 1: Basis:
Step 2: Assumption:
Step 3: Inductive:
Step 4: Conclusion:

This method of proof is often useful for proving
results about sums of series.

m You need to carry out both the basis

step and the inductive step in order to complete
the proof: carrying out just one of these is not
sufficient to prove the general statement.

Prove the general statement is true forn = 1.

Assume the general statement is true for n = .

Show that the general statement is then true forn =% + 1.
The general statement is then true for all positive integers, n.

@ You can | prove the general results for

Zr Zr‘ and Zr‘ by Induction,

> =l

+ Chapter 3

R,
Prove by induction that for all positive integers n, »_(2r = 1) = s,

r=1

n=%1LHS = 2{2! -=20-1=

el 0

RHS =1 =1
As LHS = RHS, the summation formuts is true
forn=1.
Assume that the summation formula s true for -
n= K

N

S@er-n=4k*
With n = & + 1 terms the summation formula
becomes: -
bat
S @r-1 T’2r- ND+2k+ 1) -1 —
o= - e LA Ry —— 1
= f\’ (2 + -1
=ki+(Zk+2-1) i
= k% + 2k +1
=k + 1

Thersfore, the summation formula is true when
n=k+1

If the summation formula 1s true for o = & then

-—

it s shown to be trueforn=Kk + 1. As the
resvit is true for n = 1, it s now also tree for

al n € & by mathematical induction,
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1, Basis step
Substitute n = 1 Into both the LHS and RHS of the
formula to check if the formula works forn = 1.

2. Assumption step
In this step you assume that the general
statement given is true forn = k.

3. Inductive step
Sum to & terms plus the (K + 1)th term,

This is the {k + 1)th term.
Sum of first &k terms Is &2 by assumption.

This is the same expression as n* with » replaced
by k+ 1.

4. Conclusion step

Result is true for n = 1 and steps 2 and 3 imply

result is then true for n = 2. Continuing to apply

steps 2 and 3 implies resultis true forn =3, 4,5,
. et

w £* is the set of positive integers,

12,3, ... Itis equivalent to I, the set of natural
numbers.



Prove by induction that for all positive integers n, > 2 = -l;n(n + 1)(2n+ 1).
t=l

n=1 |HS=Yr=1¥=1

rel

RHS = HIN2K3) =F =1

As LHS = RAS, the summation formuls is true
forn =1,

Assume that the summation iormuls is frue
for n = ki

A
37 = Jktk + N2k + )

With n= k + 1 terms the summation tormula
becomes:

g;‘? = X‘;rf +k + 1F
’ %A’{k + D2k + N+ k+ 17
=k + Nki2k + 1) + Gtk + 1))
2tk + (2kE + k + 6k + 6)
Lk + 1H2kE + 7k + ©)

=k + Ntk + 242k + 3)

=2k + Dk + )+ 2%k + 1)+ 1) ————

Therefore, the summation formulz is true when
n=%k+1

It thes summation formida is true for n = &, then ——

it is shown to be true for m= & + 1, As the
result is true for n = 1, it is therefore true for
3l n € & by mathematical induction,

Example o

Prove by induction that for all positive integers »,

n=1 HS=Yr2 =12 =2

RES=201+01-12)=2(1)=2
As LHS = RHS, the summation formula is true
forn=1.
Assume that the summation formula is true
for n = k:
Yorar= 20+ tk - 1)2%.

Proof by induction

1., Basis step
Substitute n = 1 Into both the LHS and RHS of the
formula to check if the formula works for n = 1.

2. Assumption step
In this step you assume that the result given in
the question is true for n = &.

3. Inductive step
Sum to k terms plus the (k + 1)th term.

Rearrange to get same expression as
#(n +1){2n + 1) with  replaced by & + 1.

4. Conclusion step

Result is true for m = 1 and steps 2 and 3 imply

result is then true for n = 2. Continuing to apply

steps 2 and 3 implies result is true forn = 3, 4, 5,
. et

:r?.' =21 +(n—1)29).

1. Basis step

2. Assumption step
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With 2 = k + 1 terms the summation faermuls 3. Inductive step
becomes:
ket &

-

Yorzr=Yra 4 (k + 124

- '2{? + (k= 025 + (k + 12k
2+ 20k = 2% + (k + )24
=2+ k- ‘)2“" + [k + 1)2k=7
=2+ k-1+k+ 02"
=2 + 2k 2k

= 2{1 + k2¢%)

=201+ (tk + 1) =102

Thersfore, the summation formula s true when

2| % Zk = Zl'OI

This is the same expression as 2{1 + (# - 1)2%)
I-_ with n replaced by & + 1.

n=4k+1, 4. Conclusion step
I the summation formula is true for i = &, then
it i shown to be true for n =k + 1. As the Induction can prove that a given
result i true for i = 1, it is now aiso true for statement is true for all n € Z*, but it does not
all mE &+ by mathematical induction help you derive statements.
1 Prove by induction that for any positive integer n, 3 r=<n{n + 1). (5 marks)
r=1
2 Prove by induction that for any positive integer n, Y = 1 (n + 1)%. (5 marks)
r=1
3 a Prove by induction that for any positive integer
Sor(r=1)y=3n(n+ Dn-1) (6 marks)
r-l B
In+|
b Hence deduce an expression, in terms of n, for ¥_ r(r— 1). (3 marks)
r=1
4 a Prove by induction that, for any positive integer :
YrBr=1)=m(n+1) (6 marks)
r=1
b Hence use the standard result for Y to find a value of n such that Y 5 =43 r(3r-1).
r=1 r=1 r=1
(5 marks)
@ 5 Prove by induction that for any positive integer i,
5oy __l.. " - - 5 4 {3+ 3)
" .>-"1 (:} =g 27 » r}.",'{r')—"'+l)' : e Firr+2) (n+D(n+2)
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Proof by induction

Y e e s A
6 The box below shows a student’s attempts to prove (Za) = 3" r? using induction.
rel r=1

Letn=1.Then LHS = [ZI") =(1f=1, and RHS = ZrE = 12 = 1, sp that LHS = RHS (Basis step).

e =]

Now we assume the statement is trve for 1 = k:
ko2 &
() =2
=9 r=1%
and =o for n = &k + 1 the state=ment =

Hence, by the principle of mathematical induction, the statement s true tor 3l n € .

1

a Identify the error made in the proof. (2 marks)

b Give a counter-example to show that the original statement is not true. (1 mark)

7 A student claims that ) r= %(_n’ + n+ 1), and produces the following proof.
r=1

As=ume that the statement is true for n = k:

A
Zr=—;-(k~’+k+7)

!

Whenn=FKk + 1
§r=i;~+{k+?)
=%(k2+k+n+rk+1)
= Sk 4kt 14 20k +9)
=%!(k2+2k+1)+(k+|)+”
1

2f(k+1)2+(k+1)+11

This is the original formula but with # = & + 1, Hence, by the princigie of mathematical induction,
the statement 5 true for all n € &

a Identify the error made in the proof. (2 marks)

b Give a counter-example to show that the original statement is not true. (1 mark)

Prove by induction that for all positive integers n, st
¥ 0= H-1"nln + 1)

rel
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€5 Proving divisibility results

You can use proof by induction to prove that a given expression is divisible by a certain integer.

Prove by induction that for all positive integers n, 3* + 11 is divisible by 4.

Let Hn) = 3% + 11, where nE %

fiN=32"+1N=9+ 11 =20 = 4(5), which is 1. Basis step
divisible by 4

fin) s divisible by 4 when n = ),

Assume true for nt = k. so that 2. Assumption step
fik) = 3%% 4 11 is divisible by 4.

1 — a2tk=1

fik+ 1= = +1 3. Inductive step
= 3“* x3“+N
= 9(3% + 1

fik + 1) = Fik) = () +-17) — (3% + 1)) As both f{k} and 4(2(324) are divisible by 4 then

. 2k
= 8% the sum of these two must also be divisible by 4.
= 4{2(3%%))

fik + 1)= f(&) + 4(2(3°9)

Therefore fin) Is divisitle by 4 whenn=k + 1. 4. Conclusion step

If fin) Is divisible by 4 when » = k, then it has

been shown that 1(n) is zlso divisible -
by 4 whenn =Kk + 1. As fin) Is divisible by 4 Problem-solving
when it = 1, f(n) ks also dhisible by 4 for When proving that an expression f(z) is divisible

all n € Z* by mathematical Induction. by r, you can complete the induction step by

showing that f(k + 1) - f{k) is divisible by ».
Example 6

Prove by induction that for all positive integers 1, #° — 7n + 9 is divisible by 3,

Let fn) = n® — 7n + 9, where nE & 1. Basis step
fil}=1-7 +9 =3, which is divisible by 3.
fin) s givisible by 3 whenn =1,

Assume true for i = k, so that 2. Assumption step

fik) = &% = 7k + 9 is divisible by 3.

fik+N=kh+12-72k+1+9 3. Inductive step
=3 +3+3k+1-Thk+1)+9
=k* 43k + 3k 41 -Tk-T7+3 ‘ Use the binomial theorem or multiply out three
=k*+3kF -4k + 3 brackets.
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Hk+ 1) -fk) =03+ 3% -4k + 3)

-k -7k + 2}
=3k*+3k -6
=3k + k-2

fk+D=1Hk+3kZ+ k-2)

Proof by induction

As both f(k) and 3(k* + & — 2) are divisible by 3
— then their sum must also be divisible by 3.

Therefore #n) s divisible by 3 when o = & + 1
If f(n) s Gvisible by 3 when n = k&, then it has
been shown that f{n) is alse divisible by 3
when n =k + 1, As Hn) = dvisible by 3 when
n =1, f{n) s alsc divisivle by 3 tor all nEE
by mathematical induction

4. Conclusion step

Prove by induction that for all positive integers s, 11" + 122! js divisible by 133.

Let fln) = 1+ 4 1235, where nE £,

i1y = 115 + 12 = 133, which is civisible by 133,
fin) is dvsible by 133 whenn = 1.

Acsume true for m = k. so that

fik) = 11541 4 1221 i divisibie by 133.

fk + 1) = 11€+12" 4 1220+ 1
1= (i) 12261 (32)2

1. Basis step

2. Assumption step

3. Inductive step

A=) &+ 14401255
fik + 1) = Hi) = (11(19%+1) 3 14401234-1))
- (1h=7 4 123k-)
= 1011+ 1) 4 143(12%)
1O(1% 1Y) + 10(1234 )
+ 1330224
= 10 (1141 4 125~1)
+133022-)
ftk + 1) = &) + 10{01%=" ¢ 1234-")
+ 133(122¢-)
fik} + 108k} + 133(12%4-)
1iHk) + 133(1224-)

I 122k +11-1 = 1 22k +2-1
- =122-1+2
= 12#-1(12)%

Problem-solving

Always keep an eye on what you are trying to
prove. You need to show that this expression is
divisible by 133, so write 143(12°¢-") as
10(1224~%) + 133(122%-1),

As both 11F(K) and 133{12%-1) are divisible by
[ 133 then their sum must also be divisible by 133,

Therefore fin) is Gvisible by 133 whenn= K + 1

If f{n) » cvisible by 133 when n = k. then it
has been shown that i{n) is slso divisible by
133 when = k + 1. As fin) Is divisible by 133
when i = 1, #n) is alzo dvisibie by 133 for all
n< Z* by mathematical induction

4. Conclusion step
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Exercise

® 1 Prove by induction that for all positive integers »:

a %' —1isdivisible by 7 b 3 —1isdivisible by 8

¢ 549"+ 2isdivisible by 4 d 2% - 1is divisible by I35

e 3 '+ 1 s divisible by 4 f o+ 6 + 8n is divisible by 3
g ' + 5nis divisible by 6 h 2°(3*)~1 is divisible by 17

2 f(n)=13"-6"

a Show that f(k + 1) = 6f(k) + 7(13"). (3 marks)
b Hence, or otherwise. prove by induction that for all positive integers », f{n) is
divisible by 7. (4 marks)
3 pn)=5"-6n+8
a Show that g(k + 1) = 25g(k) + %16k — 22). (3 marks)
b Hence, or otherwise. prove by induction that for all positive integers n, g(n) is
divisible by 9. (4 marks)
4 Prove by induction that for all positive integers , 8" - 3" is divisible by 5. (6 marks)
5 Prove by induction that for all positive integers », 3**? + 8n - 9 is divisible by 8. (6 marks)
6 Prove by induction that for all positive integers . 2 + 3"~ is divisible by 3. (6 marks)

m Proving statements involving matrices

You can use matrix multiplication to prove results involving powers of matrices.

N

Prove by induction that for all positive integers n, ( (l) -:,l) = ((l) ! > )

n=1 LH5=[C‘) é’}':(‘(') ;‘ 1. Basis step

1 1=-2% 1 -n X X
RB=(s 55 )=l 2) I Substitute s = 1 into both the LHS and RHS of the
—— formula to check to see if the formula works for

As LHS = RHS. the matrix equation is true for n=1.

n=1

Assume that the mairix eguation’is true for 2. Assumption step

n=k

( 1 - ]‘ =(' 1 1= 2") In this step you assume that the general

0 2 o 2 statement given is true forn = k.
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With n = &k + 1 the matrix equation becomes

Proof by induction

3. Inductive step

— Use the assumption step.

As this is a proof, you should show your working
for each element in the matrix multiplication.
« Section 6.2

b =t 2l 2
1 l - 2*
b 3o 2
_ [T+ O -1+2~- 2(2"))
“lo+0 0+202h
- ( I 2*")
R
Theretore the matrix equation i true when
n=Kk+1

If the matrix eguation Is true for n = k. then
it is shown to be true forn=Kk + 1. As the
L

matrix equation is true for n = 1,
for all n € ¢ by mathemstical Induction.

it is 380 true

Prove by induction that for all positive integers n (

i
L This is the right-hand side of the original
equation with n replaced by & + 1.

4. Conclusion step
il el |

—_— 1 = 9
p=1 LH5=' 2 3 :[ % 1. Basis step
= -1 4 |
=31 + 1 21 -2 2
RHS = [ —{1) (1) + 1) (- ] Substitute n = 1 into both the LHS and RHS
As LHS = RHS, the matrix equation Is true for — of the formulatto check to see if the formula
gy works forn= 1.
Assume that the matdx equation is true for
i 2. Assumption step
-2 9 -3k + 1 ok |
( ) l 3% + 1} I} In this step you assume that the general

With n = k + 1 the matrix equation becomes
<2 94+ ( -2 9)(-2 s}

statement given Is true forn = k.

3. Inductive step

= [-3k 41 (-2 9)
—\ -k 3& +1
|6£ 2 -9k —2/k+9+3€k)
2k =3k ~1 9k + 12k + 4
-(3k-2 kio
-K - 3k + 4
_(-3{k+1J+‘ 2tk + 1)
T\ —tk+1) 3tk+ 10+ 1
Therefore the matrix equation is true when

n=Kk+1

il

L Use the assumption step.

This is the right-hand side of the original
equation with n replaced by & + 1.
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If the matrix equation is true for n = k, then 4. Conclusion step
it ia shown to be true forn =Kk + 1. As the

matrix eguation |s true forn = 1. It Is zlso true
for all n € F by mathematical Induction.

Exercise @

1 Prove by induction that for all positive integers #,
((l) 3) =((l) zan (6 marks)

2 Prove by induction that for all positive integers n.

3 -4\ (2n+1 —4n
(l ) _( -2n+1 (6 marks)
3 Prove by induction that for all positive integers 7,
w L
(f HE s ?) (Emanks)
4 a Prove by induction that for all positive integers »,
5 -BY" (dn+]1 =8n
(2 = ( . |- 4!:) (6 marks)
b Hence find the value of » such that:
X -2
2 36 3)=(o s (4 marks)
. T |
5 The mawrix M =(0 l)
a Prove by induction that for all positive integers n,
« (2 S5(2"-1)
M= ( G (6 marks)
b Hence find an expression for (M")™" in terms of n. (4 marks)
Challenge

Prove by Induction that for all n € &4,

ol" -1
2
1
-1 4 -
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EP 1
@2

3

&P 4

(E/P) 5

@) 6
E7) 7
) 8

Prove by induction that 9" — 1 is divisible by & for all positive integers a.

The matrix Bis given by B = ( (1) g]
a Find B* and B°.

Proof by induction

(6 marks)

b Use your answer to part a to suggest a general statement for B, for all positive integers n.

¢ Prove by induction that your answer to part b is correct.

Prove by induction that for all positive integers n, ):(3r +4)= %n(3n +11).

The matrix Ais given by A = (_4 _7)

Sn+ 1 l6n
—4n - 8n,

The matrix B is given by B = (A")™

b Hence find B in terms of n.

a Prove by induction that A“ = ( ) for all positive integers n.

The function f is defined by fin) = 5 ~' + 1, where n is a positive integer.
a Showthatf{n+ 1) ~f{n) = p(Sb" ). where f4 18 an integer to be determined.

b Hence prove by induction that f{n) is divisible by 6,

Prove by induction that 7" + 4" + | is divisible by 6 for all posili\'c integers .

Prove by induction that for all positive integers », }_,r(r +4)= —n(n + 120 + 13).

r=1

a Prove by induction that for all positive integers n:
it
Y PR= —l-n(2n + 1)(4n + 1)
2-k
b Given that Zr l\Zr‘ show that & must satisfy n =%
=l r=l
The matrix M = (2‘ ] for some positive constant ¢
a Prove by induction that for all positive integers »;
g sl
54N==cn(2 ¢ )
0 |
b Given that det(M") = 50", find the value of ¢.
Challenge
= (cosﬂ —sina)
“\sind  cosd
> ; _(cosnf  —sinné
a Prove by induction that for all positive integers n, M™ = R Sl )

b Interpret this result geometrically by describing the linear
transformations represented by M and M™.

(6 marks)

(6 marks)
(4 marks)
(3 marks)
(4 marks)

(6 marks)
(6 marks)

(6 marks)

(5 marks)

(7 marks)

(5 marks)
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Summary of key points

1

166

You can use proof by induction to prove that a general statement is true for all positive
integers.

Proof by mathematical induction usually consists of the following four steps:

« Basis: Show the general statement is true for n=1.

« Assumption: Assume that the general statement is true forn= k.

* Inductive: Show the general statement is true forn=Kk + 1.

« Conclusion: State that the general statement is then true for all positive integers, n.



Vectors

After completing this chapter you should be able to:

e Understand and use the vector and Cartesian forms of the equation

of a straight line in three dimensions - pages 168-175
® Understand and use the vector and Cartesian forms of the equation

of a plane - pages 175-178
e (Calculate the scalar product for two 3D vectors - pages 178-184
e C(alculate the angle between two vectors, two lines, a line and

a plane, or two planes - pages 184-189
e Understand and use the scalar product form of the equation

of a plane - pages 185-189
® Determine whether two lines meet and determine the

point of intersection - pages 189-192
® (alculate the perpendicular distance between: two lines, a point and

a line, or a point and a plane - pages 193-201

Prior knowledge check

1 Find BC given that:

o = 2)ona 5 =()

b AB=| 5 |landCA =| 0
4 3

+ Pure Year 2, Chapter 12

Find the exact distance between the
points with coordinates:

a (3, -2) and (=1, 4)

b (1,3, ~2) and (=3, 2, ~5)
¢ Pure Year 2, Chapter 12

Given a = 4i - 3j + 2k, find:
a |a|

b the unit vector in the direction of a. ,‘ Vectors can be used to describe points, lines
The lines /, and /, have equations ' and planes in 3D. Computer graphics artists
fp3x—4y=Tand l;2x+5y=-3, " use 3D vectors to define shapes based on
Find the coordinates of the point of polygons. By creating a shape from thousands
intersection of /; and /. of polygons you can create the illusion of a

« Pure Year 1, Chapter 5 smoothly curved surface.




Chapter 9

m Equation of a line in three dimensions

You need to know how to write the equation of a straight line in vector form.

Suppose a straight line passes through a
given point A, with position vector a, and
is parallel to the given vector b. Only one
such line is possible. Let R be an arbitrary
peoint on the line, with position vectorr.

Since AR is parallel to b, AR = 2b, where
Ais a scalar.

The vector b is called the direction vector
of the line,

So the position vector r can be written as
a+ib. o

= A vector equation of a straight line passing through the point .4 with position vector a, and
parallel to the vector b is

P

You can find the position
vector of any point Ron
the line by using vector
addition (AOAR).

r=a+AdAR

r=a+ib r is the position vector of a general point on
the line. Scalar parameters in vector equations are often
where 4 is a scalar parameter. given Greek letters such as A (lambda) and p (mu).

By taking different values of the parameter 4, you can find the position vectors of different points

that lie on the straight line.
@ Explore the vector equation o
Example o of a line using GeoGebra,

Find a vector equation of the straight line which passes through the point 4, with position vector
3i - 5j + 4k, and is parallel to the vector 7i — 3Kk.

3 7

Here a = (—5) and b= ( O ) b is the direction vector.
4 -3

An eguation of the line is

4 7
4 -3
or r=(3i-5J+ 4K + {71 - 3k)

4 e : Y i h XN E
or ©=1{3 + 728 + (-5 + {4 - 340k ou sometimes need to show the separate x, y

components in terms of 4.

3+ 74
or r= " :53)) . You can represent a 3D vector using column

X
~ notation, (‘) or using ijk-notation, xi + yj + zk
as + Pure Year 2, Chapter 12
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Now suppose a straight line passes through two given points C and D, with position vectors ¢ and d
respectively. Again, only one such line is possible.

R

You can use CD as a direction vector for the line: You can now use one of the two given points
D =d-c. and the direction vector to form an equation for

the straight line.
= Avector equation of a straight line passing through the points C and D, with position

vectors ¢ and d respectively, is
@ You can use any point on the straight
r=c+i(d-c line as the initial point in the vector
where / is a scalar parameter. equation. An alternative vector equation

for this line would be r=d + i(d — €).

Find a vector equation of the straight line which passes through the points A4 and B. with
coordinates (4. 5, —1) and (6. 3, 2) respectively.

) I
a= ( 5 ) b= (3) Write down the position vectors of A and B.
- 2
& - 2
b-a= (3) - ( 5) = (-2) Find a direction vector for the line,
2 -1 3
[ Use one of the given points to form the equation,
4 2 T
r=| 5|+ -2
(_;) ( 3 ) You don't have to use A for the parameter. in this
— example, the parameter is represented by the
orr={4i+ 5 -k +1(2i- 2j+ 3k} letter 1.
ore={4+201+(5-20j+ -1+ 30k
4321 — You can give your answer in any of these forms.
ore = (5 - 2:)
-1+ 3t
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The straight line [ has vector equation r = (3i 4 2j = 5K) + #(i - 6j - 2Kk).
Given that the point (a. b, 0) lies on /, find the value of « and the value of b.

3+t
r= ( 2 -6t ) You can write the equation in this form.
-0 -2t
S-21=0 Use the =-coordinate (which is equal to zero) to
PRy find the value of «.
a=3+1=3 —I
b=2~6t=17 Find a and b using the value of 1.

a= % and b =17

The straight line / has vector equation r = (2i + 5§ — 3k) + 4(6i — 2j + 4K).
Show that another vector equation of /isr = (8i + 3j + k) + p(3i — j + 2Kk).

2 (=
Use the eqwtioner=| 5 | + 4| -2 |
-3, 4

To show that (8i + 3j + k) lies on /, find a value of
A that gives this point. It is often easier to work in
column vectors.

8
Whenh=1r= (3) s the goint (8, 3, 1) lies

on L 1

& 3
('42) =2 ('21) S0 these two vectors are If one vector is a scalar multiple of another then

the vectors are parallel.
paraliel.
S0 an alternative form of the equation is
8 3 Using the same value of the
r= ( 3) + ',(_:) parameter In each equation will give different
1 2 points on the line. You should use a different

letter for the parameter of the second equation.

You also need to be able to write the eguation of a line in three dimensions in Cartesian form.
This means that the equation is given in terms of coordinates relative to the x-, y-and z-axes.

a, by
» ifa= (az) andb:(?)thoequaﬂonofthelinewithmtorcquation r=a+ Ab can be given
s 3

in Cartesian form as

X—da Bl ' { T8
L ¥ % = ; Each of the three expressions is equal 1o 4,
by b, by
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Examvie €

With respect to the fixed origin O, the line /is given by the equation

-

a by
L)
a b

a Prove that a Cartesian form of the equation of /is

X=ay y=

a, S=U,

b, b,

4 =1
b Hence find a Cartesian equation of the line with equation r = ( 3 ) - Z( 2 )

“

bt

a, + Ab,
) =lu- + ibs

ds + i.hs

X=a+ b, y=0: + b5, 2= ay + ib, v—-——L

Rearranging,

X =i
&=

b;

|

=2
Thclinclhasequationr=( 1 )+h(

4

a Show that P doesnot licon /.

0
Given that a circle. centre P, intersects / at points 4 and B. and that A has position vector (-3).

b find the position vector of B.

p)
). and the point £ has position vector (l)

Vectors

-2 5

Write the position vector of the general point on
X
the lineasr= (t)

Use the vector equation of the line to write
expressions for x, y and = in terms of 4.

Make i the subject of each equation.

For any point on the line, the value of 4 is
a constant, so equate the three different
expressions for 4.

If you need to convert between vector and
Cartesian forms you can quote this result without
proof in your exam. Be careful with the signs on
the top of each fraction.

3

6
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-2+ A
r=| 1-24
4+ A

It {2, 1, 3) fes on the line then
2==-2+ L =4=4
1-24 = 4A=0

4+ i

1=
3=

s0 Pdoesnot licon [, «

-4

—_—
|AP| =12° + 4° + (-3F = /29 -ﬁ

= A=-1

=

—_—

AP =

-2+ 2
The gosition vector of Bis 1-241

— 2 -2+ f:
BP=(1)-( 25 (
3 4+ 4

£+ 4

4 -1

2

-1 =4
A-F+4:24(-1-20F=29

IE-—Bi+42 4417 +13+22422=29 *

G2 -EA+17=29
GIZ-Gi-12=0
B-i-2=0
A-2Ki+1})=0
SoA=2ord=-

0
4= 2 aves (-3) This is the position
(N

vector of point A,

-3

A:—!gfvcs(3
=

~

){ This is the position

vector of point B.

Problem-solving

It is often useful to write the general point on
a line as a single vector. You can write each
component in the form a + Ah.

If P lies on |, there is one value of 4 that satisfies
all 3 equations. You only need to show that two of
these equations are not consistent to show that
P does not lieon /.

The distance between the points with position

ay b,
vectors (az) and | b | is

ay

yiby — a)t + (b; —a;)t + (b, —a)t. As Pis the
centre of the circle and A lies on the circle, the
radius of the circle is v29.

4 Pure Year 2, Chapter 12

Use the general point on the line to represent the
paosition vector of B.

B lies on the circle so the length IBPl =v29.

Solve the resulting quadratic equation to find two
possible values of 2. One will correspond to point
A, and the other will correspond to point B.

-2+ 4
1= u). Check that
b+ A
one of the values gives the position vector of 4.
The other value must give the position vector
for B.

Substitute vatues of 2 into (



Exercise @

Q@

Vectors

For the following pairs of vectors, find a vector equation of the straight line which passes
through the point, with position vector a. and is parallel to the vector b:

aa=6i+5-kb=2i-3i-k ba=2i+5b=i+j+k
2 -3

c a=-Ti+6j+2k. b=3i+j+2k d a=(0),b=(2)
4 1

(5 ()

For the points P and Q with position vectors p and q respectively. find:

i thevector PQ

ii avector equation of the straight line that passes through P and Q

ap=3i-4dj+2k q=5i+3j-k b p=2i+j-3k q=4i-2j+k
3 =2

c p=i-2j+4k,q=-2i-3j+2k d p=(—l).q=(3)

(o) 1

Find a vector equation of the line which is parallel to the z-axis and passes through the point
(4,-3,8).

a Find a vector cquation of the line which passes through the points:
i (2,1,%9and(4,-1,8) ii (-3,5,0)and (7,2.2)
fii(1.11,-4)and (5.9.2) iv (=2, =3, ~T)and (12. 4. =3)

; X £ S - y-a, I-a -
b Write down a Cartesian equation in the form R TN for each linc in part a.
| 2 3

The point (1, p, ¢) lies on the line /. Find the values of p and ¢, given that the equation of /is:

S R W R

. : 2 e : . x=4 y+l -3
The line /; has equationr=| 1 |+ 24| 2 ). The line /; has equation —5— = d e
-3 4 " '

Show that /, and /; are parallel.

Show that the line /, with equation r = (3 + 2A)i + (2 = 34)j + (=1 + 41)K is parallel to the line /,
which passes through the points A(5. 4, 1) and B(3. 7. =5).

Show that the points m Points are said to be collinear if

A(-3.-4.5). B3, -1. 2) and they all lie on the same straight line.
(9, 2, -1) are collinear.

I 10
Show that the points with position vectors ( 7 ) (— I) and ( “ ) do not lic on the same
straight line, -2 8 0
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10 The points P(2,0.4). Ka, 5, 1) and R(3. 10. b). where ¢ and b are constants,
are collinear. Find the values of « and b.

11 The line /, has equation
r=(8i - 5§ + 4Kk) + A(3i + j - 6k)
A is the point on /; such that £ = <2.
The line /, passes through A4 and is parallel to the line with equation
r=(10i+ 3j - 9K) + i(2i - 4j + k)
Find an equation for /.

12 The point 4 with coordinates (4. a. 0) lies on the line L with vector equation
r=(10i + 8j— 12k) + A(i—j + bk)
where a and b are constants.
a Find the values of @ and b.
The point X lies on L where 4 = <1.
b Find the coordinates of X,

3 1
13 The line ! has equation r = (-5) . A( 2 )
9 -2
A and B are the points on / with 4 = 5 and 4 = 2 respectively.
Find the distance AB.

1 2
14 The line / has equationr = (-2) - i( 1 )
3 -1
Cand A are the points on /with 2 = 4 and A = 3 respectively.
A circle has centre C and intersects / at the points 4 and B.
Find the position vector of B.

+1 . g
15 The line / has equation x - 5 = —— = —,,6- Froblensscing |
; =

:;

(5 marks)

(6 marks)

(3 marks)

(1 mark)

(4 marks)

(3 marks)

A circle € has centre (4, —1, 2) and radius 3\5.
Given that C intersects / at two distinct points.
A and B. find the coordinates of 4 and B.

the line into vector form.

-4 1
16 The line /; has equation r = ( 6 ) + ).(-1). A and B are the points on /, with 4 = 2 and

4 = 5 respectively. 2 l

a Find the position vectors of 4 and B.

0
The point P has position vector (2)
3
The line /; passes through the point P and is parallel to the line /.

b Find a vector equation of the line /5.
The points C and D both lie on line /, such that AB= AC= AD.
¢ Show that P is the midpoint of CD.
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Vectors

17 A tightrope is modelled as a line segment between points with coordinates (2, 3, 8) and
(22, 18, 8), relative to a fixed origin O. where the units of distance are metres. Two support
cables are anchored to a fixed point A on the wire. The other ends of the cables are
anchored

to points with coordinates (14, 1, 0) and (6, 17, 0) respectively.
a Given that the support cables are both 12m long. find the coordinates of 4. (8 marks)

b Give one criticism of this model. (1 mark)

@ Equation of a plane in three dimensions

The equation of a plane can be written in vector form.

Suppose a plane passes through a given point A, with position vector a. 7 R
Let R be an arbitrary point on the plane, with position vector r. ./ =z /

_ 7
Then, using the triangle law,r=a + AR, 0

—

Since AR lies in the plane, it can be =
written as Ab + ¢, where b and ¢ are w e
non-parallel vectors in the plane and s b fc

where 4 and u are scalars.

So the position vector r can be written as r=a +ib + uc,

= The vector equation of a plane is r = a + ib + uc, where:
ris the position vector of a general point in the plane
a is the position vector of a point in the plane

b and ¢ are non-parallel, non-zero vectors in the plane

A and y: are scalars

Find, in the form r=a + ib + jic, an equation of the planc that passes through the points
A2, 2, <1), B(3, 2. ~1) and (4. 3. 3).
There are many other forms of this
answer which are also correct. You could

AB ard AC are vectors which e in the Plane. ™ yge 314.2) — kor 41+ 3] + 5k Instead of
AB=0B-0d=i 2i + 2j — k in the equation.
AC=0C- OA = 2i+j+6k
So an equation of the plane Is You could write this equation as
=% - : ) 2 1 2
P= 204 2 - k+ A+ p(2i + j + 6K r=(z)+i(o)+u(1)
-1 0 6
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2

Verify that the point P with position vector ( 2 ) lies in the plane with vector equation

~(3)4)43) )

34244+
sl Wb e ”] The position vector of any point on the plane can
24 A+2u be written in this form.
it P fies on the plane,
2 3+22+
2= 4+ A- p :
2= 3 +24 + p %0 22+ p=-1 1) 1f the point P lies on the plane then there will
2= 4 F 2 = B &5 A= =2 be values of 4 and y that satisfy all three of
A== % 4 ¥25 0 A+2n=1 B these equations simultaneously. Solve one pair

of equations simultaneously, then check that the

Dolving equations (2) and (3) simultansously, solutions satisfy the third equation

(3) — (2k =3 S0 p=1
Sub in (2): A=-1=-2 »0 A==l
Check in equation (1):

24+ p =2 +1=-130 Pliesin the plane,

The direction of a plane can be described by giving a normal vector, n. This is a vector that is
perpendicular to the plane.

One normal vector can describe an infinite number of parallel planes, so the normal vector on its own
is not enough information to define a plane uniguely.

n=aidbjeck

<

X

= A Cartesian equation of a plane in three
dimensions can be written in the form
ax + by + cc=dwherea, b, cand d are
a

constants, and (I:) is the normal vector m SR RSP O
to the plane. equations of a plane using GeoGebra,

@ Compare this equation to the Cartesian
equation of a line in two dimensions: ax + by = c.

You can derive this result using the scalar product, which you will learn about later in this chapter.
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Vectors

The plane 17 is perpendicular to the normal @ A e N

vector n = 3i ~ 2j + k and passes through the
point P with position vector 8i + 4j — 7k,
Find a Cartesian equation of I7.

capital Greek letter pl, IT.

The general equation is ax + by + ¢z = d where

a 3
Sx— Oy to=d [_ thenormalvectorls(b): -2).
3 Y+ == 2
Ix®-2x4+1x{-7)=9 !

50 d = 3 and the Cartesian equation of I s L Substitute the values of x, y and = for point P into
SR B TP this question to find the value of d.

Exercise @

1 Find, in the form r = a + ib + pc, an equation of the plane that passes through the points:
a (1,2,0),(3, 1,-1)and (4, 3, 2) b (3,4,1),(-1,-2,0)and (2, 1, 4)
e (2,=1.=1)(3.1,2)and (4,0. 1) d (~<1.1.3).(=1 2,5) and (0. 4. 4).
-1
2 The plane IT is perpendicular to the normal vcctor( 3 ) and passes through the point with
2
4
position vector (-2). Find a Cartesian equation of I7.
6

2 3 1
@ 3 Find the value of k. given that the plane I7 with vector equation r = (-1) + A( 2.) + ;e(- [)
3 2 3

passes through the points:
a (7,=1.k) b (1.k.11) ¢ (k, -4.10) d (10, k. =k)

4 A Cartesian cquation of the plane I7is 2x— 3y + 5z =1,
a Verify that the plane passes through the point: i (1,2, 1) ii (2. -4, -3)
b Write down an equation of a normal vector to the plane.

S The line / is normal to the plane 17 with Cartesian equation 5x — 3y — 4z = 9 and passes
through the point (2, 3, -2). Find:
a avector equation of / b a Cartesian equation of /

6 The diagram shows a cube with a vertex at the origin
and sides of length 3.
Find Cartesian equations for the planes containing
each face of the cube. 4
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7 Show that the points (2, 2, 3). (1. 5, 3), (4, 3, =1) and (3, 6, —1) are coplanar. (6 marks)
m Points are said to be coplanar if they

all lie on the same plane.
8 Show that the points (2, 3.4). (2. -1, 3), (5. 3. ~2) and (~1. -9, 8) are not coplanar. (6 marks)

9 The plane I7 has vector equation r = 3i = 2j + k + (=20 + 3j + 5K) + u(4i + 2j - 3Kk).
The point 4 lieson [T suchthat A=1and p=2.

a Find the position vector of 4. (2 marks)
Point B has coordinates (1. 7. <1I).

b Show that B lies on I7. (2 marks)
The line { passes through points 4 and B.

¢ Find a vector equation of /. (3 marks)
The point C lies on / such that I&’ l = |0_C1

d Find the position vector of C. (3 marks)

Challenge

A plane has vector equation r= 2 + 3] + Ali - 2] + k) + 2021 - j + 3k).
A line has vector equation r = {2i + 6j + k) + 1(5i — Tj + 6k).
Show that the line lies entirely within the plane.

@ Scalar product

You need to know the definition of the scalar product of two vectors in either two or three
dimensions, and how it can be used to find the angle between two vectors. To define the scalar
product you need to know how to find the angle between two vectors.

On the diagram, the angle between the vectors aand b is 4.
Notice that a and b are both directed away from the point X.

.

Find the angle between the vectors a and b on the diagram.

X

b

For the correct angle, a and b must both be
pointing away from X, so re-draw to show this.

The angle between a and b 1s 180° - 20° = 160°,
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Vectors

® The scalar product of two vectors a and b is written as a.b, and defined as

a.b = |a]|b| cos #

where 4 is the angle between a and b.
A

You can see from this diagram

a that if a and b are the position
vectors of 4 and B, then the
angle betweenaand b is ZAOB.

o B

b

® If a and b are the position vectors of the points 4 and B, then cos(ZA0B) =

The scalar praoduct

15 often called the dot product,
You say ‘a dot b’

w Use GeoGebra O

to consider the scalar product
as the component of one vector
in the direction of another.

If two vectors a and b are perpendicular, the angle between them is 90°.

Since cos90° = 0, a.b = |a||b| cos90° = 0.

® The non-zero vectors a and b are perpendicular if and only if a.b = 0.

If a and b are parallel, the angle between them is 0°.

® |f a and b are parallel, a.b = |a]|b]. In particular, a.a = |a]%.

Find the values of

a i b k.k

¢ (4j).k + (3i).(3i)

i and j are unit vectors (magnitude 1), and are

K I.j=1x1xc0590"=0

b kk=1x1xcosl”=1

perpendicular.

c (4j).k + {3§).(3i)
={4%x1xcos90% + (3 x 3 xcos0

=0+9=9

oy b‘
Given thata = (az) and b= &5 |. prove that a.b

s s

| k is a unit vector (magnitude 1) and the angle
~ between k and itself is 0°,

= by + by + aabs.
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ab= (a-‘l + Bg.j + 3;_&).(&7-‘ + b:J + b:k}
= .o + b:j + b\k‘
+ azj.bf + boj + byk)
+ ajk-(b~' + sz + b:w
= (af).{:) + (aif).(bs ) + (a.D.(ozk)
+ (@zJ). (o) + (a2j).(b2]) + (32]). (oK)
+ (azk). (o) + (3:K).(02§) + (3:k. (0K

Use the results for paratlel and ndicular unit
= (abi.i + (a2)ij + (abs)ik vectars: " el

+ (agb‘zj.i + (asbeu.‘j + (agb;)j.k t id =i~i —kk=1
+ {asb kb + (a:b)k.j + (azbg)kk I
ij=ik=ji=jk=ki=kj=0
=ab. + a.bs + J_qb_'a.

The above example leads to a simple formula for finding the scalar product of two vectors given in
Cartesian component form:

® Ifa = a;i+ aj + a;kand b = b,i + b,j + b;k,
a‘ b‘
ab= (fl:). b; | = a,by + azh, + asbh,
i

You can use this result without proof in your exam,

Giventhata=8i=5j-4kand b=35i+ 4j -k,
a Find ab.
b Find the angle between a and b. giving your answer in degrees to | decimal place.

8\ /5
a ab= (-5).( 4) Write in column vector form.
~4/ \~1
=0 x5)+(-5x4) + (-4 x-N)—— Useab=ab, +a:b; + asb;.
=40 -20+ 4
= 24
b a.b= |al|b] cos¥ Use the scalar product definition.
|s| = /8% + (=5F + (-4 = /105
= . = Find the modulus of a and of b.
[b] = /5% + 4% & (-1 = /42
VIO5 V42 cosll = 24 Use a.b = [ai|b| cos 4.
24
oSt =—r=—>—
V105 V42
=688 ép)

180



Given that a = =i+ j+ 3k and b = 7i - 2j + 2Kk, find the angle between a and b, giving your answer
in degrees to | decimal place.

-\ /7 =
a.b:(]).(-2)=—7—2+s=—3
3 2

ial — y'f—,):‘ < 1' +3F =N

] = /7% + (=2F + 2° =57

J

N V57 cosl=-3
-3

E05 0 =

Vit V57
#=96.9° (! dp)

Vectors

For the scalar product formula, you need to find
a.b, |al and |b|.

Use a.b = |a||b| cos 4.

The cosine is negative, so the angle is obtuse.

Given that the vectors a = 2i - 6j + k and b = 51 + 2j + Ak are perpendicular. find the value of 4.

=10—12 + 4

=24+ A

(30 ]
J

-2+4=0
A=2

Find the scalar product

For perpendicular vectors, the scalar product is
Zero.

Given that a = -2i + 5§ — 4k and b = 4i — 8j + 5Kk, find a vector which is perpendicular to both

aandb.

[ omunf)-

=)

-2Xx+5y-4:=0 (1
4x -8y +5:= (2}

Both scalar products are zero.
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let z=1 Choose a (non-zero) value for = {or for x, or for y).

-2X+9y=4 (from)
) Solving simutaneously gives

45 -~ By =-5 (trom 2

x=zand y=3

faliv

Sox=gzy=zandz=

A possible vector is 4 + j+k :
l_ You can multiply by a scalar constant to find

another vector which Is also perpendicular to
both a and b.

Ancther possivle vector is
404+ 3]+ K =T+ G + 4k

The points 4, B and C have coordinates (2, =1, 1), (5, 1, 7) and (6, =3, I) respectively.
a Find AB.AC
b Hence, or otherwise, find the area of triangle ABC.

g\ f i -
a AB = (2) and AC = (-2)
[ O

ABAC=3%4+2x(-2)+Ex0=8

b A8 =323 281 &2 =7
|AC] = J@Z s 3F+ 07 = 205

.4_3 TEZ U_sg the sﬂar product to find the angle between
cos{ZBAC) = | __,H_,l AB and AC. Then use area = Zabsind to find the
"i AC area of the triangle.
T 7x205
=0.2595...

LBAC =751937.."°

Area = ~;—le—B.l |A—(.-' |:,in(48/l(.‘) Problem-solving

= 1% 7 x 2/551(75.1937..%) You could find ZBAC by finding the lengths AB,
BC and AC and using the cosine rule, but it is
=1513 @ dp quicker 1o use a vector method,
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Exercise @

1
2

10

Vectors

The vectors a and b each have magnitude 3, and the angle between a and b is 60°, Find a.b.

For each pair of vectors, find a.b:
a a=35i+2j+3kb=2i-j-2k b a=10i-7j+4k b=3i~5~ 12k
ca=i+j-kb=-i-j+dk d a=2i-k b=6I-5]-8k

e a=3j+9k b=i-12j+4k

In each part, find the angle between a and b, giving your answer in degrees to 1 decimal place:
a a=3i+T7.b=5i+] b a=2i-5}b=6i+3j

c a=i—-7j+8k. b= 12i +2j+k d a=-i-j+5k.b=1li-3j+4k

¢ a=06i~Tj+12k.b==2i+j+k [ a=4i+5Kkb=06i-2j

g a=-5i+2j-3k,b=2i-2j-11k ha=i+j+kb=i-j+k

Find the value, or values. of 2 for which the given vectors are perpendicular:

a 3i+ Sjand i + 6j b 2i+6j-kandii-4j— 14k

¢ 3i+dj—~8kand 7Ti-35j+k d 9i-3j+ Skand Al + 4j + 3k

e 4j+3j—2kand Ji + 4j + 5k

Find. to the nearest tenth of a degree, the angle that the vector 9 - 5§ + 3k makes with:
a the positive x-axis b the positive y-axis

Find, to the nearest tenth of a degree, the angle that the vectori + 11j — 4k makes with:
a the positive y-axis b the positive z-axis

The angle between the vectors i + j + k and 2i + j + k is #. Calculate the exact value of cos ¥,

The angle between the vectorsi + 3j and j + Ak 1s 60°, Show that 2 = % \.'JS—}

Find a vector which is perpendicular to both a and b, where:
aa=i+j-3kb=5i-2j-k ba=2i+3j—-4k,b=i-6j+3k

¢ a=4i~4j~k.b=-2i~9+6k

The points A4 and B have position vectors 2i + 5 + k and 6i + j - 2k respectively. and O

is the origin. Calculate each of the angles in 204 B, giving your answers in degrees 1o
1 decimal place.

The points A, B and C have coordinates (1, 3, 1). (2. 7. =3) and (4. =5, 2) respectively.
a Find the exact lengths of A8 and BC.
b Calculate, to onc decimal place, the size of ZABC.

Given that the points A4 and B have coordinates (7, 4, 4) and (2, 2, 1) respectively,

a find the value of cos ZAOB, where O 1s the origin (4 marks)
53
b show that the area of AA40B8 is l—i—'— (3 marks)
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@ 13 ABisa diameter of a circle centred at the Problem-solving

origin O, and P is a point on the Tt e o1
circumference of the circle. By considering i ?ector p ALALIR IR G
a semi-circle is 90%

the position vectors of 4. Band P, prove
that AP is perpendicular to BP.

14 Points A, B and C have coordinates (5, -1, 0), (2, 4, 10) and (6, —1, 4) respectively.

a Find the vectors c_,:' and CTB’ (2 marks)
b Find the area of the trangle ABC. (4 marks)
¢ Point D is such that A, B, C and D are the vertices of a parallelogram. Find the coordinates
of three possible positions of D. (3 marks)
d Write down the area of the parallelogram. (1 mark)

15 The points P, Q and R have coordinates (1. -1, 6). (=2, 5. 4) and (0, 3, -5) respectively.
a Show that PQ is perpendicular to QR (3 marks)
b Hence find the centre and radius of the circle that passes through points P, Q and R.

(3 marks)
Challenge

1 Using the definition a.b = Jaj|b] cos &, prove that a.b =b.a.
2 The diagram shows arbitrary vectors a, b and ¢, and the vector b + .

a Show that:
i ab+c) =lalxPlQ
ii a.b=|al x PR
iii a.c=laj x RO
b Hence prove that a.(b + ¢) = a.b + a.c.

m Calculating angles between lines and planes

If two straight lines in three dimensions intersect, then you can calculate the size of the angle
between them using the scalar product,

= The acute angle @ between two intersecting m The modulus signs around the

straight lines is given by whole expression ensure you get an acute angle.
ab If you need to work out the size of an obtuse
cos = Il_flﬁ angle between two lines, use the formula then

subtract the resulting acute angle from 180°.
where a and b are direction vectors of the lines.
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Vectors

The lines /; and [ have vector equations r = (2i + j + K) + #(3i - 8j - k) and
r=(7i + 4j +k) + 5(2i + 2j + 3k) respectively.
Given that /; and /, intersect, find the size of the acute angle between the lines to one decimal place.

3 2
a= (- ) and b= (2) Use the direction vectors,
=4 3

I ab
fm |22
ce50 = Talib]

3 2

ab=|-8)l2

-1/ \3
=6-16-3=-13

lal =3+ (-8 + (- = /74

b} =v2%+22+ 32 =17 Use the formula. Be careful with the modulus

cost = j—;"iw signs. If cos & is positive then & will be an acute
o iz angle, as required.
=85 1 d.p)
You can use the scalar product to write a vector equation of a plane n
efficiently.
Suppose a plane 17 passes through a given point A4, with position 1 > m
vector a, and that the normal vector n is perpendicular to the plane. /” /
Let R be an arbitrary point on the plane, with position vectorr, y
Then, H =r-a 0

— —_ _—
As AR is a vector which lies in the plane, AR is perpendicular tonso AR.n = 0.
This means (r—a).n=0

You can rewrite thisas r.n=a.n

Since ais a fixed point, a.n is a scalar constant, &, and the equation of the plane ITis rn=£.

® The scalar product form of the equation of a plane is r.n = X where 4 = a.n for any point in
the plane with position vector a.

The plane 7 passes through the point 4 and is perpendicular to the vector n.

PR O 3
Given that 04 = ( 3 ) andn = ( ] ) where @ is the origin, find an equation of the plane:

=5 -1
a in scalar product form b in Cartesian form
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Use r.n = &k where & = a.n for any point in the

a rn=k wherek = a.n

=0

=2x3+3x1+ (=5 x({=)
=6+3+5=14
So a scalar product form of the equation
()
cfllise| 1 |=14.

1

plane with position vector a,

Problem-solving

b (:) . ? =14 You can convert between scalar product form and
ol \-1 Cartesian form quickly by writing the general
= > A F s N
Zo - Carte:-@;form of equation of IT 13 position vector of a point in the plane as r= (J)
XN+ Yy—->o= X

You need to be able to calculate the angle between a line and a plane.

Find the acute angle between the line / with equation

r=2i+j~ 5Kk + 43i + 4j = 12Kk) and the plane with @ Explore the angle between
equation r(2i - 2j - k) = 2. a line and a plane using GeoGebra.
Draw a diagram showing the line, the

plane and the normal to the plane. Let the
required angle be o and show e and @ in

your diagram,
The normal to the plane is in the divection
n=2i-2j-k
The angle between this normal and the fine 1is 8,
(3i+ 4j—-12k.(2i-2j-K First find the angle between the given line
where cosfl = - = —— - = | S—
V3T L 47 L (—12)f J28 4 (—2F & (—1)? and the normal to the plane.

o

T 13x3 39 Subtract the angle & from 90°, to give angle
So the angle between the plang and the line [is o« «———— 4, or use the trigonemetric connection that
where a + 8 = 20~ cosé =sina,

Sosina = ,:% and 0 = 149°
® The acute angle ¢ between the line with equation r = a + /b and the plane with equation

r.n = k is given by the formula
b.n
sinf = I—-—l
|b||n]|
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You need to be able to calculate the angle between two planes,

Find the acute angle between the planes with equations @ Visualise the angle between 0
r.(4i + 4j - 7k) = 13 and r.(7i - 4j + 4k) = 6 respectively.  two planes using GeoGebra.

Draw a diagram showing the planes and the
normals to the planes. Let the required angle be
a and show o and # in your diagram.

Ny
"\, 1]
ng

The normals to the planes are in the directions
n = 4i +4f — 7k and n; = 7i - 4j + 4k

The angle betweean these normals Is 8, where First find the angle between the normals to the

s a1+ A= TRATI - 4 + 4R R
VA + 45 + (=7 V77 + (-4F + 4°
. 26 - 16 - 28
VIE+TIE+49 VA4S + 1€+ 1€
-_1&
-
So # = I01.4°

30 the angle between the planes is

180 — 1014 = 785°

Subtract the angle # from 1807, to give angle a.

® The acute angle # between the plane with equation r.n, = k; and the plane with equation
r.n; = k; is given by the formula

n;.n;
LAILA

Exercise @

1 Given that cach pair of lines intersect, find, to | decimal place, the acute angle between the
lines with vector equations:

ar=2i+j+k)+A3N~5-K) and r=(7i +4j +K) + (20 + j-9K)
r=(i=j+7K)+ A=2i=]+3K)and r=(8i + 5j=K) + p(~4i = 2j+ k)
r=3i+5j-K)+Ai+j+Kk)and r= (=i + 11j + 5K) + p(2i = 7j + 3k)
r=(i+6j-K)+ A8 ~j—2Kk)and r = (6i + 9j) + p(i + 3]~ 7K)
r=(2i+Kk)+ A(1Ii+ 5j-3K) and r = (i 4 j) + p(=3i + 5] + 4k)

LB - "R R -

2 Find. in the form r.n = k. an equation of the plane that passes through the point with position
vector a and is perpendicular to the vector n where:

a a=i-j-kandn=2i+j+k ba=i+2j+Kkandn=3i-j-3k
¢ a=2i-3kandn=i+3j+4k d a=4di-2j+kandn=4i+j~-5k

3 Find a Cartesian equation for each of the planes in question 2.
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n

|
A plane has equation r.n = &, where n = ("i). Find a Cartesian equation of the plane.
n

Find the acute angle between the line with equation r = 2i + j— 5k + 4(4i + 4j + 7k) and the
plane with equation r.(2i + j - 2k) = 13.

Find the acute angle between the line with equation r = =i~ 7j + 13Kk + A(3i + 4j -~ 12Kk) and the
plane with equation r.(4i—4j - 7k) = 9.

Find the acute angle between the planes with equations r.(i + 2j - 2k) = | and
r.(—4i + dj + 7K) = 7 respectively.

Find the acute angle between the planes with equations r.(3i-4j + 12K)= 9 and
r.{3i — 12k) = 7 respectively.

The straight lines /, and /, have vectors equations r = (i + 4j + 2K) + A(8i + 5j + k) and
r= (i + 4j + 2k) + p(3i + j) respectively, and F is the point with coordinates (1, 4, 2).

a Show that the point (X9, 9. 3) lieson /.

Given that /; and / intersect, find:

b the cosine of the acute angle between /, and /,

¢ the possible coordinates of the point R. such that R lies on /s and PO = PR.

- ‘43 -42 =15 -a
The lines /; and /, have Cartesian equations e A =22 Zana X2 22 ni=2
4 -1 2 3 2 -3 1
respectively.
a Show that the point A(3, 3, 7) lies on both /, and L. (3 marks)
b Find the size of the acute angle between the lines at A. (4 marks)
1 3 3 4
The lines /, and /; have vector equationsr=|3 |+ 4| 2 Jandr= 52) +ul =3
3 -1 - 1
The point A is on /, where £ = 3 and the point B is on /; where y = <2. Find the size of the acute
angle between A8 and /,, (6 marks)
a Show that the points A(3. 5, <1), B(2, =2, 4). ((4. 3. 0) and D(1. 4. =3.) are not
coplanar. (6 marks)
b Find the angle between the plane contaming A, Band Cand the line segment AD. (4 marks)
A regular tetrahedron has vertices A, B, Cand D, B(0.1, 1)
with coordinates (0,0, 0). (0, 1, 1). (1, 1,0)and (1,0, 1)
respectively. Show that the angle between any two
adjacent faces of the tetrahedron is arccos(%}. D(1.0,1)
(1. 1.0)

(7 marks) A0, 0, 0)



Vectors

14 A flagpole is supported by 3 guide ropes which are attached at a point 20m above the base of
the pole. The ends of the ropes are secured at points with position vectors (0. 8. 2).
(12, =5, 3) and (-2, 6, 5) relative to the base of the pole, where the units are metres,
The flagpole will be stable if the angles between adjacent guide ropes are all greater than 15°.

Determine whether the flagpole will be stable, showing your working clearly.

@ Points of intersection

(7 marks)

You need to be able to determine whether two lines meet and, if so, to determine their point of

intersection.

A and j: are the parameters in
the vector equations of the lines,

Write the equations 3

In column notation m‘e th”:t.

and set them equal > pestSguaLDNS —-
to each other, involving 4 and y

Lines do not intersect., )

No solutions

Try to solve Do these
the first two equations sotutions satisfy the
simultansously. third equation?

Lines do intersect. Substitute your values for £ and i Into the equation of one of
the lines to find the paint of Intersection. You can use the other equation to check.

The lines /| and /; have vector equations

r=3i+j+ K+ Ai~2j-K)and r = <2f + 3K + p(~5i + j + 4K) respectively.
Show that the two lines intersect. and find the position vector of the point of intersection.

Use column vector notation for clarity, and to

3+ 4 S
(1—2),): -2+
1- 2 3+ 4

Solve the smultaneous equations

3+A=-5u )

help to avoid errors,

Choose two of the three equations obtained by
equating x-, y- and --components and solve the

and 1-4=3 +4p (2)
Adding glves 4 =3 - p

and so pn=-1,

resulting simultaneous equations.

Substituting back into equation (1) gives 2 = 2.

If the lines intersect there is a pair of values of 4

1=24=-2 + pgivas -3 =-3

So the lines do intersect.

Check ji = -1, 4 = 2 also satisfy the third
3+ R
=24

eauation.
S
)qwcs —3).
1= 2 -1

The point where the fines meet s (5, =3, -1).

Substituting 4 = 2 Into (

and p that satisfy the 3 equations simultaneously.

Check that the point which you obtain after
substitution lies on both straight lines.
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You also need to be able to find the coordinates of the point of intersection of a line with a plane.

Find the coordinates of the point of intersection of the line /and the plane I7T where / has equation
r=-i+j—=5k+ A(i + j + 2K) and JT has equation r.(i + 2j + 3k) = 4.

The fine meats the Fane when

-1+ A\ N
1+ i.(2)=4
5+ 22 3

1+ A+201+ D+ 3-5+20=4

94 -14 =4
S =185
i=2

S0 the line meats the plane when A =2, 8¢ -—’_
the point {1, 3, —1).

= Two straight lines are skew if they are not
parallel and they do not intersect.

Write the equation of the line in column vector

3 -1+ i
form as (\\) = ( 1+ )i) and substitute into the
2 -5+

. 1
equation of the plane (\r) (3’.) =4,

Sclve to find 4 and substitute its value into the
equation of the line.

If the line were parallel to the plane

then this equation would produce either no
solutions (if the line does not lie in the plane), or
infinitely many (if it does).

- — 143 : Y =5- .
The lines /| and /5 have equations 2 3 2. ——=z—land X ; L “iin _,,4 respectively.
Prove that /, and /; are skew.
P g -1 4 5 Problem-solving
(-3 + 21) = ( 4 ) To show that two lines are skew you need to show
142 4 -2y that they do not intersect and that they are not
2+4l=-1+5u ) T parallel, Start by writing the general point on each
-3+ 21=4p (2) line. Equate these general points and attempt to
-2 %x@:8=-1-3u=p=-3 solve the three equations simultaneously,

niw

Substituting nto (2): -3 + 2i=-12 = 1=~
Check for consistency:

1+ Ad=—Fand 4 — 2p = 10.

1+ A+ 4 - 2u so equations not consistent

I

-4

angd lings do not intersect.

4 ()
Direction ot l,isn | 2 | or (4 ¢
1 2

5
Directionof l, 5| 4 ).

-2 R
Direction vectors are not scalar multizies of
each other 2o lines are not paraiel,

Bence | and {; are skew.

190

Solve the first two equations simultaneousty,
then check to see whether the answer is
consistent with the third equation.

If the lines are parallel the direction vectors will
be scalar multiples of each other. Multiply the
direction vector of [, by a scalar to make one
component match the direction vecter of I, then
compare the other components.



Exercise @

Vectors

In each case establish whether lines /, and /s meet and, if they meet, find the coordinates of
their point of intersection:

a [, hasequationr =i+ 3j+ A(i—j+ 5k) and /, has equationr =—i - 3j + 2k + p(i + j + 2k)

b /, hasequation r = 3i + 2j + kK + A(i + j + 2K) and /, has equation r = 4i + 3j + p(~i + j- k)

¢ [, hasequationr =i+ 3j+ 5k + A(2i + 3j + k) and /; has cquationr=i+§j +§k+ pli +i-2k)
(In each of the above cases A and u are scalars.)

With respect to a fixed origin O, the lines /, and /. are given by the equations
hir=(-6i+11Kk)+Ai—-j+k)
lir=(21-2j+9k) + p(2i+j-3k)

Show that /, and [, meet and find the coordinates of their point of intersection. (6 marks)

3 2 5 2
The line /, has equation r = ( | )-M( 2) and the line Izhasequationr=(4) +p( 1 )
-2 3 0 -1

Show that /, and /; do not meet. (4 marks)

In each case, find the coordinates of the point of intersection of the line / with the plane 1.
a lr=i+j+Kk+i-2i+]j-4k)

I:r(3i-4j+ 2k) = 16
b fLr=i+j+k+A25-2k)

H:r(3i—-j—-6k) =1

2 l
The line / has equationr = ( 3 ) - l(l).

-2 1
I
a Show that / does not meet the plane with equationr.| | | =1. (4 marks)
-2
b Give a geometrical interpretation 1o your answer to part a. (1 mark)

5 3
The line with vector equation r =( 4) + A(— l) is perpendicular to the line with vector

0 -1 =) 2
equationr={ 11 | + p( I’).
3 P

a Find the value of p. (2 marks)
b Show that the two lines meet, and find the coordinates of the point of intersection. (4 marks)

5 -1
The line /; has vector equation r = (2) + 4 ( | ) and the line /, has vector equation
1 2

4 1
rm (l) + p ( 0 ) where 4 and p are parameters.
| -1
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The lines /, and /; intersect at the point A and the acute angle between /; and /, 15 6.

a Find the coordinates of 4. (4 marks)

b Find the value of cos # giving your answer as a simplified fraction. (4 marks)
; co % P+l 2.2 e .

The lines /, and /; have equations :‘5 ame bty and x="—5-= —-{—5- respectively.

Prove that {, and /, are skew.

With respect to a fixed origin O the lines /| and /[, are given by the equations

o) (o]

where 4 and p are parameters and p and ¢ are constants. Given that /; and /, are perpendicular,

a showthat g =4. (2 marks)
Given further that /, and £, intersect. find:
b the value of p (6 marks)
¢ the coordinates of the point of intersection. (2 marks)
9
The point A lies on /; and has position vcctor( -1 ) The point C lics on /.
~14

Given that a circle, with centre C. cuts the line /, at the points 4 and B,

d find the position vector of B. (3 marks)

Draw a diagram showing the lines [, and ; and

the drcle, and use circle properties.
2
The plane IT has equation .| 3 | =k where k is a constant.
-1
6
Given the point with position vector | =2 | lies on I,
4
a find the value of k& (3 marks)
b find a Cartesian equation for I7. (2 marks)

The point P has coordinates (6, 4. 8). The line / passes through P and is perpendicular to J1.
The line [ intersects I7 at the point N.

¢ Find the coordinates of N. (4 marks)

) ) . x=3 y+2 4-:
The line ! has a Cartesian equation 3 "3 "

The plane I7 has Cartesian equation 4x + 3y = 22 = =10.

The line intersects the plane at the point P,

a Find the position vector of P. (5 marks)
b Find the acute angle between the line and the plane at the point of intersection. (5 marks)

=



Vectors

@ Finding perpendiculars

You need to be able to calculate the perpendicular distance between:
e two lines

e apoint and a line

e apointand a plane

In each case, the perpendicular distance is the shortest distance between them,

® For any two non-intersecting lines /, and /; there is a unique line segment A B such that
Alieson/;, Blies on /; and A B is perpendicular to both lines.

® The perpendicular from a point P to a line /is a line through P which meets / at
right angles.

X

= The perpendicular from a point P to a plane 7 is a line through P which is parallel to the
normal vector of the plane, n.
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Show that the shortest distance between the parallel lines with equations
r=i+2j-K+ A5i+4dj+3Kk)and r=2i + K + p(5i + 4j + 3k),

. 212
where A and p are scalars, is ];)
Let A be a general point on the first fine and B i 1
be 3 general point on the second fine, then — As (-2) = G)"‘ ( 2‘)
1\ /S 2 1 =
48 ( ) + t(4) wherels fi—4, ~—
2 3
1+ 51\ /S | Youcan set 1 = j1— 4 50 that there is only one
(—2 + 4:).(4) = O independent variable.
2+ 34 \3
S+251-8+16t+6+U=0 As the direction of AB is perpendicular to the
50r=-3 — direction vector for each line, the scalar product
I = -% is zero.
1-51 1-%0 ?é l_ Substitute r = -s% into the general form of AB.
-2+ 4t|=|-2~ rJ "{s
24+ 3¢ 2~ -o %0 The shortest distance between two lines is the
l_,! 3& T 1122 4 O — length ofthe line segment that is perpendicular
508 to both lines.
21-.*2
g="3 Because the two lines are parallel,
So the shortest distance between the two the line segment A8 is not unique. There
59,3 are infinitely many line segments that are
s 167 =5n= perpendicular to both lines, but they will all have

the same length.

Example @

] 0 -1 2

The lines /; and /; have equations r = (0) - ).(1) and r = ( 3 ) . H(- l) respectively.
0 1 -1 -1

where 4 and y« are scalars

Find the shortest distance between these two lines.

Let A be the general point on I, with position @ Explore the perpendicular

! distance between two lines using GeoGebra.
vector | 4| and let B be the general point on

“

-1+ 2n
Iz with position vector | 3 -
1=
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3-
~l= nu

3 - -4
il and use these to find A8 in terms of e and 4.

—l (’1 "’ 2”) (l) ('2 +2p ) Find position vectors of general points on I, and
AB = - | A = —_—— — c—
A

-1 = p-4

AB s perpendicutar to [, so:

-2+ 2n
(3- [I—A.(‘ =0
=1 = g=ap i\l

3-pu=-A-1-p-i=0
2-2u-24=0 (1)

e—e

AB is perpendicular to 1 so:

-2+ 2p 2
(3- ,,-x).(-,)w
-1 = p=-4/ \~ Problem-solving

“4+A4p-3+p+iritpri=0 As AR is perpendicular to |, and 1, the scalar
-G+ Eu+2i=0 {2 product of the direction vectors of the lines is
Fom@l A=1-p zero. You can use this fact to generate two linear

uations In A and u.
From(2), -3+3u+A=0 = #

So~-3+3u+1-nu=0=pn=1 I

The equations can be solved simultaneously to
Suvbstituting into (1) gives i find 2 and ji.
2-2-24=0=4=0 _l

o -2+ 2p -2+ 2
AB=( 3- }1-2):(3-1-0)

o e ,‘—2 -1-1-0
o

={ &
-2

t—.

= JOE 2T L D)2 = JB =2, i
MB' =SS FET 4 -2 KD =ENE These two lines are skew, so in this case the line
So the shortest distance betwesen the two segment AB is unique.

lines is 2y2.

Example @
x—1 v-1 z+3

The line / has equation RN Tl

a Find the shortest distance between 4 and /.
b Find a Cartesian equation of the line that is perpendicular to /and passes through A.

, and the point A has coordinates (1, 2, 1),

195



196

Chapter 9

Vector equation of [ = X=1 ey
1 2 4 .
- 3 y=
r_(-13) ”(j) 2 it Lo
So a general point. B, on the line has =43 _ s W

-1

1 +24
position vector( 1 - 22.).

~3.- & L Let B be the position vector of a general point on L

— ( 1 +22 1 22
Then AB = 1 -2&)-(2)= -1-24 —_
-3 - A -1 . PO ‘—l— Find 4B in terms of A,

24 2
(: 2 % 2:)(’_‘?) =5 Since AB is perpendicular to [ the scalar product
! of AB with the direction vector of the line is zero.

AU+2+42+2+4=0 This gives you an equation which you can solve to
4 + S). = O ﬁndl.
1=
I
-7 24 v Substitute the value of  into your general
4B = (‘;_‘ 3:) = ‘|§. expression for AB.

9

The shortest distance is given by lﬂl

= [(=8)F + (-1)F + (-14)F
l/'BI - \‘ 9:,

=180 (3 ai)

So the shortest distance batwesn A and [

i~ ‘:239 or 180 (3 st

L]

A_B' s perpendicular to [, so direction of
-; 5 h Iti i
perpendicyiaris | =5 | o[ 1) Remember that you can mu-trpty the direction
14 vector by a scalar to find a simpler parallel vector.

L

A vector equation of the line through 4
1 5 A vector equation of the line through the point
perpendicviar to lisr = ( 2) + !l( ?)- ~——— with position vector a with direction b is
= 14 r=a+ ub where p is a scalar constant.
Seo the Cartesian equation of the fine is

"
+

x—1

1

y=-2
1 1

H



Vectors

You can use the principles covered above to give meaning to the constant, &, in the scalar product
form of the vector equation of a plane,

® [ is the length of the perpendicular from the origin to a plane 77, where the equation of
plane [T is written in the form r.ii = &, where fi is a unit vector perpendicular to I7,

® The perpendicular distance from the point
with coordinates («x, 3, 4) to the plane

with equation ax + by + cz=dis hsa? This formula is given in the formulae
lac + b3 + ¢y~ dl booklet and you can use it without proof in your
vad + b* + ¢t oo

Find the perpendicular distance from the point with coordinates (3, 2, —1) to the plane with
equation 2x -~ 3y + =35,

|2x3-3x2+1x(-1)-5]

Distance = — — —— = Substitute into the formula,
y2< + (=3)* +1°
I-&1
S . Remember to use the modulus of the numerator
;; as distance is always positive.
o

The plane /1 has equation r.(i + 2j + 2k) = 5. The point P has coordinates (1, 3, -2).
a Find the shortest distance between P and 17,

The point Q is the reflection of the point Pin I1.

b Find the coordinates of point Q.

A 71
a Cartesian eguation of IT = x + 2y + 2: = 5—— User=xi+)j+kand (,l”.(Z’ =5.
|1 x1+2x3+2x{-2)-5] ks

Distance = - = - :
\'1: + 2< 4 2
Sazal o g Using the formula "’“"_”‘*_"_“'_' d for the
Vo ¥ vat + bt + 2
b A perpendicdar vector to 11 is ' distance between a point with coordinates
a=i+2)+2k (ev, 3, 7) and the plane with Cartesian equation

R S ax+by+ez=d
Let Q have coorginates (X, vy =)

Let M be the midpoint of PO.
A normal vector to the plane ax + v + ez =dis
ai + bj + ok
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i The line joining P to its reflection Q will be
perpendicular to the plane, and £ and Q will
be the same distance from the plane. Draw a
, M, diagram showing P, , and the midpeint of PQ.
o b V@ Represent the plane IT using a vertical line.
(1,3, -2} (X5 ¥ 2

A vector equation of the line through P, M
! ) ( 7) @ Explore reflections in a plane
+ A

and Qisr= ( 2 g using GeoGebra,

M lies on this line so has gosition vector

1 + £
3+ 22
-2 4+ 22 75

14 4 1
M alsg lies on 11, :o( 3+ 21).(2) =5
-2 + 24/ \2 ! Use the fact that M lies on the line joining P and
1+A+223+20+2(-2+20) =5 @ and on the plane to find M.
3+94=5
A=3
1+5 | (%
M has position vector| 3 + 2 x g = ?;;
) ) 1
P is the initial point in the equation of I, — ( 3) is the position vector of point P, 5o if the
1 A 1 .—z 1 1
so it M has position vector ( 2) % 3(3) point on the llner=( ;)H@ withi=kisa
then P has position vector y i distance x away from P, then the point with
1 NE &g b 4 = 2k will be a distance 2.x away from P,
(3)+2x;(2)_ 3+2x3|=| 2
-2 2 K] 1o oy
2+ 2x3 -3 You could also use the fact that the midpoint of

335 ¥ the line segment joinin e s 1o 5 s
Foint 0 has coordinates (2232 ——_;J)-— foining Cry. ¥y 23) 10 (xa yor 22)
- .“".“z )'1*-"2 :,+32

g R




Example @
;=2 ¥—4 =46

The line /; has equation ~ 5= =y

Vectors

. The plane IT has equation 2x = 3y + == 8.

The line /, is the reflection of line /, in the plane /1. Find a vector equation of the line /,.

2 2
A vector equation of l isr= ( 4 ) - ;’.(-2)
-& 1
So P2, 4, -6} is 2 point on fine {,,

Let A be the point of intersection of /, ang 1.

18
(X ¥s 2
Adliesonliandon2x -3y +:=8.
2+ 24
A has positicn vector | 4 — 24 | and satssfles
-6+ A

Z24+20)-34-2)-G6+i=8
4+4-12+60-G+4i=8
1M1i=22
A=2
S0 A has coordinates (6, O, —4),
A perpendicular directlon vector to Il Is
n=2i-3j+k
A vector equation of the fine through P
2 2
perpendicular to IT is v = ( 4) - p(-B).

-& 1
Let @ (x4, ¥y, =y) e the point of intersection «—

.4

of this line and /.

Let M be midpoint of PO.

Miesonlnzandon 2x - 3r+ =8 sc

satisfles

22 +20)-34-3mW-6+n=5

4+4p-12+p~-6+p=8
14p = 22

"=y

2 2
So M has position vector ( 4) + Lf-(--?,)

Problem-solving

You need to find two points on the reflected line,

/>, One Is the peint of Intersection of /; and IT.
To find another point on £, choose any point on [
and reflect it in the plane.

Substitute the general position vector of a point

on /, into the equation for IT to find the value of
Aat A

Substitute & = 2 into the general position vector
to find the coordinates of A.

0 is the reflection of the point (8, 0, —4) in the
plane.

&-3pu
-6+

The general point on the line PQ is

2+Zp)
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and Q has position vecior
3
2 2 4
( 4)+2x 2(-3): -3 Q is twice a far along the line from P as M.
-6 1

. 58 38 _ 20
So @ has coordinates (3, =57 - 5),

A

is the hne through @ and A, so has

direction: .
'“: The direction of /; can be simplified to (—19) by

A

multiplying the expression for A0 by i

-4

G 5
véctor equationof L isr=| O |+ =12 |
4 4

-

200

Find the shortest distance between the parallel lines with equations
r=2i-j+Kk+i(-3i-4j+5K)andr=j+ K+ p(-3i - 4j + 5k)
where Z and p are scalars.

Find the shortest distance between the two skew lines with equations
r=i+k+A—=+i-Kk)and r=5i-2j+ 2k + p(di - 2j + 3k),
where £ and p are scalars.

Determine whether the lines /; and / meet. If they do, find their point of intersection. If they do
not, find the shortest distance between them. (In cach of the following cases £ and i are scalars)

a /[, hasecquationr=T7i+ 3j+ k + A(6i + 2j — 4k) and [, hasequationr=—i + j + 2k — 2pj
b /, hascquationr=2i+j—-2k+ A(2i—2j+ 2k) and /s hasequationr=i—j+ 3k + pli—j + k)
¢ /, hasequationr=i+j+ 5k + A2i+i—-2k)and /; hasequationr=-i—j+ 2k + uli+j+ k)

Find the shortest distance between the point with coordinates (4, |, 1) and the line with
equation r= 3i - j + 2K + u(2i - j = k). where j is a scalar.

Find the shortest distance between the parallel planes,
a r{6i + 6j - 7k) = 55 and r.(6i + 6] - Tk) = 22
b r=3i+4j+Kk+A4i+K)+ pBi+3j+3K)andr= 14+ 2j + 2Kk + 23]+ k) + p(8i -9 - k)
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The plane I7 has equation r.(10i + 10§ + 23k) = 81.
a Find the perpendicular distance from the origin to plane 7.
b Find the perpendicular distance from the point (=1, ~1. 4) to the plane /7.

¢ Find the perpendicular distance from the point (2, 1, 3) to the plane I7.
d Find the perpendicular distance from the point (6, 12, -9) to the plane 7.

1) Problem-solving

2
The line / has vector equation r = (- l) + ).( 21 et Mbethe midpoint of the fine segment

3 =1 joining P to its reflection in L This segment must
The point P has coordinates (3. 0. 2). be perpendicular to / and pass through it.
Find the coordinates of the reflection of the point P in the line / (5 marks)

The plane IT has equation <2x + y + = = 5. The point P has coordinates (1. 0, 3).

a Find the shortest distance between P and /1. (3 marks)
The point Q is the reflection of the point £ in I1.

b Find the coordinates of point Q. (5 marks)

A birdwatcher is located on a hilltop. Relative to a fixed origin O. the position vector of the
5
birdwatcher is ( 4 )km. The birdwatcher is able to spot any bird that
0.7
fiies within 500m of her position. A kestrel flies from point 4 to point B, where points A and B

3 12
have position vectors (5) km and ( 0 )km respectively. The kestrel is modelled as flying in a

] 1.2
straight line.
a Use the model to determine whether the birdwatcher is able to spot the kestrel. (7 marks)
b Give one criticism of the model. (1 mark)

The plane 1, has equation 3x — 2y + 4z = 6.

a Find the perpendicular distance from the point (4, -1, 8) to I1,. (3 marks)
The plane [ has vector equation r = 4(2i — 2j + 3k) + p(=3i + 3k) where 4 and j are scalar
parameters.

b Show that the vector 2i + 5j + 2K is perpendicular to IT,. (2 marks)
¢ Find the acute angle between 7T, and IT, (3 marks)
x+2 y=2 z+1

The line /, has equation E ~Eiad 1 g and the point A has coordinates (3, -1, 2).

a Find the shortest distance between A and /,. (5 marks)

b Find a Cartesian equation of the line that is perpendicular to /; and passes

through A. (3 marks)

2 4 1

The line /, has vector equationr=| =1 | + Al =3 J. The planc /7 has equation | -1 | = 4.
2 4 =l

The line /, is the reflection of line /| in the plane I1.

Find a vector equation of the line /5. (7 marks)
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Mixed exercise o

@ 1

2

@ @
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The line / passes through the points A and B with position vectorsi—j + 3k and i + 2j + 2k
respectively, refative to a fixed origin 0.

a Find a vector equation of the line /. (4 marks)
b Find the position vector of the point € which lies on the line segment 48 such that
AC=2CB. (3 marks)

Find a Cartesian equation of the straight line that passes through the points with
coordinates (7. <1, 2) and (=1, 3, 8). (4 marks)

Find a vector equation of the straight line which passes through the point A4 with
position vector 21 + 3j - 4k, and is parallel to the vector 2 + 3k. (3 marks)

3 2
A straight line / has vector equation r = (—2) - 2( | )
1 -1
a Write down a Cartesian equation for /. (2 marks)

b Given that the point (0, a, ) lies on /, find the value of @ and the value of b, (3 marks)

A straight line / has vector equation r = (i + 2j = K) + A(3i + j - 2K).

Show that another vector equation of /isr = (7i + 4j — 5k} + A(%9i + 3j - 6Kk).
: ¢ X . X+2 y=2 =43

A straight line / has Cartesian equation Sl e

a Find a vector form of the ¢quation of /. b Verify that the point (0, 8, 5) lies on /.

A plane passes through the points 4(2, -1, 2), B(1, 3. -1)and (4, 2, 5).
a Find a vector form of the equation of the plane.
b Find a Cartesian form of the equation of the plane.

A Cartesian form of the equation of a planc is 3x + 2y — 4z = I8. Find a vector form of the
cquation of the plane.

4\ /1 2
With respect to an origin O, the position vectors of the points L, M and N are (7) (3) and (1)

respectively, 7 \2
a Find the vectors ML and MN. (3 marks)
b Prove that cos ZLMN = % (3 marks)

Referred to a fixed origin O, the points A, B and C have position vectors 91— 2j + k,
6i + 2j + 6k and 3i + pj + gk respectively, where p and ¢ are constants,

a Find. in vector form, an equation of the line / which passes through 4 and B. (2 marks)
Given that Clies on £,

b find the value of p and the value of ¢ (2 marks)
¢ calculate, in degrees. the acute angle between OC and AB. (3 marks)

The point D lies on 4 8 and is such that OD is perpendicular to AB.
d Find the position vector of D. (5 marks)
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Vectors

1 5
Referred to a fixed origin O, the points 4 and B have position vectors ( 2 ) and ( 0 ) respectively.
-3

a Find, in vector form, an equation of the line /; which passes through A and 5. (3 marks)

4 1
The line /, has equation r = (—4) + p(—2), where u is a scalar parameter.

3 2
b Show that A lies on 4. (2 marks)
¢ Find, in degrees, the acute angle between the lines /, and /.. (4 marks)
0
The point C with position vector ( 4 ) lies on /5.
-5
d Find the shortest distance from C to the line /,. (4 marks)

Two submarines are travelling in straight lines through the ocean. Relative to a fixed origin, the
vector equations of the two lines, /, and /. along which they travel are
Liir=3i44j~ 5k + Ai - 2j + 2k)
bir=9%+j-2k+pudi+j-k)
where 4 and p are scalars.

a Show that the submarines are moving in perpendicular directions. (2 marks)
b Given that /, and /, intersect at the point A, find the position vector of A. (4 marks)
The point B has position vector 10§ — 11k,
¢ Show that only one of the submarines passes through the point B, (3 marks)
d Given that 1 unit on each coordinate axis represents 100m, find, in km, the

distance AB. (2 marks)

Find the shortest distance between the lines with vector equations
r=3i+sj~k and r=9-2j-Kk+Hi-2j+K)
where s and 7 are scalars. (4 marks)

Obtain the shortest distance between the lines with equations
r=3s-3)i-si+(s+ 1)k and r=(G+ni+21-2)i+k
where s and r are parameters. (4 marks)

Find. in the form r.n = p. an equation of the plane which contains the line / and the point with
position vector a where:

a [hasequationr=i+j-2k+i2i-K)anda=4i+ 3j+ Kk

b lhascquationr=i+2j+2k+i(2i+j-3k)anda=3i+51+k

¢ [hasequationr=2i~j+ K+ A(i + 2j + 2k) and a = 7i + 8j + 6k

Find a Cartesian equation of the plane which passes through the point (1, 1. 1) and contains

g , . x=2 y+4 -1
the line with equation SR TR
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A plane passes through the three points A, B and C. whose position vectors, referred to an
origin O, are i + 3j + 3k and 3i + j + 4Kk. 2i + 4j + Kk respectively.

a Find, in the form fi + mi + 22K, a unit vector normal to this plane. (4 marks)
b Find also a Cartesian equation of the plane. (2 marks)
¢ Find the perpendicular distance from the origin to this plane. (4 marks)
a Show that the vector i + k is perpendicular to the plane with vector equation
r=i+si+ui-k) (3 marks)
b Find the perpendicular distance from the origin to this plane. (4 marks)
¢ Hence or otherwise obtain a Cartesian equation of the plane. (2 marks)

The points A, B and C have position vectors i + j + k, 5i — 2j + k and 3i + 2j + 6k respectively,
referred to an origin 0.

a Find a vector perpendicular to the plane containing the points 4, Band C. (4 marks)
b Hence, or otherwise, find an equation for the plane which contains the points 4, Band C,
in the formax+ by 4+ ez + d=0. (2 marks)

Planes I7, and /7, have equations given by
Hin2i-j+ k) =0,
i+ 5i+3k) =1

a Show that the point 4(2, =2, 3) lies in I7,. (2 marks)
b Show that 17, is perpendicular to /75, (4 marks)
¢ Find, in vector form. an equation of the straight line through A which is perpendicular to I7,.

(2 marks)
d Determine the coordinates of the point where this line meets JT,. (4 marks)
e Find the perpendicular distance of A from /1,. (4 marks)

With respect to a fixed origin O, the straight lines /, and /, are given by

o))
ol3)-f)

where 4 and p are scalar parameters.

a Show that the lines intersect. (3 marks)
b Find the position vector of their point of intersection. (1 mark)
¢ Find the cosine of the acute angle between the lines. (4 marks)

The line /, has vector equation r = 6i + 8j + 5k + A(i - j + K), where £ is a scalar parameter.
The point 4 has coordinates (3, a, 2). where a is a constant. The point B has coordinates
(8, 6, h), where 4 is a constant. Points 4 and B lic on the line /,.

a Find the values of @ and 5. (3 marks)

Given that the point O is the origin, and that the point 2 lies on /, such that OF is
perpendicular to /.



Vectors

b find the coordinates of P. (5 marks)
¢ Hence find the distance OP, giving your answer in surd form. (2 marks)

Relative to a fixed origin O. the point 4 has position vector 61 + 3j + 4K. and the point B has
position vector 5i + 2j + 6k. The line / passes through the points 4 and B.

a Find the vector /TE G (2 marks)
b Find a vector equation for the line /. (2 marks)
The point C has position vector 4i + 10j + 2.1_1._}

The point £ lics on /. Given that the vector CP is perpendicular to /,

¢ find the position vector of the point P. (6 marks)

With respect to a fixed origin O, the lines /; and [; are given by the equations

A )

where 4 and p are scalar parameters.

a Show that /; and /, meet and find the position vector of their point of
ntersection, A. (6 marks)
b Find, to the nearest 0.1°, the acute angle between /; and /.. (3 marks)

5
The point B has position vector (— 1 )

3
¢ Show that B lics on /,. (1 mark)
d Find the shortest distance from 8 to the line /5, giving your answer to
3 significant figures. (4 marks)

The plane # has equation r.(2i - 2j + 3k) = .
The line / passes through the point 4 (1. 2, 2) and meets Pat (4, 2, ~1).
The acute angle between the planc P and the line /is a.

a Find o to the nearest degree. (4 marks)
b Find the perpendicular distance from A to the plane P. (4 marks)
Two aeroplanes are modelled as travelling in straight lines. Aeroplane A travels from a point
120 200
with position vector (-80) km to a point with position vector( 20 ) km, relative to a fixed
13 5
-20
origin 0. Aeroplane B starts at a point with position vector [ 35 | km relative to 0. and flies in
10 2
the direction of | =2 |.
0.1
a Show that the flight paths of the two acroplanes will intersect, and determine the position
vector of the point of intersection. (7 marks)

An air traffic controller states that this means that the planes will collide.
b Explain why this conclusion is not necessarily correct. (2 marks)
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Challenge

1 a Show that the equations 4x — 2y + 6= 10and -2v+ y-3z=-5
represent the same plane,
4 -2 6
b Hence explainwhy thematrix{ -2 1 -3 |issingular for all
a ‘b’ e

possible values of a4, b and ¢

¢ Findvalues of @, & and ¢ such that the matrix equation

4 =2 6\ [/x i0
(-z 1 -3) ( y) E (-5) has
a b e/l \z i5
i no solutions

ii Infinitely many solutions.

@ The points A, B and C have coordinates {4, —4&, 5), {0, 4, 1) and
(0, 0, 5) respectively, Find the centre and radius of the circle that
passes through all three points.

Summary of key points

1 A vector equation of a straight line passing through the point A with position vector a, and
parallel to the vector b, is

r=a+/b
where 4 is a scalar parameter.

2 Avector equation of a straight line passing through the points C and D, with position vectors
c and d respectively, is

r=c+Ald-c¢)
where 4 is a scalar parameter.

01 b]
3 Ifa= (az) andb = (bz , the equation of the line with vector equation r = a + 4b can be given
ady b
in Cartesian form as:
X—@ y=ay Z—dy
by b, by
Each of these three expressions is equal to 4.

4 The vector equation of a plane is
r=a+4ib+ uc, where:
« risthe position vector of a general point in the plane
« ais the position vector of a point in the plane
« b and c are non-parallel, non-zero vectors in the plane
« Jand u are scalars
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5 A Cartesian equation of a plane in three dimensions can be written in the formax+ by + ¢z =d
a

where a, b, ¢ and d are constants, and (b) is the normal vector to the plane,
¢

6 The scalar product of two vectors a and b is written as a.b (say ‘a dot b’), and defined as
a.b = ja||bjcos ¥
where @ is the angle between a and b.
A

A

¢ b

ab

7 If a and b are the position vectors of the points A and B, then cos (Z40B) = Tallbl

8 The non-zero vectors a and b are perpendicular if and only if a.b = 0.
9 If aand b are parallel, a.b = |a||b|. In particular, a.a = |aj®.

10 ifa=a,i + a,j + a;kand b = b,i + b,j + bk

iy bl
a.b= (“2). bz = u,b, “+ (lzbz + a,b;
(15} b3

11 The acute angle @ between two intersecting straight lines is given by
a.b

|al|b]
where a and b are direction vectors of the lines.

st =

12 The scalar product form of the equation of a plane is r.n = & where & = a.n for any point in the
plane with position vector a.

13 The acute angle 8 between the line with equation r= a + Ab and the plane with equation
r.n = k is given by the formula

i
|biin|

14 The acute angle # between the plane with equation r.n, = k, and the plane with equation
r.n; = k; is given by the formula

sinfl =
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15 Two lines are skew if they are not parallel and they do not intersect,

16 For any two non-intersecting lines /; and /; there is a unique line segment AB such that A lies
on f,, Blies on [; and A B is perpendicular to both lines.

"
"

%I

18 The perpendicular from a point P to a plane [7 is a line drawn from P parallel to the normal
vector n.

19 ks the length of the perpendicular from the origin to a plane 17, where the equation of plane
IT is written in the form i = &, where fi is a unit vector perpendicular to I7.

The perpendicular distance from the point with coordinates (@, 3, 7) and the plane with
equationax+by+cz=dis
|aex + b3 + ey —d|

ik + b+ &
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Review exercise

® 1

A=(g

e

a AB (1)
b BA (1)
¢ BAC (1
d CBA

0 3 1 0
M-(_l 2).1 ¢ o= ( )
Find the values of the constants, @ and A,
such that M* +aM + bl = 0. (3)
+ Sections 6.1, 6.2

A (ah

Find an expression for 4, in terms of a. b,

cand dso that A* = (a + d)A = A, where 1

is the 2 x 2 identity matrix. (3)
¢ Sections 6.1, 6.2

1 2 b
Amatrix AisgivenasA=|3 0 |

2 =1 2
3 3 -l
Given that A* = (7 5 - I). find the
9 6 =1
values of @ and b. (3)

« Section 6.2

”)B—["’ ]c (4) 3
S el EP) 5 A= { 4
where p and ¢ are integers.

Determine whether or not the following
products exist. Where the product exists,
evaluate the product in terms of p and 4.
Where the product does not exist. give a
reason.

(1
€ Section 6.2 6

, where p is a real constant,

Given that A is singular,

a find the value of p. (2)
Given instead that det A =4,
b find the value of p. (2)

Using the value of p found in part b,
¢ show that A*— A = k1, stating the

value of the constant k., (2)
+ Section 6.3
-1 Z: 0
- 2 ] g {3 p)
a Find A~ (1)
b Find (AB). in terms of p- (3)
Given also that AB = ( v ]
¢ find the value of p. (2)
« Section 6.4
kK I =2
A=|0 =1 k
9 | 0

where & is a real constant.

a Find the values of & for which A is
singular. (3)

Given that A is non-singular,

b find A" in terms of k. (4)
+ Section 6.3, 6.5

')p J 2

A=|3 0 0 |wherepisareal
-1 1 -1

constant.

Given that A is non-singular. find A" in

terms of p. (4)
+ Sections 6.3, 6.5
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Review exercise 2

_(* -q)

A= - where p and g arc

NON-2ero constants.

a Find A, in terms of p and ¢. (3)
2

Given that AX = :i: Z;q),

b find X, in terms of p and g. (3)

& Section 6.4

Three planes 4, B and C are defined by
the following equations:

A X+ y+ z= 3

B: 2x- y=-2z2=0

C: 3x-2y + z =-1
By constructing and solving a suitable
matrix equation, show that these three
planes intersect at a single point and find
the coordinates of that point. (5)

« Section 6.6

A llama farmer has three tvpes of llama:

woolly, classic and Suri. Initially his flock

had 2810 llamas in it. There were 160

more woolly llamas than classic.

After one year:

* the number of woolly llamas had
increased by 5%

* the number of classic llamas had
increased by 3%

* the number of Suri llamas had
decreased b}' 4%

» overall the flock size had increased by 46

Form and solve a matrix equation to

find out how many of each type of llama

there were in the initial flock. (7)
< Section 6.6

Three planes have equations given by
X=2y=pr==2
2x+py+ 5=
x+3y—2z2=—p
Where p is a real constant.
Given that the planes do not meet at a
single point

a Find the possible values of p (3)

EP) 14

b Identify two possible geometric
configurations of the planes, stating
the corresponding value of p in each
case.

(5)
4 Section 6.6

The matrix A represents a reflection in
the x-axis.

The matrix B represents a rotation of 135°,
in the anti-clockwise direction, about (0, 0).

Given that C = AB.
a find the matrix C
b showthat C:=1.

2)
2)

¢ Sections 7.2, 7.4

The lincar transformation 7'is
represented by the matrix M. where

a b
M= ¢ d

The transformation 7" maps (1, 0) to (3, 2)
and maps (2, ) to (2, 1).

a Find the values of a. b. c and d. 4)
b Show that M° = L. (2)
The transformation 7' maps (p, ¢) to (8, <3).

¢ Find the value of p and the value
of q.

(3)
+ Sections 7.1, 7.6

The lincar transformation 7" is defined by

[x 2y~ x!
T’(.V) ( 3y )

The linear transformation 7 is

represented by the matrix C.

a Find C. (1)

The quadrilateral OABC is mapped by T

to the quadrilateral OA'B'C’, where the

coordinates of 4", B and (" are (0. 3),

(10. 15) and (10, 12) respectively.

b Show that the line y = 2x is invariant
under this transformation. 3)

¢ Find the coordimates of 4, Band C. (2)

d Sketch the quadrilateral O4BC and
verify that OABC is a rectangle, 3)
4 Sections 7.1, 7.6
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31 -1
A=|1 1 1 Lu=zl

O SR

a Show that det A = 2(u - 1).
b Find the inverse of A.

a
b | when

¢

The image of the vector

31 -1
transformed by the matrix ( I 1 1 )
3 53 6
| }
6

¢ Find the values of @, h and c.
« Sections 6.3, 6.5,

is

The transformation R is represented by
the matrix M. where
3 a 0
2 6 0
e ok d
and where «, b and ¢ are constants.
Given that M = M-,
a find the values of a. b and ¢
b evaluate the determinant of M

¢ find an equation satisfied by all the
points which remain invariant
under R.

M=

¢ Soctions 7.5,

(2)
@)

EP) 20

3) 21

7.6

EP) 22

23
5
@

(2)
e @

A triangle T, of area 18cny’, is transformed

into a triangle 7" by the matrix A, where
[k k=1
Tl=3 2%
a Find det A in terms of k.

Given that the area of T"is 198cm’,

b find the possible values of k.

+ Sections 6.3,
3

3
3

A ).keR-

. v
The matrix M =

~

2
2 2
rotation followed by an enlargement.

a Find the scale factor of the
enlargement.

3) 25

3)
1.3

v2
3 represents a 2%

(2)

b Find the angle of rotation.

A point P is mapped onto a point P
under M., Given that the coordinates of

P are (p, ).
¢ find, in terms of p and 4. the
coordinates of P.

Review exercise 2

(3)

(4)

+ Sactions 7.4, 7.6

The linear transformation T is represen

by the matrix ( 1 0)'

Show that the line y = k — 1x, where k
is a real constant, is invariant under 7.

Use the method of mathematical
induction to prove, for n € Z*, that

Zr(r-&- 3)= %n{n +1)n+5)
r=1

Prove by induction that, for all n € Z*,

v

D@ =1 =10 @n=1)2n+1)

ol

The rth term. a,. in a series is given by
a,=rir+ 1){(2r+1)

ted

(4)

(6)

(6)

Prove, by mathematical induction. that
the sum of the first » terms of the series is

-:-n(n +1)¥n+2)

(6)

Prove, by induction, that for all n € Z°,

Zr:(r- l)=Tl§n(n- D+ 1)3n4+2)

o= (6)
& Section 8.1
Given that f{n) = 3% 4 2%+7,
a show that for k € Z°, flk + 1) = f(k)
is divisible by 15, (3)
b prove that. for all n € Z*_ f{n) is
divisible by 5. (4)
f{n) =24 x 2% 4 3% wherenisa
non-negative integer.
a Write down fin + 1) - fin). (3)
b Prove, by induction, that f(n) is
divisible by 5 for n € Z*. (4)
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33

27 Prove that the expression 7" + 47 + 1 is
divisible by 6 for all positive integers n. (6)

EP) 28
EP) 20

Prove by induction that 4* + 6m ~ | is
divisible by 9 for all » € Z*. (6)
Prove that the expression 3% ~' +2%-' + 5
is divisible by 10 for all positive integers

. (6)

+ Section 8.2 34

1 ¢ .
A= ( 0 ,,). where ¢ is a constant,

EP) 30

Prove by induction that. for all positive
integers n,

1 (20~ l)t)
0 2"

i~ 4

Prove by induction that. for all positive

integers n,

[ n+1
—dn

av=| ®
+ Section 8.3 35

A= (6)

+ Section 8.3

n
-2+ 1 )

EP) 32

Derek is attempting to prove that 2° + 3
is divisible by 3 for all positive integers n.
He writes the following working:

® 36

Assume true forn=k,s02' + 3 s
divisible by 3.
Considern=k + 1:

22 +3=2x24+3

=2(2'"+ 3}-3

By induction hypothesis 2) + 3 is
divisible by 3, and 3 is divisible by 3,
hence 2! + 3 is divisibie by 3.
Hence by induction 2* + 3 is divisivle
by 3 for all positive Integers n.

a Explain the mistake that Derek has

made. (2)
b Prove that 2* - | is divisible by 3 for all
positive integers 2. (4)

4 Section 8.2

212

The line / has equation

gERE

A and B are the points on / with 2 = 4 and
A= -1 respectively.
Find the distance 4AB. 4)

+ Section 9.1

The points P(1, -1, 3). O(a. 3. 8) and
R(5, 7, b), where a and b are constants,
are collinear. Find the values of @ and
b and the vector equation of the line
through the three points. (5)

+ Section 9.1

A3, -1,4), B(1, 1, 2) and C(4, -2, 0) lie
in a plane.
a Find the Cartesian equation of the

plane. 4)
b Write down a normal vector to the
plane. (N

D is a point in the plance with coordinates
(2, k, =2).
¢ Find the value of k. (2)

+« Section 9.2

The line /, has vector equation
r=l1i+ 5]+ 6k + i(4i + 2j + 4k)

and the line /4, has vector equation
r=24i+4j+ 3K+ pu(7i + ]+ 5k)

where 2 and ;1 are parameters.

a Show that the lines /, and /. intersect.
(3

b Find the coordinates of their point of
intersection. (2)

Given that @ is the acute angle between /|

and /.,

¢ find the value of cosf. Give your
answer in the form AV3, where k is a
simplified fraction. (3)

+ Sections 9.3, 9.4,9.5
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The line /, has vector equation
r=8i+12i+ 14k + Ai+j- k)

The points A, with coordinates (4, 8, a)

and B, with coordinates (b, 13, 13), lic on

this line.

a Find the values of @ and 5. (2)

Given that the point O is the origin, and

that the point P lies on /; such that OF is
perpendicular to /,,

b find the coordinates of F. (3)

¢ Hence find the distance OP. giving
vour answer as a simplified surd.
« Sactions 9,3, 9.4, 9.5

Referred to a fixed origin O, the point A
has position vector a(4i + j + 2k) and the
plane IT has equation

£.(i - 5§ 4 3k) = Sa
where a 1s a scalar constant.
a Show that A lies in the plane /1. (2)
The point B has position vector
a(2i + 11j - 4k)
b Show that B_/{ is perpendicular to the

plane I1. (3)
¢ Calculate ZOBA to the nearest one
tenth of a degree. (3)

+ Sactions 9.3, 9.4 42

-1

The plane IT has equation r.( 2 ) =k
where £ is a constant, ' %
Given the point with position vector (- )
lies on 11, I
a find the value of k (3)
b find a Cartesian equation for f1. (2)
The point P has coordinates (4, -3, 2).
The hine / passes through P and is
perpendicular to IT, The line / intersects
IT at the point N.
¢ Find the coordinates of N, 4)

+« Sections 9.2, 9.5

(3) @ 41

Review exercise 2

@ 40 The line / has Cartesian equation

x=1 ¥y*+3 2-3
i . The plane IT has

Cartesian equation 2x 4+ y === 3.

! intersects the /T at the pomt P.

a Find the position vector of F. (5)

b Find the acute angle between the line
and the plane at the point of intersection.
Give your answer in radians correct to
three decimal places, (5)

+ Sactions 9.4, 9.5

The points 4 and B have position vectors
i—j+ 3k and 4i + 3j — 2k respectively.

p—
a Find |AB|. (2)

b Find a vector equation for the line /,
which passes through the points 4
and B. 2)

A second line /, has vector equation
r=6i+4j-3k+ pu2i+j—-k)
¢ Show that the line /, also passes

through B. (2)
d Find the size of the acute angle

between /, and /.. (3)
¢ Hence. or otherwise, find the shortest

distance from A to 4. (3)

+ Sections 9.4, 9.5,9.6

The plane [T has equation
—=3x+ 2y + 3z = -7 and the point P has
coordinates (-1, 2, -3).

a Find, correct to three decimal places,
the shortest distance between P
and I1. (3)

The point Q is the reflection of the point
Pin Il

b Find the exact coordinates of Q.  (5)
& Section 9.6

213



EP) 43

Review exercise 2

Two fish are modelled as travelling in
straight lines. A shark, swims from

2
a point with position vector( 3 ) toa

-2
point with position vector ( 11 ) both

11
relative to a fixed origin O and with units
given in metres,

A flounder, starts at a point with

2
position vector (0) relative to O, and
1

-2
travels in the direction of (-l).
3

a Show that, no matter how fast either
fish swims, the shark will never catch

the flounder. 7
b Give one criticism of this model. (1)
« Section 9.5

Challenge

1

2

214

Find the 3 x 3 matrix representing the single
transformation that is equivalent to a reflection
in the plane x = 0, followed by a rotation of 270°
about the y-axis, followed by a reflection in the
plane y =0, + Section 7.5

The points 4, B and C have coordinates
(~2.-3,0), (-1, -1, 3) and (1, 1, 1) respectively.
Find the centre and radius of the circle that
passes through all three points.  « Chapter9

The diagram below shows two different ways
in which four non-parallel lines can divide the
plane into regions:

11 regions 10 regions

Prove that if n non-parallel lines divide the
plane into r regions, then

Znsrsibr‘-bnirzl « Chapter 8

@ For question 2, consider angle ABC.



Exam-style practice

Further Mathematics
AS Level
Paper 1: Core Pure Mathematics

Time: 1 hour 40 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

I With respect to a fixed origin O, the lines /, and /, are given by the equations:
for=(=3i+5k)+ A5i-j+ k)
lor=(10i = j+ 15k) + p(6i - 2j + 4k)
Show that lines /, and /, do not meet.

2 k 3
2 M=(l -3 l) where k is an integer.
3 -1 2
a Find det M, giving vour answer in terms of &,
Three planes A4, B and C are defined by the following Cartesian equations:
A:2x+ky+3z= 1
B x-3r+ z=-2
C:3x= y42z= 3

4)

3)

b Given that the planes do not meet at a single point, determine whether the three equations

form a consistent system. and give a geometric interpretation of your answer. You must
show sufficient working to justify vour conclusions.

3 The cubic equation
=37 -Tx=1=0
has roots a, 3 and ~.
Without solving the equation, find the cubic equation whose roots are (2a - 1), (28~ 1)
and (24 — 1), giving your answer in the form pw® + gw? + rw + 5§ =0 where p, ¢, r and s are
integers to be found.
4 a Prove by induction that for all positive integers »,

n

Zﬂ = %nl(n +1F

rel

b Use the standard results for 2 r* and E r to show that for all positive integers n,

" rel r=l
> (e + 1) = 2ntn + 1) +2)
r=|

¢ Hence show that n = 1 is the only value of » that satisfies

D 2r+1) =42u:r"
rel

(3)

(6)

(6)

4

(5)

215
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Exam-style practice

fiz) =" = 142" = 782 + kz + 221, where & is a real constant.
Given that z = 3 — 2iis a root of the equation f(z) = 0,

a show that = - 6z + 13 is a factor of (=)
b find the value of &
¢ solve completely the equation f{z) = 0 and show the roots on an Argand diagram.

The plane [T has Cartesian equation x — y+ 2z =3,
a Find a unit vector fi normal to I7.

0 2
A line / has vector equation r = ( 3 ) - J( 4 )
-1 -3

The line intersects IT at point P.

b Find the coordinates of P and the acute angle between /and /7, giving your answer in
radians correct to two decimal places.

Frances makes silver jewellery beads. g
Each bead is formed by rotating the curve shown
through 2x radians about the x-axis

Each unit on the axes represents | mm.
Silver costs £0.05 per cubic millimetre.

-V

a Find the cost of the silver needed to make 500 beads.
b State one limitation of this model.

5
V2 2 y
The matrix M =| . '5 represents an enlargement followed by a rotation.
a3 " BH

a Find the scale factor of the enlargement.
b Find the angle of rotation.
A point P is mapped onto a point P under M. Given that the coordinates of P’ are (a, b),

¢ find. in terms of a and b. the coordinates of P.

Shade on an Argand diagram the set of points
. ® B
{EEC:I:-zﬂﬁ:”l’\{:EC:5<arg|:-2+ll"-4—}

A stolen car is modelled as travelling in a straight linc from a point A(5, 3, —1) to a point

L))
(N
4)

(2)

(7

(6)
(N

(2)
(2)

)

(6)

B(7, =5, 8). The police arc waiting for the car to pass at a point modelled as the origin, O. The

police have a ‘stinger” that they can deploy to stop the car. The ‘stinger” is 6 metres in length.

a Given that each unit in the model represents one metre, determine whether or not the police

can successfully stop the car.
b State one limitation of this model.

N
)



CHAPTER 1

Prior knowledge check

1 a 5/2 b 6,3 ¢ b5

2 a o ) e 1

3 4:\"1—63
28 i

LR TRATY

Exercise 1A

1 a 3 b 71 c 11 d 1004
[0 lSi_ I i.S_ K 2iy 3 h 35
i 1082 j 73

2 a 13+110 b 5+2 c 441 d 3+2
¢ 9+% r 7-4i g A+ 2 h 22+2i
i 11-5i j 0O

3 a ld4+4i b 24-12i ¢ 12+ 51 d 24+ 71
e 3-21 f 3+3 3+ b s

4 a 2/2-12 b i—n.‘ﬁd:s-:.ili

5 a 12| b 14

6 a=-10b=11

7 a -3s+4 b 28-12i c 43-13i

B oo zswelu+b)sle-Ddi)le2a
b z-w=(g+bl)—{o-6i)=26

Exercise 1B

I a zezlli b w2210 € zw=2ivl3
d z«22iy7 e w2206 f :-zéi

2 a z=3207 b z=7:2203 ¢ z=-123|

3 a z=-122 b z=1=231 ¢ z=-225i_

R SN __-B=i/11

d z=-521 (‘.-:12 == 7

4 a ::-—j:'—“—l b :=%z5]'4§| c a:t—'OL%QI

5 Zi=4+/blandz,=4-51

6 —4d<ch<cvddor-211<b<2/11

Exercise 1C

1 & 11+231 b 364331 ¢ 15+231 d 2-110i
¢ -5-23 [ 39+808 g -77-36i h 10§
i 54-621 J —A6+9

2 a 4 b 53 ¢ They are both real
d (o + bike - bi) « @® + &, which is real,

3 aaT ba-boras«1s, lr---—z

4 a -1 b 81 ¢ 2 d -6

5 8La=0b=-8

6 -119-120L s0 real part is-119

7 a -2l b —49 - 66§

8 Substitle z = 1 -4iinto fz) to get fiz) = 0

9 a P=-LF=1 b P=lLl*=-1LF=-{,I*=1
¢ 11 (TR iii i

Challenge

a o+ biiea® - 0%+ 2abi

b a’—h‘=40.2ab=—42=:-a=%
DY 44007 431 « 0 o (b5~ 90" 4+ 491 « O
bh=-3b<0)ra=7 b2-49w 7 -3l

1 a 8-2 b 6+5 ¢ §+3 d S5-i10
e 8 z+2*=12,22%=45 b z+2°=20.22*=125
¢ zat=F =3 d z+=2/5,22*=5
& 11 27 a 25 o  §
3 a = px | b —;64-:-6' C ?4‘—‘-‘ d S A i

Answers

4 L;i-%l $ ] 3
5 a ;--}.l b %OE] C —3'
6 243
7 6+8i
8 4 s*le-32+'“'12 16 2 d
8- 21 $+¢21 66 3
i 1+9 1 9.
? TS 1 e 82 a2
10 24 _B-12ZR <121 10 7\21
z-3 N-wall«w2) 3 3
11 z—21=6-44-2D_16-28i
= THe24-20 20
t=t=i-F122=1+%i
12 p-7i§2- 51l 2p-35 —op 14
2 +5i42 -5 29 2‘)
13 i—\J?u ll’+u_ ll
* B4 ya+4 21 21
18 a p+ 5 p+21 p’-lD«rxpl
p-2i p*Zl 44
2 - 20w pt +
ple24 - pa2i6
vh
b %?TI
Exercise 1E
1 a -1+5,-1-51 b -2 c 26
2 a 4+3,4-31 b 8 c 25
3 a 2-3 b Z-4z:13=0
4 a 5+i
b E-5-0z-G+=0
Z-Beile-5-iz+B5-i5+01«0
F-10z+20=0=p=-10,0g=20
5 ZF+10z+41=0
6 F-2:450
7 .-6..+‘¥4 0
8 a .’.=-+-l
b {: |c4 ‘;"H- ‘f‘v“}
=gE —z{-, gll *vﬂ‘(!‘g”“ Y‘J
=%-3z+% so p-—'¥q 5
9 z-Beqgiliz-15-gi)l «2" - 10z + 25+ ¢*
wdpullw puais25+q'adlwgad
Exercise 1F
1 a 2)=8-24+42-26=0
b 22 z22+Fi0rz=2-3i
2 a Substitute =« J into fiz).
b b=3c=6 i5
¢ :=%,orz=—;:'zl
3 3-‘}0'118"!."‘1 4
4 a C-1-4sMz-T-4-il=z3+8z2+16+1
“+ 8z 17
b zad,zadsiorza-4-i
D a4 a8 b=«25 b -1, -4+3i,-4-3f ¢ -9
6 a 3-1 3 b c§=-l>6.d=-60
7 -;.-'!4»'—2‘4&»4!—;—‘?!
8§ a k=-40 b 2-41.2+4
9 2 -2 2iamd-2i

217




Answers

10 a (=*=9)=' - 122 + 40) b ze23,6=21
11 -3+, -3-4L,2+3Hand2-3i
E-2-3M:z-12+30=2"-4z+13
12 a8 128 -4z+ 132 bz+ )
“«Zi - 102247122+ Q=+ 42

b=-6=34
b Q=-214 ¢ z2=2+3,2-3.3+5lor3-51

Challenge
bhulcn2 dud,ew-8f«16
Mixed exercise
1 a 6+i b -6+12% ¢ 50-22i
2 -2(11("(2}‘]4
3 3+41/3.3-13
4 (1+21P

=19+ 51421 + 10117421 + 100117219 = HD20° + 200

=1+ 101+ 401 + 801" + 801+ « 32/

=1+ 10] - 40 - 801 + 80 + 32

=41-38

Substitute = = 3 + | Into A2) to get Rz) = 0.

a 4-2 b -14-2i e -1-|

45 - 2801 -&3) _ 45-28.3 {-45,3 - 28)i

(1 +v3ik1 -3 i 1

A-7i _W-7U3-0_12-25i+7% _,

3+1  (3+i3-1 10 R
¥l b -3

_ o+ billa = bl _ a? + 2abi + 2§
e - mumbu‘ o - b

a’ ' Zab ).

-~ =

x®

3
-3i

4 ®

10

4+ql r;o.n 3q-"rq g+ 15

q-—51 7+ 5i q+25.q~+2:)

%:-‘-:uwzwo25:0:0:-1.0:-25
b e iy e 5

12 r+yi+4ijlx -yl =-3 + 18i

r+dyl+ Wr+yi=-3+ 181

rrdya-3dx+yelBes gl ye-2

IO¢602#3N=18¢391#18!‘=3‘

2 - 352 + 3 4 -9

lq + 3144 - ql) Tq 12 q~

11 a

13

14 -

Migid-gl 7°+16 ¢+16
158 64+ 2i b &-12z+40
16 E=6G.m=4

17 z=2+4L2-1or4
18 za-2, 1+ 3i0r1-3i
19 a k=16 b -4iand -3 B N
208 b=4c=10 b z=06,-1,-2+6ior-2-,bi
21 3-20. 3+ 2L W6 and <1v6 -

2 —_18 b V15, VR 15,
22 a p=-1 1.4, —,+Tux Tl
Challenge
a [farootis not real, the other root must be its complex

conjugate, but only real numbers are equal to their
conjugate

b z+PFlz-F=z'+27+1

CHAPTER 2

Prior knowledge 2

1 b+3P+iy-6«25

2 a 6-3i b 21+3i e 2435
3 a 13cm b 67.4° ..

é zad 222§
Exercise 2A
1 lm{
d(-2.5) «
e (0, 3)
- =
1 5 oIW2,2) «ai7,2)
(£ "
hi-4,0)
= 0 e
.
ci-6, -1
eh (5 —4)
2 Ima

T 4

18, 4)

(6. -7)

218 @D Fuiworked solutions are available in SolutionBank. #



§|

(2,9 "

aw-100«7
L 4

Z=-10+71
.

=

.
Zy=-3+ 2

0 Re

-1
=

p==-17.q«10
b Im
5 ==17 4101

.

-
2;=-8+ 51

o

=1

:"
1}
-
I
=

8 & z,=3-landz, =3 -1 Other way round aceeptabile.
b lm &

o .. Re

9 a 2 - 19  + 643 - 600
b {3l.4+21,4-2i

v Im &
.l4. 2)
X
o < e
4.-2)

Answers

Challen
BRI W PO U N PO W
THRNR T R R e 2
b Ly
- “i.;!' -
v L 0 Ll v »
-1 —% i I Re
._ﬁ_ .

¢ (0, 1) and (0, -1) are on the unit circle.
L1y (¥3Y : . .
‘_E' + (7) « 1, 50 other 4 points also lie on the

unil circle.

Exercise 2B
1 a Modulus = 13, argument = 0.39
b Modulies « 2, srgumnient « X
¢ Modulus = 375, argument = 2.03
d Modulm:Z-?.argmnwt:—%
e Modulus =113, arguament = -2 42
I Modulus = (137, argument = 1.92
g Modulis = (15, argument « -0.46
h Modules < 17, argument < -2.06
2 a i B8a272 i §
b i |>sﬁ:5\2 ii %
¢ i T2a6/2 i 3
d i -F-a-'i il -%I
3 a Im
v o
(10, -9)
b -292
4 a e+ B +40 w90 168 + 241w -T + 241
b 25 ¢ 185
d s Ima
-7.24)
3.4
0 e
5 We6ll -0 10620 . .
A R M M=D T X
b \%6 2 2142 ¢ 0.20
- 3+2p
6 A (T]’( 3 )l b pal
(26
AT &

d Argand diagram showing z, =3 4 Lz, = § + 31and

219



Answers

7 a 4+6i . b -20+ 48§
¢ H2=213 d 197
8 a l6+6i=v72=06+2
b 14+ 2o + B2 - 41 ‘lﬁ-l!lua+lm
ZedZ- 4D
(«iaﬁlb] (-w 30},
C a=b bhe-1 d -0.81
9 a 45«35 b 046 € ie2
10 a -1 -idl=1-1F 43 =4 =2
p 2 H1-W31-W3 1 3,
= .-l + hgl:-‘ ~ l\-q-' ? 2
: 1 '
= S (5]
PP - 4 2" 2 3
b e
)@ Tl et B Y A
5++3 22 .
12 Using sine rule; i) = —— ! « 2,63
-y Bl singz| .
Exercise 2C
1 a 2s'2{cos—+lsln—) b 3(om.—+|sjn )
¢ Sfeos2.21 +isin2.28)  d 2lms—usln-—]
¢ J20(cos(-1.95) + Isin(-1.95))
I 20(cos= + isins)
g 25(cos(-1.29) + isin{-1.29))
h S\EIcus-:ilfisin?}
Moo EY « 1einf_EM 5 3z
2 a i-ll,(lb( ) Isin( 3)] b —§4m50.46 isin0.46)
¢ l(cm-—nsm—-]
3 a 5i b %¢%i e =33+ 3i
d -%-ﬁl e 2-2i r 252
4 a -2+2103
b -2 + 213 shown on an Argand diagram.
5 p-7—‘_'q‘_%
i 543
6 - -b = 5
Exen:lsezb -
1T ol 15z=30 I argz,zi= T.
1] 30(oos—+lsm 3 ]
b i 'h“dl} 13 il argiziza= 1—325
o 1
iii 8(00-5 + isin 1z
2 a |5 =zj=32 -l‘-x."::—;'
-3 l"u
b [5] -2 anZ) T
¢ l-d-64-arg!-x!--"—;
3 a cos30+isin5@ b -1 ¢ —%x
d 3.2 e —3-i P -5/3 +5i
g cos3f+isin3®  h 3-3l
4 o cos3f+lsinde b 242 c '411
d cos(-54) + lsmt-.:m or msso- Isin5¢
5 a :-6.3':0:3-?’-—9!‘311!6
b | u'=.3‘cmlz¢lsln12|
ii 18ms| u-.u.l
iii 6(ma—< lsln4)
220

Challenge
a H 2. II’":

3

= Z(ms— +isin=

3)

F= 128((,'«)55 3 lslns) =64 + 6413

E=64

A TR S S
b --I(»{.cos3+lsln3)_ 8 -3K3

p=-8

¢ All polnts lie on the same Hne as shown. The values of &
and p ane the values of the scale factor of the enlargement

Im & 7 = 64 + 64y3
zal+iy3
_ G Reo
HAu-B- Biy3
Exercise 2E
1 a Im b lma

|

Py S
£
o ==
E‘

g |m11

0 Re

-1

1 4

T Ll
L

-8

@D Full worked solutions are available in SolutionBank. #



i Im

il4+30kand(4-.39%
H5+4.3and5-4/3
m

b x=5F+|y+7PF=25

¢ 2arctani?) - Tu —0.330 rad (3 5.1)
4 a4 -dFs(y-3F=8

b lim 4

X

7~
(14, 3) /

q Ite

w

o
Y

€ Pl =3l =13
i Ima

“

(32

e
¢ 251 rad

Answers

a Im b [ 4
of 2 | 6 Re 3 0 T Re
red X w2
c Im d Imgy
L&
a| Re
w=25
y=-3
-6 o Re
=24
e Im f Ima
%y BRe
gy=7
<~
o - 2-“'-- ﬁo
o
3 0 7 fe (8,2
B2 {0, -6)
y::{l’—ﬁ
i - 10, 6)
5
\’,Q(o.gp
:* \(;.m
3,00 0 L die
b S |
J
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Answers

0
¢ Im¢

0
©

222

-3,.0) Re
Im 4
1] -
A N . :
3
“\
Imé
7 fto
i .

b Usa the cosine rule to find |z = 22| - 5 = 0, solw to
gotizi=-1+ V6

e =602 + 4 and 2] =6/2 -4

b |-2.38.7

Pl DR

o 2 Re
b zaf2+ D +3i
15 ab L N =
Z I & argiz—2-1)» 3
= 10, 8) e /
== = — 20 = k- 8i|
L4
10.2: /G _____
(#) é Re

@D Fuiworked solutions are available in SolutionBank. #



16 ab Im

lz-3+2)|=4

/'_\

SN\

¢ a3+ 202 bu-2-22

17 & z=4+4i3 b a:g{:-s).23_"
I8 a mu//
(.
(—4.0) ] Re

b Hence the minimum value of fof Is |o. = 203
19 a Im 4

| l‘
Maximum wuue olarg(. +15-2i=
sinfz) =

5224»? 153
=0=2 OI(S‘D(V|§)

¢ [-B+V2Z.4-/Z)and -8~ /Z 4 +2)

Challenge
037<ne2 7

Answers




Answers

+
8 [ argl..—-l-?ﬂ%
E-2l=-6-
argl=-4-2i)«0
e
6 a ly=-22x-272 Hx+1F+p=9
b z==Z2+ 282 0rz=-2§
¢ lma
Challenge

w
rTE ST
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~1 + 2i, =1 = 2i are two ol the roots. These roots can
he used to form the guadratie 2° + 22 + 5.

(2= 1)z + 22 + 5) = [iz), 0 third root is 1.

Argand diagram showing -1 + 21, -1 - 2i and 1.
Siclos of trianglo aro v¥ .8 and 4, (8 + L8 =42,
-1 44l -1-45,2,1

Argand diagram showing abave roots,

dx -yl

3 -by«0 e xu-2y

Gy =3 fpu

_%__,.z

2

10

12

-

b

i
b
¢
d

.{\;gand diagram showing the point z « 5 - 4
y U
-0.406 rad

Im

3,1 (4,2)

V2 ¢ -I-i d -==
la* - 161 + Sai
.3:20&81
y2z=la*+2a-16)
n=-1

zw-1+4di

|2 =TT =412
args - 1.82
Showz=-1+4L 2 =-15-81and z*°+ 2z=-1T on
# single Argand diagram.,

- 3+5M2 +0 ¢ 3.

'L ur

< (8 + 8ol

2-D2+D * ©
|zl =170
argz =149
P w-3+ 4
t-z=-4:2
-4 3 2il = I“—""‘ + lZ" = 020 = 215
2.68
Y
-4,2) |(1,2)
L .
2=z 2
0 x

d-3 -4 »3 © 250
3

2

a+3i= Ser —ch,

2+al -l+a‘ d+a° "

for argz = = real and imaginary parts must be
eeusal 4

waleSa-6b=0

w aw-horl
[ calmot e negative otherwise argz is negative

=1
) =~2(cost |+|slnl——”and
= -Z(mx[-:;) rinn(a))
P22 ii -f
i-3 i A
el =12 - Zi =12+ (23F=/16=4
Args = —=

-1

arg(z) = 1i2

@D Full worked solutions are available in SolutionBank. #



13 4\'§(mx(-§)+ism‘-f))
48 x+1F+(y-1F=1
b Im

E+1-jj=1

d - thu=D-1
;:' l!"l-\gfl

2,4}

Max value = % oy

0N_ 3 NC g b
“olZl= e s

L inf L
:24» 2+2urcsm('§]
17 0 Im

b (3.9, 3.86) and (1.14, -1,03)
¢ <0< -041,041 << g

IS a Imy

(-5. 5)
—l e
(6,3
0.5
0 1

N
o
:

NI \&‘

—
—

Answers

19 a yalx+3
b 6+6i
c Iy

3 /
hy I\\ s
O T

20 a i geux-2
Hlr-2F+y =8
~2i, 4+ 2i

=2

Img k-2=2y2

Challenge
a Ima b 3v2-3

z==-3-3i

CHAPTER 3

Prior knowledge 3

1 (x+3)r+2)

=1z = 4)

(Zr = J)x + 2)

(ke 1Nl +k+2Z) = (hk+ 1)k+3)
k4 1201 4 28%)

2k - 11k +35)

Exercise 3A

1 a l6 b 820 ¢ 210 d 4950
e 775 I 15150 g 610 h 3240

(5}
agpne

m(2n - 1)

-1 =1

b Zr-Zr— 2r-n(2n- lb—{,nlln 1)
ol Lol

~l

wludn -2 -n-1)«Ln@n-3) e dnin-1)

225



Answers

5 Zr- Zr-z:r- L(2n)2n + 1)~ }in - 2Mn - 1)

a1
= 2'(2n(2n + 1) = ln = 1)t - 2)) = 537 «

=+ 2030 - 1)

6 @ Zr—Zr:%M(an)-;n‘nlr 1)
~ r~l
=gulnlnd + 1) = (n+ 1) =Zaln* + w-n-1)
= gain® - 1)

b 3276
7 a 4365 b -28485 ¢ 2576

8 a 2(3r+2)-3ir+ zil-gm. 1)+ 2n

~l sl =l

- gnf30n = 1)+ 4) =

2 2 24
b D (5r-4)a5) r- 43 1=32a)2ns 1)~ 420)

~i ~ ful
-.m(Znoll- I(m2 In=m10u - 3)

c Z(zna) 2Zr+3§:| =(n=2)n+ 3+ 30n+ 2)

el ~l

= m + 2i(n = ‘” 3= lu + 200+ 0)

i Zl4r+5) 42u5£1

e [ ]

=4(Zr-Zr)o. > -in)

=l [N} i el

b =21

én(:&n +7)

=4l%nln+l]—3)~5(n-Z]:Zn’o2n—12~'5n-10
-2n=¢7n-22-12n+ll)lu—

9 a }:,w 5)-4\;,-.}::1-41“:»-..&

-

=2k 2k - 5k = &(" 3&'
b 51
10 a=7,0=-3
-l

11 a 3 (s 1e3) r+ D 1wdtdn- 1dn+(4n-1)
-~ ™~ r=1
=6nld4n - 1)+ 4n - 1) =En - 1iGn + 1)
=24n*-2n-1
b 14949

ke 2kl

Zu 50 = —:Zr . 42

- ——I2L + IM2E + 2) - 4(2& +1)
w520+ Nk+1)+ 42k + 1)
w28+ IN-SCk + 1)+ 4) w2k + IN-3k-1)

=—(Z2&+ DISk+ 1)
b —102"

c Z(Sr 4>_-Z(4 5r) = ~(-540) = 540

12 a

13 I gir) = 2. then ng =1 + n, Hence fir) = 2r + 3.
14a M=4r-1 " b 210

Challenge

n=4

Exercise 3B

1 a 30
d 24502500
% 173880

b 22140
35023500

¢ 19270
[ 379507500

226

k)

2 a ) _r=k2aM2n > 1)dn + 1) = iniZn + 1)id4n < 1)
~1

Ia-1

z,-«-gzu — 1)ZaN2A2Zn - 1) + 1)

]

“

b

=12n(2n- l)Hn- 1) = ini2r - 140 - 1)

o oraomdon

~ el
«$n(2n + 1640 « 1) = Lin - IaH20n - 11+ 1)
«Luf220 + 1)dn + 1) = (0 = 122 - 1))
«tn(16n* + 120 + 2 - 20% + 3n - 1)
= faln + 10140 + 1)

Zr‘ 1m‘ln-r’ l)’mxdsn}:r‘ knvk)‘(n+kvl)‘

a

E" Zr’ Zr’ 130 (Bn + 1) - Lot + 1P

[ | l

,mmmw-wun

=§n‘(81n‘-n‘+54n—2n+0- 1)
=n20r* + 130 + 2= n4n + 150 + 2)
213200

L ™ -l
Lr-3r-3
Lt d2n + 1) - (n - 1)

= 10160 = 160 =4 - '+ 2n-1)
=250 « 6m + 1) = 3R%r < 150 + 1)

1(2nPi2zn + 1F - i - 1Pn*

3159675
9425 b 25420
10507 320 d 393825

Y ire 2N+ eI rreTI re 1031
~1 ™~ dl ~i
“lnin+ 1620+ 1)+ Zrdn+ 1) = 100
«ln2n® 4 3n+ 1+ 210 + 21 + 60)

« gl + 120 + 41)
51660

Z(I‘?3r+ 11-2:* dznZn

ni ~l

-zn(n+lK2n~ 1)+§n(n+l) n
= g2+ 3n =1+ 90 <94+ 6)

- §u(rr‘ +bn+ 8= %n(n + 2Mu + 4)
a=2hb=4
72(!!)

Zr-ir— I)-Zr -D

--‘a-(n + 1) - ;Jl(n + l)(Zn =1
= frln + 1N3nln = 1) - 2(2n = 1))
= 1gfln + 1)(3n% - r - 2)

P

Y rtr-n

~3

= 5i2n - Di2n - 1) + 1320 - 17 - (20 - 1) - 2)
w22 — 1)(12n% - 14n +2)

w Jn(2Zn ~ 1607 = To + 1)

@D Full worked solutions are available in SolutionBank. #



0 a 3 irtlired)=2 r+42 re3o. 1
™~ ~1 i ~i
«tnln + 1M2n + 1) + 2ain + 1) + 3a
= dniZa®+ 3n+ 1+ 120+ 12 + 18)
= ta(2n* + 150 + 31)

b jnl14n® « 45n + 31)

Ma D reMrsd=D f+7) r+120.1
™1 ™~ i ™~
=l + IN2n + 1)+ Znln + 1)+ 120
=inf2n® + In+1+21n+21+72)
=l + 120 + 47

b Znl(13n® « 48n + 47)

12 a ir{r +3F= Zr’ “ (nzr’ + 95.:r
~) 1 ~t

=204n + 1F + aln + 120 + 1) + gntmr D
wnfn + Diain + 1)+ 420 + 1) + 18)
=nim + 1)n® + 9 + 22)

b 59070

13 a Eczr-n-zZr-thtmn-tn-t-nz
b #=9

14 0 Z(r"—r’):Zr‘—Zr-’
~l -~ ™~
=tnfn + 10 - Znln + 1)(20 + 1)
= 5nln + 1)3n(n + 1) - 220 + 1))
-nrdnv1K3u-—n-—2)-1'!a(nollln—llSan)
b n«4

Challenge

a8 fy=10x2r- 1 0x)=30"-3x+1,
[lr)=4x" -6x* + 4xr -1

b CGivenMxizax’ < br* + ex+ d,
mhin) = ant + o' < en® + dn

= tal () + Mr) + e + diien = Z:gm
~l
for gtr) = afdr) + blyr) + clidrl = df,ir)

Mixed exercise 3
1 a 55 b 1230 c 385
d 3025 e 37400 f 24001875
g 75640
2 a2n-In b Luin+ Din+ 2)
¢ e+ 1in+4) d nbe+ 140’ + 3u+ 1)
¢ 2nin+ 12 - 5) £ intn+ 1in-4)
K im2nt s 3n-29 h Lalw® + 40° + 5w+ 10)

3 21900 :

4 a D‘ir—l!laZr’-SZr‘
~l i ~)
=40 4+ 1) - Jatn 4 1020« 1)
=-:-nln+ Dintr + 1) = 2(2n + 1))
=inin + 1Mt - 4n - 2)

S0ue-3 02
b 35490

Answers

“
[

Y14 -4 re 30

~y ™l ~i ™~

=Zuin + 120+ 1) - 2rln + 1)+ 0

=nln + 1M2(20 + 1) - 6) + n = Fnln + 1i4n -4} + 0
< Lofdn? — 4 + 3) « Lof2n - 1420 + 1)

b Znldn - 1¥dn + 1)

6 a Zﬂr 2)= Zr’,ZZI

r~l
*a{ne 1M2e + 1)+ aln + 1) = Lufn + 1§20 + 7)
b 9160

= 2 "
7 a Zr’:Zr’-Zr:
el ~1 1
= HZnNi2Zn) = 1)(2(2n) + 1) - tnin + IN2r « 1)

= Latzn « 10240 = 1) = n - 1) = 2n2n + 1(7n = 1)
b 8215

MR B TR, 3 O, )
~1 ~t "~ )

«dnln+ 1020 + 1) - duin + 1) - 1« lole® - 9)
b 21049 & n= 7

9 a Zr(Zr‘ol)- Zr‘ Zr-la*(mw Inin+ 1)
-.-n[n-ll»(n»l)*l)--n(u»llln‘+n¢l)
b IOOZH Zr--n(u«rlnzot)n*‘):)

Now leer‘ “11= mer« ), then

rel
winlns I v+ 1) -“;n(n + 14200n + 97)
=taln + IN307° = 01 + 1) = (2000 + 97) = O
« taln + 14307 - 1970 - 94) « 0.
Buta =0, n=~1and 34° - 1970 - M has
d{scrimlnam 39937 whl:'.h is not square.

10 a Zr(r- 1)’=Zr'+22r’o27
- ™~ ~i ~l
=+ 10 + Snin + 1020 + 1) + Sl + 1)
“ gyt + 1) + 2)(3n + 3)

b nwl10
11 n«15

Challenge
RO N IN2is =) G4 s g
~ ~1

Then use the formulae for sums of {, £, i" 1o obtain the
result.

S-Sl

AR

-3 55
=Laln+ 1F(n+2)+ %;f’ t %Z.:’

=gghln « 1F(n + 2) « Sntn + Di2a « 1)+ Sala = 1)

« gpttlne + 1)in7 + 5n + 6)
= ggttln = 1in + 2)in + 3)

227




Answers

CHAPTER &

Prior knowledge & e o

1 a x=-2=+i b x=1201S

2 -2and1+] 4

3 a8 -1and3 b 4and8 ¢ —yand
Exercise 4A

HESEET T 3
2 a3 b 3 3 d -3
sai bl r g
4 el bl cu-b

D aub,ba5cx1

6 a=2b=2,¢=1

7 a ~1+4i b ba2 ¢al?

8 2

9 -16

10 6 -
11 k=vZamim= 23 ork:—.?nndnu%
12 a -2 b -26 i

13 0 24 b ¢>3
Exerclselos

1 a -3 b =3 ¢ -1 d 3
2 a -5 b -13 c 17 d 169
3 a3 T
4 0=4.b=-12,c=11,d=

5 a=20=-5,¢c= 22d=—10

6 a=16,b=-4,¢=-32,d=15

7 a8 ad+ 3y +r0=003y=—-

Iy
bigeldalyud Vi 12
a af+Fyrrawli o e baZardvs) b 9
9 & Yes - there are two other real roots, so o* couldn’t
also be a root,
b m=13,n=12, 0 =3
10 a ~-land3+i b -20
11 owZamhe2orasSand ke
12 a=1c=32,d=12
13 a=3,0=352.d=T68

Challenge

It all three roots are real, then the three expressions

will elearly all be real, so assume there are two complex

conjugate roots, a = i, and one real root, r.

a atd+ryerslosbilrla-bilar+20cR

b od+3y+a=ra+bl)+a=+biia-bi)+la-bir
wZar+ ¥+ PR

¢ afr«ra+bia-Dbil=rda*<b)cR

Exercise 4C

1 a -3 b ; ¢ 3 d 3

2 a -2 b -3 ¢ 5
d 1 e {,

3 a -3 b 2 R |
d 3 e 16

4 a -2 b —’, c -3
d 3 e 5

5 (1-12 badD cw2h de-20,6u-12

6 ubba-1l.ru9 dud en-2

7T a=72,b0a-102, p=-25,d=53, re-12

8 x=1.3.50r7

9 I=§"}'%°r:u

10 a 3 b m=-60.n=45

228

11
12

a 2 b dw-494,¢«420
8 a+3+B3+0+B-D=F=40+43+35=0

a3 = IN3-1= I(M-'iz-z-m:4n‘1-‘=0
b -1,-1.3+L3-Lp=11,9=44

¢ Ty
3+
51 =%
0 Re

13 a b(l—3i‘, 10(1°3' 3(1—31' 41-3.)
1431 ~40«0
=+ 4
2 '2."
c Im S e
2 =
-.‘J a 2 HRe
Exercise 4D
1 a3 b 9 e 10 d 28
20§ bE e 4%
3 a X b c
4 a —% b 10 c 38 d -7
39 2
S5 af ME c¢T W3
6 afx b-F ecF dF G
7 a 2 b -1 ¢ 16
8 a '33-7 b ] e 3 d ;r?, e ;1.
23 349
9 a ™ b > =
10 4 a+desvebads 4+ mae9 ad) «15
b i3 i 18 ifi 11
1M a a+dsv==2 a8+ +50=0ah= —;
b i 4 i -’%3 lll-.,

-
~N

13
4

15

16

las G+ =+ 3+ Yo+ F + w4 2Had + Gy + all
=o'+ P e +alF + 9% « Ho® +49)
+ (ot 4+ F)+ 200 + 1+ Nod+ 3+ a)
{as 3+ lad+ 3+l
=afi4+ Fat+a®y + Y50+ Py+P2343ah
=aolF+3)+ Hlat+ )+ Hat+ F) + 3o
farsde+ 1V =ay e+ Uas 3+ )Nad = 37 +0)

- 30

s P iy s+ 3497 =3+ F49N03 « Hy 4 9n)
?30."'

a -12 b a+i+y=008=-11 c 12
a Ya=0Y0i=2Y0d=1a#s=3
b1 :'; i -3 il 7
a2 b Lﬂ'—L g=1, Zn -:—% ¢ %
()__nl =la+d++0F

-y QJ’f"1§122(n.’?.‘,'-+‘(-ffo’| + 35+ ad)
wotr PP e F=Yal -2f+Fredrav+ 35

+ nd)

@D Full worked solutions are available in SolutionBank. #



Exercise 4E

I a4 w-100"+23w-9«0
b ' - 1o’ + 24w+ 40 « 0
a 3w+ 23w+ 520+ 31«0
b 240’ - 16w — 10w+ 1«0

N

3 wW-9%sHNwe-79=0
¢4 wWerllet+3w+9«0
5 wW-duwls1llw-531«0
6 a 20+ 120°-4507 + 54w -81 <0
b 2w+ 120% = 190° 5 1200 = 2=0
7 8 w+dwe'-1200° + 3200+ 80=0
b w's 1’ + 3307+ 48w+ 33=0
8 a w+her'-1200-2Tw+27=0
b 3w -Ter—o® +8w—2«0
Challenge
a w'-Tuw+ 1T -25w-34«0
b [FTTY
0 S Re
Mixed exercise 4
1 a=250,6=325,¢=110,d=-7, e =-6
2 A ad+ M+ medT adveb2 pe-a-5-9
b ~10
3 a -Z-i3 b -15
4 =17, 130r19
5 a 3
b d=7.¢e=-2
b & (“2+l+1=2-ll+9+0==2=~+0=-2=1
(-24i)(-2-if =B85 w58 u 85-,6-1:-0
b Roots: -2+, 124 m=14n=058
« Ty T
-2 +1
Re
-2 -\
I -4

T o0 AUZ-51- 1602 - 5iF + 11502 - 50F + 42 -51)-29=0
Iy 2‘.5!.&;-
v

Re

Answers

8B a ﬂ""--‘ﬂj'";" n-{;L (»Jy-?
b1 n-£ i L
9 a7 b E:u'—Zn.}z%.Eu.hz-;:.' c %
10 a -30 b 0+1+',-0.r|‘d-:—z;- C —;
11 207 + 9" + 3% - 104 =0
12 a Ju' -2 - 10w’ + 280 + 64 = D
b 2u'+ e’ » 210 « 4300 + 298 « O
Challenge
1 w-1wsw+1=0
2 w+dwtsw-1=0
3 w-5uw-1+1=0
CHAPTER 5
Prior knowledge 5
1 a 64 b 2 ¢
2 4 i
3 _{'-xh?x-(,d::l:—i
Exercise 5A
1 a 640z b 3 © 48= d ¥
2 250m
4 8= 5
5 a (3.0 b s
6 597
7 B
8 a=:—,
9 yera['rdr <zl «zrth
Challenge
a5
'!‘ll
Exercise 5B
1 a -?: b %n’ ¢ 32 d 140167
2 <f iy} dy--[;},«aw] 03
3 ay b 10421 "
4 a 6 b =
6 a4 ¥-Zslaysyaix-1F -
-y g«vl(y>0]-.:‘-y¢ ‘wtl
p 2487 -
3
7 8«
8 l.-Mh o
) L )
y qux-i-x -_
= . o
9 -rbdy-FL‘g! *J] 1rih
Exercisesc
a "fv b "—?:
¢ Rotation about x-axis: r=13.5 k=9
Ve 3afl3.50 x 9= 15
Rotauonnboutgaxn-s r=9 h=135
"-snxq‘xl"a.:i—h'
2 a Substimte 12, 8) into both equations,
b %SQ‘”E:%?
3 a Salve the equations simultaneously to get x = 2,

y=4
Bi4,0)
b 5’%‘:

229



Answers

¢ a A~ 2 2) aml B2, 2) b
5 -'g-n - -Tu = -rx
6 2-!7
7 l(rr 67 = 107
194~
B 15
9

a4 x=-Zand r=,2 b 6398

Challenge

s - Yy 3 55 = 5O

Exercise 5D
1 a 5=k=15 b i:-xk‘m’

¢ The actual tent would probably not follow the éxact
same shape as the model

9 32768 ...
15
3 a lbom b 2dx
¢ The solid formed by rotating about the x axis, as the
solid formed by rotating abowt the g-axis will have a
fatter, dise-shape which does not closely match the

shape ol an egy
+ r]'y'dy 5x8 = bub25em
5 a 193cm b 3162.8cm” ¢ 759ecm*®
d 50.9% or 0.509
6 a 3258y’
b Yes, Vplume of water al a height of 10cm is

280.2 cn®, With the extra 50 cm’, this is greater
than 325.8em”, so the water will overilow,
7 4806w + 2592x = 745.2%

Challenge

139

e

Mixed exercise 5

{ G

N g

2 a -" b T”

3 a X¥+ridxsdeapyepgulrs2F
- xe -2 ad-dy+y
u

4 2= b

=
5 2
342+411F=45
3 x2+ -| x4.5 =24
s
a 17.6x - 08r = 16.8xem?
b e.g. the shape of the holder is unlikely 1o exactly

follow the curve
7 12)‘Y 4 =10 NU

3437
§ =237

10

Challenge
& R=xy*=slri-29

b Ve [ ol - 2% de « 27 fxi
= 2z|rx - 4] w2 -

Review exercise 1

1 a 4-{G5+pi b Sp+d4m c

2 A -2w3zk<2i3 b 0,1=:2i

“
=

- x% dx

5= g

wlw
|
St

230

WO W

11

12
13

14

16

A3

343
-—

3,
2 2

5 3%
" Z

r=3.4=-
a3 b -
-1+L-1-L-3
a 21
8 [ZF-3z-402+2z2+4)
b -1,4.-1s1W3.-1-1V3
3+L3-L1-2L1+2
a 1+i3,1-i/3.3 b
2 -4
N lma

b 24312

Z- ‘” L (cos{-T6") + isin(-T67))

- 11—7(cus 76" + i8in76")

1.318 radiam. 1.823 radians
a fma

-9, 17)

-

2.06 ¢ 1-2
[z f=|5+if «25+ 126

=

?l-\

s -2+ 3P uds9u1datil
e F
n
Fo(-F=d-dis i =d-4-1=3-4
2-2iand -2

!mI
; e

L - -

d |o,-2F=-2-2F+(-2F =25 e -
o Im

LU

o p

>

o Re

b |zf=202, f,| = /10, PQ = V2

@D Full worked solutions are available in SolutionBank. #



C Ef+PFaB8+2«10x|5f 50 20)0sa
right angle,

d -1+1

[0os2x + | $inZr)(cos9x + § sin9rx)

17

leos%x — | sin9xlcos9x + | sin9x)
_ {eos2x cosYr - sinZx sinYx) + HeosZy sinYx = sin2r cos9x)

00570y + sin*0x

_oosllx+isinllx

1
n=11
IS a Im

b maximum value of 2 is3 445
minimum value of |z} is 3 - 5

19 a Im 4

20 a iy

fie

Re

(&

23

Answers

lm,
0 Re
(-3.-1)
Y
o Re
............... @ R e
-3.-1) 2,-1)
: ¢ 4-1
3=
T
I
2
Re

25 ier- 1)=-‘:,ur'- rs 1)-4ir’-4iron
(5 rad ral el

= Snln + IN20 + 1) = Zrle 4 1)+ = Lold — 1)

231



26

27

29

Answers

):m* n-ZH 3Zr

= m(r: e 2)(:: +3)

0+ 1 = a4 1)

a Zdzr- )= ZZ} Zr

el i

%n(nf 120+ 1) = Lol + 1)« Lot + 14n = 1)
b 17730

a Z((w‘dr-a] oZHer S

"~ ~i
-n[n«vll(ZJH—l)oZ.n(u«rll-:m-n[Zn’vSn-Z)
b 32480

i zr(rfl) Zr‘ Z

~l =l

=2nin+ 162m = 11+ 3nln + 1 =nln + Din+ 2)

b Zdr¢ l)-Zr{r’ l)—Zdr# 1)

el rel

« 13n)3n + 113 + 2) = Lo - Nnln + 1)

« Lnf 260 + 270+ 7) = 2iiZn + 14130+ 7)
pelldg=T

3028 p=3.9g=-L.r=-2
b 23703950
31 a -12 b 0% ¢ 3
320 4 b 35-7 ¢ =
33 o' + 30+ 1w - 2340
34 a w30 - 180 + Sl + 324=0
b wt+ 20 - 8w+ 6w+ 79=0
35 a | b 22
4 15
36 5
37 247
38 a 20
b V=x/"100 - {y - 208 dy = = ["40y - 5* - 300 dy
] .
= vl20g* - % - 3ﬂ0yl
= g{b()lb’—a"?—lh‘-aﬁ—wm-aﬁ
¢ £ID4.72
¥ a 24 mm b 13.6 grams
¢ Any valld reason, e.g the gold may have vaids or
impurities, the actual dimensions may differ from
those modellad, answer is given 1o too great a
degree of acouracy,
Challenge
1 0
Im
3
0 2 3 8 ﬁu)
h 3
2 a 2r+4
232

b Zu. Za,-Zu.

)

-(lan‘ 5(2")I-((n-1)’-a(n—lll
=3+ Tn+4=(n+1N3n+4)
3 w-6uw-20w-200=90
CHAPTER 6
Prior knowledge 6
w (6 -2
a (,) b (] ¢ ()
2 a4 x=T.y=~3 b :-—{?.y-—f!
Exercise 6A
1 a 2x2 b 2x1 c 2x3
d 1x3 e I1x2 r 3x3
1 0 0
2 01 00
0010
0 0 0 1
3 a=06,b=2
8 - 2
L 5(2 89 <o
5 a Notpossible b (-g) c (11 4
d Not possible e (3 -1 4
I Not possible g -3 1 -3
6 aub beldca2 de-1
7 a=4,b=3.¢=5
8 a=2,b=-2c=2.d=1.e=-1,f=3
7 2 -1 8 3 -7 -1 -1 6
93314)"(-1—78)(‘-48-4
1 4 -3 -1 -1 -4 2 % 4
di el ba-5¢cab i gud bu-9ca-1
1 0 [ 2)
19K (12 -18, 5 (2 _3) c |3}

d A and B are not the same slze. so vou can't subtract
them.

13 -4 -2 -8
s (-1 ) A lo —12)
R
G 33
. &
14 0 9 0 14 -8
12 a (7 -G |) b (o -6 -4)
2 0 2 1 7 6
= | i
3 6 21 X e
¢ (w -27 l) e e
5 3 by O | 1 4
: " 3
13 £=3.x=-1
14 0=3,b=-35.¢c=-1.d=2
15 a=5,b=5,¢=-2,d=2
16 k=3
17 a k=2 b peliged r=12
18 a--b.b.-«i.c-z.d-o.e-g.k--z
Exercise 6B
1 a I1x2 b 3x%x3 ¢ Ix2
d 2x2 ¢ 2x3 r 3x2
3' <21
2 a (6 b (-4 7)
-3 -z -1 1 -4
3 a } b (0 q)

@D Full worked solutions are available in SolutionBank. #



: . -6 -4
4 a Notpossible b (_3 -2)
¢ Not passible ‘7’)
e (-8) f -7 -0
2 b-a Z2a
ly <
3r+2
& [ 3x12)
-3 3 -2 13 =21
.8 {-w ol ¥z 13} ® .36 -13
(34 k7 2k 34k 2k
8 a | k-1 L .\1-1)
7T k 9 4 24
W5 d ("7 g 5)
1 4 1 6 2xk
s 01 b (o 1 - (0 1 )
‘2 0
08 (4 o b 3
-8 -14
11 a (-4 -7 b (=16 29
0 0
=
IZn(l) bi-3 2 3
-2
®e o T _an 240 (
¥ - 1 + ) 2 -2
b ar=({ g 3=1510 0+3] (f 3)=A
o 2 -z z'o -2+0|_j2 -z
M=I0 )( 0+l N+3 -( )’A
14 ,\n.fm 2 uMAC.( ),‘,,\B,M.(” 1'0
B‘C‘(-l -1)
2 -1y 5
0 AIB+ )« 2](__ -]) HEPARYL R
- 1 241 2
15 A"[3 )(3
s 0y (7 4
2a+51=(¢ 3+l J) 6 7
2as+c+1 be 2+¢
16 1 20+0+1 ac-1
alr+ 1 2-b bhve
17 a=3.b==2
_(p e 2\ _[(pa+12 2p+3q
s '\B'(G p‘](‘l Q}_((»Q--lp 12 + pg
M_(q 2)p 3]~(pq712 2p + 3q
4 0(6 pl \6g+4p 12+ pa,
19 p=2.9=-3
Ouallmgz , l
1
o (0 0 b (_1 -1)
Exercise 6C
1 a 10 b 6 ¢ -3
d o e 21 (g
2 a -3 b -5 ¢ 1
3 k:?-aS.k:Z*J
& Fu-dilui =
5 4 detA =0, detB«0 u (0 e

Answers

6 a b b -56 ¢ 1 d o
7 a 20 b 17 e D
§ 17
Y : g
- 0
10 a dm 2|w 8‘ 5{‘3 +3]

- 200 - 40]-:)(—!6—!2]03( 20-0]-0
7 6 7
b (-z -10 -4)
1¥ 7 12
10 -4 -2 -4 2 -10
e dotaB)=770 62 o7
= 7(=120 + 28) 6{-24 + 52) + 7(-14 + 130)
w0
|
] _ol® I _ya 0
S)’O’,-c(:l “ & 3 ﬁ.b -cl
=0 -abc -abe =0 g
3 63 _ 63

12 Determinant =257 + 10r+ 44 =2{x+ 2| + 2= > 2=
forxe® ( 2 2 2

So determinant » 0, therefore matrix is non-singular:

13 -1,0.3
14a 7 b k=-25 c |‘ 13 “_;‘5

d detMN = 26+ 23 =49, detM detN =7 x 7 = 49
2 4 6
15 a -35 b -4 c(3 914)
-20 6 5
2 4 6
3 9 14‘
20 6 5

w =70 = (-35] x 2 = detA x detB

0 n
11 dm(—a 0
b -

d dettAB) =

Challenge
1 (-1 -1 (1 ~
‘l l]l I ] ( ) ( 1)
I -1 (1 -
{l -l.l'l-i Hl —IH -|
0 0 (1 0 0
o (0 0"[0 0]'(0 O'I'(l 0}'(0 l)'
I 1(1 Oy /0 Iy (0 0Oy {1 1
‘0 Oj'[l o,l'(o I.I'l l}'(l 1)
Exercise 6D
1 a Non-singular Inverse = ; ?g
b Singular ' ¢ Singular
d Non-singular. Inverse = (,; 21’ e Singular
0.3
r \(:2 stl:';uls:r Inverse = (0 6 -0.4!
S ( l+a >
-1 -3
b (‘; g) (provided o = 0, &= 0)
b b
3 a INVABC=A"=(B'BC=B'A"
= CA BHA“Al = B
’ Ll 5 1 4
4 a BeA'C b( 2)
5 a A=C hif%

233



Answers

2 4 -3
6 o1 2
i 3
7 (-z 1)
0 -1
1 |20 -b -3 2’)
S oty
* 2ab)\-4a 3a » (-l 3
9 0 AB=ABA=AB=B=A'=BB'=A"=1I
! b n c di b a
b oAB- (¢ fhman(b 2)a(c ol
Hancga =dand b=c. 3
108 ko3 o2k 2l
11 a —( "") b pe3
12 a F+3k+12 =
b Deleruuuunl-‘k+—| + 9.75 = 9.75, 30 nan-
singular
« k--l
-2
e 2a*® - ﬁl-3 a]
b —l’gﬂ-—\q{
Exercise 6E
1 00 1 00 1 0
1 al0 F 2| b0 3 0] [0 3
VR -
0L & 0ot 0 -3
i -6 -1 % =% 3 2 -5
23(-34 l)b -+ % 3]l -3
R O\ § N P
D P \
“1 01 ¥ T E
3a(o 1 o)b 0 -3 3
2 0 2 XX
3 2 O
Z 1
% % —3'; ~1-0 1 X ¥
¢ BIAY 0-;;(0 1 o): 1 -3
11 1f¥2 0 -} T |
N | E 4 3 3 >3
= (ABF*
ot A plle 8= lR Y
» . d”“‘“zil ql OII al "3 |
=24-1)+30k-1)1=30k=1)
3 3 -3
bm{—n(x-qk 5 3%k-2
k-1 =2 2
5 u=«-4.baB ¢l
2 -1 /2 <1 I\ =3 & B3
6 a A’=(4 -3 (D}(4 -3 ())=(—4 3 4
-3 3 UV\-3 3 1 3 -3 -2

2 -1 1\/-3 4
Alwl 4 -3 0)|4 5
~3 3 WU\3

-3
-3 4 3
b (—4 5 4
3 -3 -2

234
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1).((. Lo
0o 01

)

M - O

4

43

o =

4

bl W

e

I

~

Ul 4=

' IS [ (v S | 1 -2 1
a Af= (3 -3 1)(3 -3 1)= (-6 15 -1
0 3 2/\- 3 2 9 -3 7

34 4 -2 1 -2 13 0
A’-(3 -3 ?)(—6 15 —) (39 -54 13)
0 3 2/\9 3 7 0 30 n

13 13 0 15 0 0

13A - 151 = (39 -39 13)- ( 0 15 0)

0 39 26 0o 0 15

-z 13 O
= (39 -54 13} A
0 39 11

-2

151« 13A - A%

T = 3
¢ -,';(ﬁ -2 1)
9 3 6

a detA « N 212+ 6)+(12-0)=0
£ 63

-6 16
b(s -8 —6)

ESA-F « T3AA! - A1 w 131 - Af

-3 &8 6
2 0 1\/-6 3 -3
¢ A(Z'-(-& 3 —J(w -8 8)
0 3 -4/\12 -6 6
-12+0+ 12 6+0-6 ~-H+0+06
(-24~48-24 12-24+12 -12‘24-12)
0-48-48 ~24 4+ 24 0+24-24

a All valups of &

) 3-k G-k
b Ho 5 5
1 k-2 £-4¢

anos
o o N
-

0
-8

4 :

-3 -4
{32) where A = (b 5 —7). detA=111.
4 6

So A is invertible, there is & unique solution to the
set of equations and the three planes meet at a single
paoint, (1, 2, -2).

£1440, £1250, £310

500 brown, 250 grey, 1250 black

4 n=2

b Not consisient. The three planes meet in & prism.

1 4 ¢
-3 Z -
= z 3 :3'1[2 2|’4|v -:Ztl"’ﬁ 33
=1-6+3q) - 44 + 3g)+ 92q - 3q)
«-b+3g+ 16-129-¢4°
-—q‘-Qq*lo
detM=0= ¢-9+10=0=¢*+9-10=0
b | Consistent, infinity of solutions, planes meet in a

sheal
ii  Consistent, unigue solution, planes meet in a point
ili Inconsstent, no solutions, planes meet in 3 prism

@D Full worked solutions are available in SolutionBank. #



Mixed exercise 6
- 1 -2
3 r
o a -1 1
% (_2 l) - (4 -1)
b b g
3 a X«BAB“ b )
¢ aulbnld 4 3
5 8
2 (4]
s 1 k2
7 a &'3212 b ':—-8.4 &
8 a B-2k+06
b datB=k-1F+5> 5, s0detB»0and B
non-singular.
¢ ke-3 B
9 A muyZ . mu—2 b ,‘ ~1.m
10 a a:—% -2\ 2
> 1 a+1 1 -4-50)
1 13 8
‘“’Iz(nzu -11 Sa-4
x 6 1 1 I
11 ;\(y)-{-z).wlwrm\-(l -4 z).duA-z(».
b1 0 2: 1. =%

S0 A is non-singular and has an inverse. Thero is a
unique solution and the planes Intersect at a single
point, §2, 2. 2).

12 700 Hampshire, 1400 Dorset horn. 400 Wiltshire horn

13 a
b

a=-3,b=13
The three planes form a sheaf.

Challenge

Lt = (@ 3).3-(2 {].deu\-ad-m.umn-m-jk

So detAdol B « (ad - bel(hl - jk) = adll - adik - betd + bejk
ah o+ bk af « b
ch+dk of+dl

|

detlAB) = lah + )¢/ + di) — (af = bDich = d)

w aelhl - adik ~ behl + befk « detAdB

CHAPTER 7
Prior knowledge 7
n 1 -5 -3
1% (55 b (33 3
-2 ~1j
2 a -10 b T«l»_,| 3
5 -4 -2
3 H-1 -2 1
1 5 -1
Exercise TA
1 a Notlinear b Not linear
¢ Nt linear d Linear
e Notlinear I Linear
: 2 -1
2 a uz:w(3 3
b Notlinear (2y + 1 and ¥ - 1 cannot be written as
ax + by)
¢ Notlinear Lry cannot be wrltten as ax + by)
d l.lnoar('o 2 0 l.im:ar(o 1
-1 0 1 0

4+

-

e =B

cFeapgprage =

e n

sen

Answers

Not linear (x* and ¢ cannol be written as ax + by)

0 -1 1 -1
UDw((l) é)) © l.lm-ar(| ‘—,l
" x 1
Lmnar(o 0) ¢ l.menr(o l’
8 2 1 £ 0 -1
Lmunr(o _]’ b l.mver(l 2’
(L1 1=-2,3),-5. 1)
(3, =2), (14, -6). {9, -2)
(-2,-2), (-0, 4), -2, 10)
{=2,0), (0, 3), 2. 0), (0, -3}
(=1, =10 {=5 1,41, 1), (1, -1)
(=1L =1L (L =1),{1, 1), (-1, 1)
-2, -1), -4, -1). (-4, -2), (-2, -2)

VA

e

-

n

B
4|2 |0 2 } 5
R L
=2
%
Rotation through 1807 about (0, 0)
(2,0), 18, 4), (6, 8). 10, 4)
VA
8 :
N
6
i \
2 .
P //
X 1Y
N4
o~
04— - - -

0 2 4 G 8 ¥
Enlargement, centre (0, 0, scale factor 2
{0, -2). (0, -6), (4. -6), (4, -2)

i
"
&
-i') A I 2 |0 2 E 6 *
=2
—__f, —
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Answers

¢ Reflection in gy « x and enlargement, ceatre (0, 0,
scale factor 2
10 o (4, 1),14,3),(1,3)
b The wansformation represented by the identity
miatrix leaves T unchanged.

Challenge

a 7o Beor() -2 FF)-
(2:+;J kT(!l)

i 1B | R P

(2 -3) X+ Xt (2(1, + %, - 3y, + yg’)

() (r,“,,) )
Exercise 7B
1 a5 5
P HEIRAERETRS
o A= (G)me=n-3
o S)B)=(5)ne-6.-2
2 (5 %)
b (G D) =()ee =
(5 2= e -ts-n
(% B =3 or=1-3.-2

<Ol -l)(zl ( )’“5 «{-1,-2)

3a<0 'l) h—l 0)

d 5[‘*3 ] (T z)
N -1 3, -1e =2
$ a A=(=1,1),B=1-1.9.C = (=2, 4)
(B 11 B [(om 1, V3
b A= 311 z).B-{&S 12 2).
C=1-2:3-1.2-:3)
P=(2,-2), =3 -2, F=3-4,5

b 7 alo, —z.ZI.Q-(;E.—i‘Zz).

R = ( L4/ ) 5= (-3, — 3%)

6 a Arepresents a ﬂ.-llu:mm in the x-axis. B represenls
a rotation through 2707 anticlockwise about (0, D)

‘2kx - 3ky
kx+ ky

43 D)

|-

=12,-4)

hl
=

b (3,-2) ¢ =0 b0
7 a Totaion through 2257 anticleckwise about (0, O)
0 O %
ve 2
b p=3,g=1l & i
V2 2
d  Hotatlon through 45° clockwise about
(0, 0): (-3.-1)

8 a Rellection in the line g« x

begy=xy=-r,y=-x+1 c l(]' 0)
9 a e=-05
b 1205 (95 ~0450)
-0.5  0.866)
0:240":{_0-8;6 —0.5]
0 -1
10 a (l 0) b a0, b0
Challenge

(~sln 4, cos &)

o] 5

§
Rotating ( "J] by  takes it to (;‘.’:) and rotating 1?) by # takes
costt —sing

itto | ‘cﬂ;‘: 50 the matrix for the rotation is

sind  cose /'

Exercise 7C

10 {2 o 5
. a(o b {o 3l ‘(oz "[8 0.5)
2 a4 b 3 ¢ 4 d 25
3 a (0.0 b 12

_

‘a(-zo b{-zo c(r; 0.)

s [ (’Ntr} {kax] kax « kax), so this puint lies on

y « kx and the line is invariant,

6 a Streich paraliel of the x-axis, scale factor 2 and
stretch paraliel to the y-axis, scale factor -3

b k=4
7 a8 (3.9.015,9,115 6) b 18
8 a (40,8 0018 -15), 4, -15)
b 6O
9 a Enlargement, centre (0, 0), scale factor 2,5
b an=lora="7
l’
020 P40 b p=-3.9=3
PEeaqp pg
8 0
11 a 0 -8

b Streich parallel o the x-axis, scale factor 8; and
stresch paraliel to the y-axis, seale factor -8,
Or enlargement scale factor 8 and centre (0, 0) and
reflection in U x-axis.

¢ k :% ork = —i

12 36
13 k=2
¢ Sy 1
V2 o 42 ' (5 1
veh [=—
14 a T 1 b (0,04 (07,2 (‘z\'z)
\"2 IZ

« dulhl-f,l—x—_lz--{——l—x

2

L)t

d 175
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Challenge

a 0
b Foranyx, . ( ) lO o]‘,‘l) (")
The y-coordinate s 0, so all points (x, ¥) map onto the

r-axis.
Exercise 7D
1 a {0 1): Reflection iny = x

b l )Reﬂeﬂlonan x

"2 0 ) Enlargement seale factor -2, centre (0, 0)

IO
01

{ ; 2’ Enlargement scale factor 4, centre (0, 0)

0 -1 -1 0 (1 0) -1 0
A o |2 0 -1)‘:’ lo —I]'D'( 0 1)
1 Reflection in y-axis
ii Refection in y-axis
1l Rotation of 180° about (0, 0)

iv Reoflection In 4 = -

v No wranslormataion (dentity)

vi Rotation of 90° anticlickwise abowt (0, 0)
vii No ranslormatnion (Identity)

*

=

J: Identity (no transformation)

"

T B

I a g3):rellemiminy-.rwilhastmlclxbyscala

factor 3 parallel to the x-axis and by scale factor 2
parallel to the y-axis.

b “J’ _?0}: stretch by scale factor 15 parallel to the

a-axis and by scale factor =10 parallel to the g-axls

( o 5] enlargemant by scale factor 5 about (0, 0)

and mtauon through 270° anticlockwise,

d (W 8 ) stretch by scale factor 15 parallel o the

x-axis and by scale factor 10 parallel wo the g-axis

e | _os g): enlargement by seale factor 5 about (0, 0)
$nd rotation through 270° anticlockwise.

I l(:] 1: ; rellection in g = x with a streteh by scale

factor 15 parallel 1o the r-axis and by scale Lactor
10 parallel to the y-axis.

v ol o Yol ]
b (G 5B w5
' -16
h(,uﬁ 10(.} K _(2)4
5 Reflection in y-axis:M:('ﬂl l’)’

Reflection in line gy « ~x « N « |_0l 'o')

Combined transformation = NM
0 -l)[-l OI ‘O -1

l —ll ( -sln‘)l)')

1 Sin90%  cos90"

&0 11 represents a rotation through 907 anticlockwise
about (0, O).

Answers

6 T:[:J

Sndv=(3 )
vef) )6 5)=0

1 0yo -1 0 -1
wlo i o)=la o)V
—4k 0
™ | 2k
b Su'ewlx by scale factor -4k paraliel to the r-axis and
by scale factor 2& parallel w the y-axis

e QP= lg 2}{'04 g) ("’k 0) PQ (from part a)

2 [0 w)
b Stroetch by scale factor 9 paralled to the x-axis and
by scale factor 16 paralll 10 the y-axis,

[ ‘:) b ,) stretch by scale factor o parallel to the
x-axis and by seale factor &° paralled to the y-axis
§ 3

1 0
Rotatlon of 20° antlelockwise ahout (0, 0)
Rotation of 45° anticlockwise about (0, 0)

( ) {Identity matrix)

10 ke-3 b 6u«45°

weE 8 Sg =

2 ¥
1'2 ¥
12a |

'2 ¥

B ‘F(;a 3?1")

b Enlargement by scale factor &° + 3 about (0, 0).

w6 -0l B

o
3 P
2 2

rn

5 lu‘ . ]
0 a* + b

This represents an enlargament abowt the origin, scale

factor o* < b*

Challenge
Pt - cost! -suw)( -sing
sind cosd \sind  cose
_ (cos® - sin*® -2 siné cosd| _ fcos26  —sin2d
2 <nd costl 008’0~ sin’dl \sin2é  cos2e )
b Two successive anticlockwise rolations about the origin
by an angbe 0 are equivalent (o a single anticlockwise
rotation by an angle 28

Exercise TE

-1 0 10 -1 0 0
la(Olg)b(O—lg)r(c)IO)
0 01 00 1 0 0 -

1 0 0

0 -1 00 -1 o 1 3
d(lng]o(nln)f 2 2
06 01 100 03 1

2 e

2 a Reflection in the plane z =0
b Rotation anticlockwise 207 abowut y-axis
¢ Rotatlon anticlockwise 135° about z-axis
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Answers

3 a Rotation anticlockwise 907 about x-axis
b (3, -4,-1) ¢ a=2
-3+v3 33 +1
‘“\_3__1_0 b{z.z.o)
2 2
0 0 1
k o3k
e (554
-1 00 1 0 0
5 a A«{0 1 0).8-0-1 0)
0D 01 o o0 1
b (-a b o) ¢ (~a,-b,c)
6 & Hotatlon 2107 anticlockwise about -axis,
-k/3 5)
(A4
AN Vi
V2 V2
T 010 1 0
- I
'.2 \2
b (+2,0,0),2,1,0,10,2, 3.2,(0,0,0
o 1
-1 0 0 Yo, W ]
a (0 -1 0) b v2 Ve
T 0.3 1 1
0 = —
Ve V2
Exercise 7F
1 a Rotation of 90" anticlockwise about (0, 0)
 { Sk |
b (5 ol

¢ Hotatlon of 270° anticlockwise about (0, 0)
2 a | Resation of 1307 about (0, 0)
i (-1 OY-1 0y _1+0 040y /1 ©
L (0 -1.".0 -1] (090 Drl) (0 I)
=]
il Rotation of 180° ubou! 10, 0)
b i Reflecton Iny =

woe(s, 25 2088 29+ 9
-l

il Reflection In i = -x

¢ de1S « I; the ares of a shape s unchanged by a
rotation.
det’T = ~1; the ares of a shape Is unchanged by &
reflection (the minus sign indicating that it has boen
reflected),

((l) _0] )¢ rellection in g =0

w
=

b ( 0 _Ol ); reflection ny =0
¢ ﬂ]l (l,] relleclion inx <0
d (’l 0); refection inx =0
T |
13 23 4 4
¥ 2 22 I
2 2

“

a Enlargement, scale factor 4, centre (0, 0)

0 ;
b (0 l) ¢ (L3 BI B

.

1

Ly

a 6 8

I g b (3]

b

7 a Rotation of 330° anticlockwise about (0, 0)
b p=-2,¢9=1

! -1)
(-é -
9 |-3-b.-2a-3b
2 3 -
10 |-1 -1 1 )as«l0ba-6ce-T
-1 -§ 1
010
11 a (l 0 D):mnoalonlny:x
1
0
0

x

001
0 0

b (1 o} reflection Iny=x
0 1

=

0 -1 0
¢ (-l 0 0): reflectlon in g = -x
0.0 3
d N=QP=Q'N=P=P'Q'N=I=P'Q'=N"'
0 -1 0
N-l.(-] 0 o):mﬁccﬁmxiny-—x
o 0 1

0.1 03 -0,
2103 01 01
-0Z2 06 -04

Mixed exercise 7

a (0 -l’ b (-2 3
( 0 l) (Identity matrix); four successive
anticlockwise rotations of %07 about (0, 0),

2 a ((2) _02); rellection in x-axis and enlargement 8. 2,
centre (0, 0)

2]

L0
b (0 l): reflection In x-axis and enlargement s.I. 2,

centre (0, 0)
n (g 2) b k=-3 ¢ m=lorm=-1
4 a
b 307 anticlockwise about (0, 0)
¢ ( 3,,0 a 3 )
8 8 8
5 o Aropresents a reflection in the line = ©;
B represents a rotation through 2707 anticlockwise
about (0, 0)
b -y q)

6 a k-—280rt 148

4 }{ ) (; )le}«rB“xl-O-mllw
—Tl’
puint -musﬁus the equauon of the original line.
7 a ( -4 (’
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8 & Rotation 1507 anticlockwise about the r-axis

0’13 b [H 6\3
b [55-534-)
1
1o
e 4 7
9 a ( : b (5%
0 3
1
10 (1 :]
2 2! & &
-4 1 o (il
11 a b 7 ¢ )
G 2) 5
1 0 0
0 -f2 _i2
12 2 2 a=0,6==20¢=0
1:2 l'.2_
T =7

-8 1 4
b }'( ~4 -12
-14 1 4

Challenge
1 0 0
1 (0 0 -1
01

2 a lmm(;poimbaﬂa.b): {g :)(g)=(g:b’=(:)

So I is (B, &) lts x- and y-coordinates are equal, so
iLisong=x

{0 m)

¢ Ife w0, then the ine ax « by « ¢ does not go
through the origin, Henee the origin cannot be
mapped o itsell, and the transformation i not
linear.

CHAPTER 8

Prior knowledge 8

1 a guin+1)

2 3- :-3'-3'(9-1l-3‘x8
'ak+.z -BL-N

b e+ 1)in+2X2n + 3)

Exercise 8A
1 Basis When ww 1: LHS « 1; RHS « 3101+ 1) = 1
L3
Asmmmmn;Zn-;&(h n
1
[ )
il uetions: Z}-Z:r+ (kel)w ;k(k +1)stk+ 1)
o wdik s ik +2)

So if the staternent holds for o« & itholds for n e £+ 1.

Conchusion: The statement bolds for all m ¢ Z°.
2 BMB.EL]LWhem a=1:LHS=1; RHQ--‘H) H+1)p=1

Assumption; 2 g0 = 2k - 1)
~l
Ll

&
Indluction: 3 = D s+ (k + 1) = L5k + 1)%
ol i
+k+ 1)
= -ll + 1R 4 4+ Ni= —U.‘ + 10k + 29
Sa ifthe ctawmem haolds for a =
Concluston: The statement holds for all n & 2°,

k, nholdsfm‘n k+ 1,

Answers

3 a Basiwne LLHS«O.RHS« 1)1+ 1)1 -1)=0
X :

Assumption: 3 _rir — 1) = 5k = 1)k - 1)

~l

ES

LR

4
Induction: Zr(r- 1) -Zdr- 1+ k+ 1)k

- el

'-{hh k- 1)+ kk+1)

“Lbth + 10k - 14 30w Thik 5 1k 2)
So il the statement holds for r = &, it holds for
n=Fk+ 1
Conclusion: The statement holds for all 2 € Z¢,
nel
D= 1)=42a + 1i2n < 1) +
~ = j0(2r + 1)in+ 1)
Basis: i = 1: LHS « 2; RHS = (11 + 1)« 2

L

Assumption: ¥ _r{3r - 1) = &3k + 1)

f-l

mmemZnsr- n-Znsr-n

v(L+1)|3J.+Zl
“kk s s tk+ 3L+ 2)
wlk+ 1Pk + 2)
So if tse statement holds for n < & itholds for n =k + 1.
Condusion: The statement holds for all n = ¢,
n=15
Basls; n=1: l.HS-,. RHS=1 - § =_

WiZn=1)-1)

Assumptio 12".5 -l- ...

=l
1 &
Induetion: 3 (3" =D )+ =1
~l
—‘ *—'4'—7—,—' r
So If the statement holds forn = &, It holds form =k + 1,

Conclusion: The statemeont holds for allm € 20
BasiS: ne LLHS« 1 x '« L HHS «{l + 1) -1 1
£

i ot
24 20

Assumption: Zdr!) win+ 1) -1

el
kel

3
Induction: Y _rirl) = »_rirl) + (& + 1)k + 1)

k4 D1+ k4 Dk + 1
wilke MMk 2Zt~TaliksT)+10-1
So il the statement holds for re < £, it holds for
n=k+1,
Condusion: The statement holds foralin € 2°

B 4 1x8_4
B_ujﬁ,nil.llS—lazRHSza?’
 Mak+5)
Aasnmmmzm*z, ke k- 2)
: 4 4
]‘mznnzp =2 ke ks D
z K3k <+ 5) £ 4
K+Ik+2) K+ 10k+3)
3k = 30k = 3) 4k +2)

T Dk 208+ 3) (ke k+ 20K + 3)
ML+ 5Kk +3) 4k +2) (K« 1N3k+8)
T ke Nk-20k+3)  (k+2ik+3)
_ R+ 13 Kk+ D=5
ks D10k 1)+ 2
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Answers

So il the statement holds for » « £, it holds for
u=k+1.
Conclusion: The statement holds for all n = 27,
6 a The student has just stated and not shown that the
statement is rue form « £+ 1,
b egn=2-1HS=(1+2F=9RHS=17+2= 9, %0
that LHS » RHS.
7 a The student has not completed the basis stap,
b egan=1:LHS=1; R"S:{,(l:i» 1+1)=5»1

Challenge
Bagis: sr« 1: LHS « (~1)'%1* « ~1; HHS « .,(-l)‘lll(l +1)
- -1

Asswnnﬁwan-ll'r' < M1tk + 1)

i

Inductlon: Z) W= ):(-11':~+1-u' ik + 1)

el
-,!4 “1PkE+ 1)+ (= u"'[t « 1P
“ - S Dk s 20+ D)= =101k - 1+ 2)

So if the staterment holds for o« &, it bolds forn < £+ 1.
Concluston: The statement holds for all v e 2°.

Exercise 8B
1 a letfin«8"-1wherene Z.
Basgis: n e 1: 1) « 8 = 1 « 7 is divisible by 7.
Assumption: 116) is divisible by 7.
Inducton: ik + 1)« 8 ' — 1«8 x8-1«8RL+7
So ii the statement holds for # = k, It holds for
He ksl
Conelusion: The statement holds for al n € Z°.
b Let fin) « 3% - 1 where n € Z-.
Basls: = 1: 11 =3"=1 =8 Is divisiblo by 8.
Assumption: k) is divisible by &,
Induction: ik + 1) =3V 1=3"%x ¥ -1
Mk+1-00=3"x3F-1-3"=-11=8x3"
So if the statement holds for # = &, it holds for
n=Kk+1,
Conclusion: The statement hokls for all m & 2,
¢ et =5+9+2where s 2.
Basis: n= 1 11) = 54 9+ 2 « 16 is divisible by 4.
Assumplion: [1£) ks divisible by 4.
Induction: ik + 1) «55' 494, 2u5x53" 49
%942
ffh+1)-Mk) w55 +9=x04+2)-(3" + O
+ 2
“dxFesBx9
Suif the statement holds for # = £, it holds for
n=k+1).
Conclusion: The statement holds for all n € Z-,
4 Let fin) = 2% — 1 where n € Z-.
Basis: n = 1: N1) = 2¢ - 1 = 15 is divisiblo by 13
Assumption: &) is divistble by 15,
Induction: ik + 1) =2"*" -1 =16 x 2" -1
fik+1)=k) =416 x 2" -1} - 12" - 1)
- |5 x 2%
So if the statement holds for # = £, it halds for
n==~k+1,
Copelusion: The statement hokls for all w € -,
¢ letfin) =3 "+ Twheren e 20
Basis: n« 1 (1) = 3* ' + 1 « 4 is divisible by 4.
Assumption: N&) ks divisible by 4.

5

Induction: flk + 1) =« 3000 4 [ w3 x3%-4 41

fiks1)=-fE) =2 =3 s D-3*""151)
=8‘33-1

So if the statement hodds for r < £, it holds for

ekl

Conclusion: The statement holds forallw € 27,

f lotflu)=r"+6n + 8y wheren e 2°
Mn-l fil)=1"+6x 1"+ 8 =15 is divisible

by 3
Amnmmﬂk)lsﬂhwblr by 3.
Induction: Ik = 1=k + 1P« 6k + 1F 8k + 1)
=k 9%+ 236+ 15
flk+1) =Nk =3+ 56+ 5)
So if the statement holds for » « &, it halds for
ekl
Conclusion: The statement holds for allw = 2
£ Lot fin) = v + 50 where i € 2°
Basls: n=1: 1) = 1" = 5 =6 Is divisible by 6.
Assumption: R&) is divisible by 6.
luduction: ik + 1)« (k+ 1) = 50k + 1) = &+ 306
+8k+ 6
fik=1=00 =3+ +b=3k+1)+0
where 3k(k + 1) is divisibde by 3, and one of & and
&+ 1 must be even, so 3k + 1) is divisible by 6.
Therefore, il the statement holds for o« k, it holds
forn=t+1.
Conclusion: The statement holds for all n € Z-,
h Letfin) « 2% 3™ - 1 where o € Z-,
Bagis: 1) « 2 x 3° — 1 « 17 is divisible by 17.
Assumption: {5) is divisible by 17.
Induction; ik + 1) =2 " x JM-V - | =18 x 2* x 3¥
-1
k1) Nk« (I8 x 2 x 3™ - 1) - {2¢x 3%~ 1)
=17 x 2kx 3
So if the statement bolds for n = &, it holds for
=k+1,
Conclusion: The statement holds for all w & 27,
a fik+1)=13*"'-" "= 13 x13*-6x6
=613 -6+ Tx 13 =6RK) + 71139
b Basis:n=1:M1)=13-6="7 is divisible by 7.
Assumption: AK) is divisible by 7.
Induction: fik + 1) = 604&) + 7(13°) by part a.
So if the statement holds for n = &, it holds for
n=k+1,
Conclusion; The statement holds for all w € 2¢
a ph=1=0""-0k+1)+8=20=3"-0k-+2
w 25(5% — bk + B) + 1444 - 198
-253[,&)#9(16!: - 22)
b Basisiee@:gl) =5 -0+ 8«27 is divisible by 9.
Assumption: gik} Is divistblo by 9
Induction: glk + 1) = 25 gik) + 9(16k - 22) by part a.
So if the statement holds for n « £, it holds for
neks+l.
Conclusion: The statement holds for all n = Z°,
Lot An) « 80— 3v where o & 2,
Basis: st = 1: Q1) « 8 - 3 « 5 is divisible by 5.
Assumption: (k) is divisible by 5.
Induction: Tk + 1)« 85 -3 "w B x 8 - 3= 3*
TN+ 1) 30k = (8 x 8% - 3 x 3 - 3(8* - 34
=5x &
So if the statement haolds for n < £, it holds for
n=k+1.
Conclusion: The statemant holds for all n & 27,
Let Am) =32 4 8n - 9 where n ¢ 2*.
Basis: = 1: f11) = 3% + 8 — 9= 80 is divisible by 8,
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Assumption: IT4) is divisible by 8.

Induction: ik + 1)=3""" 24 8k+ 11 -9=09x 3%
+ &b-1

I+ Bk-9)

Mkt 1) ~ML)=(9x 322 8k-1)~

w8 x30T4 B m 8(3“‘-# l)
So if the statoment holds forn =& itholdsfor m= £+ 1.
Conchusion: By Induction, the statement holds for all
ne

6 Letfir)=2"+ 3" *whorene 2*
Bitsise m o« 10 Q1) « 2%+ 3%a 65 is divisible by 5.
Assumption: NE) is divisible by 5.
[nduction; Rk + 1) = 24-5 L 3M0-2 - (4 x 2. 9
xst'-!

flk + 1)+ fIk) = (64 x 2%+ § x 357 4 (2% 4 3727

- B3 x 2% 4 10 x 32
Sa if the staterent haolds for o « &, it holds for n e &+ 1.
Conclusion: The statement holds for all n e 2+,

Exercise 8C ,
1 Basisuel:LHS<RHS« (] %)

2')'_[1 Zk)

=l 36 D=6 6 3

140 2+2k) ‘l 2(&1")
“W0+0 0 1

So if the statement holds forw =&, tholds for n =& + 1.

Conclusion: The statement holds for all r € 2.

2 Basis # e 1: LHS RHS-(3 -4

Assumption: (‘!)

Industion ;)

-4, o1
-2t 1

et (§ 4= ) 3
=[BT 4k 43

Assumptlon: (

~2k+1
Jj6k+3 -4k -8k-4+dk
3k-2b+1 —4k+28-1
-(thfl]ql -4k + 1) )
k+1 -2k+1)+1

Zo if the statement holds lor o « & itholds for e e &+ 1.
Conclusion: The statement holds for all n € 2+,

3 Mﬁ.:n-l:um-nus.(f '13}
sssumian (§ 9} =, )
i} 3" Y 92, 96 9

245 4+ 0

Tl o240

26 Q)
"z g lJ

Sa if the statement holds forn =& itholdsfor =4+ 1,
Conchuston: The statement holds for all m e 2°,

4 B_nsjmn:l:UlS:RllS:(g 3

0+0
041

4‘.‘4] -8k l

Asaummhm.(s -8)’ 1- 4k

Answers

_841

p- 5 -8}(5 -8

e 1

lmlurunn.[2
4k + 1 5

| l—lk}lz —3
:20k+5-lbl: 32k - B+ 24k)

0L+ 2-8Bk -16k-3+ 12k
_(4&'1)01 -Btkfl))

2k+11 1-4k+1)
So i the statement holds for r = £, it holds for
n=k+1.
Conclusion: The statement holds for alin € 2°
n==6
Basis: n = 1: LHS = RHS = (

e

o

Assumption: M* = ey ”)

el )- (5 5 V)

N (2"' B x 284 M2 - N) i (2"' 24 — n)
0 1 0
So if the statement holds for v = £, it holds for
ek L.
Condusion: The statement holds for all n = 2.
2« 5(2=~1)
b | )

ml’ge a 1
Basis e 1: LS « AHS « (0 1 §)
0 -1
y -1
21 - . g~ 9
Ammhn;(o 1 0)= 0 1 0
0 -1 4 o 1=¥ &
3
Induction:
310\ 321 003 10
(0 1 0) =(0 1 0)(0 1 0)
0 -1 4 0O -1 4/\0 -1 4
. 31
? 2 ¢ 31 0
={0 1 ojo 1 0)
1-4 L J\0 -1 4
3
0 3:_1 i 3.-!_'
3ol 3‘+___2 0 3 5 0
={ 0 1 0 )=l o0 1 0
I-4 . u | Sl W
0 = 4 4'x4 0 3 4

Soif the statement hokds for m e & it holds for n e k « 1.
Conclusion: The statoment holds for all n € 27,

Mixed exercise 8
1 Letfin) =9 -1 wherene 2.
Basis: A1) « 9' - 1 « § is divisible by 8.
Asswnption: fik) is divisible by 8.
Indoction: ik + =91 1=0x%¥_-|
ML+ -0« (Ix9P-1)-(P-1)=BxP
So if the statement halds for » « &, it holds for < £ + 1.
Conclusion: The statement holds for all n € 27,

2 a B=(y gl®=(y 7
b n--((') ;’
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Answers

¢ Basls: m=1: LHS= RHS:((I) ‘3’

Assml.lsmzl!':(:) :.)
l2.®‘ﬂ'£3"'=l3‘(0 2) [0 g‘H;

_{1=0 090] (
“Ww-0 0+3* o 3*"
So if the statement holds for # = &, it holds for
nek+l
Canclusion: The statement holds for all o = Z-,
3 Basis:ne LIHS«3x1 44T
BliS-éxl[Z!rlvll)-?

Asmm.nmn;z:(an 4) = LKi3k + 11)
l-I

Induction: ) (3r+4) = Z(3r+4;+3u+u+4

[} ~i

“ K362 11) 4 31k + 1) ¢ 4= H3UT 4 176+ 14)
- gk = 1630k + 1)+ 11)

Sa if the staterment holds for n = &, it holds forn =k + 1
Conclusion: The statement holds for all n = 27,

4 @ mm:«:nws:nus:(‘: lf.’)

-4k 1-8k

Attt = (_4 ) 8{4‘-&’ 1 -st)( 9 |()

=( T2k +9-064% 128k + 16 - 112&)
~36k -4+ 32k 64k -T + 56k
_(&k* +1 16k+ 1) )
T -4ks) 1-8k=1)
So if the statement holds for # = &, it holds for
n=k+1
Copclusion: The statement holds for all n e 27,
b 1-8n ~16n
dn Sa+ 1
fin+1)=5"+0-141=25x5"""41
flor + 1)~ fin) « (25 x5 -7+ 1) = (6T« 1)
=24 x 5% u=24
b Letfin)=5"*< 1 wheren e 2.
Basis: n=1: M) =515 1 = 6 ks divisible by 6.
Assumption: NX) ks divisible by 6.
Induction: e + 1) -A8) w24 x5 ' albx 4 x 5%
So if the statement holds for 2 = &, it holds for
n=k+1,
Conclusion: The statement hokds for alln ¢ Z-,
6 Letflm) w7+ 4«1 where n e 20,
Bagis: e 1-11) « 7'+ 47+ 1« 1208 divisible by 6.
Asswmption: QL) is divisible by 6.
[pduction: Rk + =T "4 e 1 =T x T 44 x 44 |
AL+ 1 -BE) w7 xT s d x4 1)=(Tr+ 4+ 1)
aGxT'+3xH
where both 6 x 74 and 3 = 4% are divisible by 0, since 4
is aven,
Sa il the statement holds for n= &, it holds forn = & + 1.
Conclusion: The statement holds for all w & 2,

Assumption; A* = (% + 1 168
Induction:

wo
=

Basls:
n:l:l."s:lx5=5:ml5=ulxlxzxﬁ.’+ 13=35

.
Assumption: 3 _rr + ) = Sk + 162k + 13)
rel

Induction: ) rir + 4) = 3 _rir + 4) + Ok + 1)k + 5)

ml ~l

« klk 4 INZE = 13) + Gk« 1Mk + 5)

“ HZE + 216 + 49K = 30) = 20k + Tk = 2020k + 1) + 13)
Sa if the statement holds for n = &, it bolds for
n=k+1.

Concluston: The statement holds for all w e Z-.

8 a Baslsn=1 l.l;‘i-lw‘! 5RHS=5x1%x3x5=5

Assumption: 3 _r% = L2k + 1)k + 1)
ful
Sk it

Induction: Zr’:ZrH» (2k + 1)* + (2k + 2

~1 =

= GRI2Kk + 1Nk = 1) 4 (26 = 1) + (2k + 2P

= ;(8(" + 3Ok 4+ 3Tk + 15)
-;u;dl(ztkv]hll(«k, 1)+ 1)

So il the statement holds for r < &, it holds for
nek+ 1.

Conclusion: The statement halds for all u < Z°,

b Using a and the formula for Zr‘.

d
Lok 2n2n + 1)0dn + 1) = Lintn + 120+ 1
220 4+ I84n « 1) = bl = 120 + 1)
1607 + 120 + 2n = M2 + 3 4+ n)
:k_Zn(Su':’(m,l]_Z(Zn*IX-‘n*l)_&n'z
TR22* +3n+ 1) 2o+ lfn+1) n4d

skn+k=8n+2=nk-8)=2-k=n=2"

-8
e 090
a mn-t.ms_nus_(o c]
oe 201
Assumption: M* = ¢* 3
0 1

Induction: M =M{% 1]

261 2t-1 |
of2 52 D 5 )
0 1 S n I SAU
~ c‘d(zm 2"_3‘") ’ (‘.‘(ZI-l 2“‘.' 1)
0 1 0 1

So if the statement hodds for k< &, it holds for
nel+l.
Conclusion: The statement holds for all o € Z

b Consider #n = 1: detM = 530 = 2¢* = 50
SO ¢ = 5, Since ¢ is sve.

(hallenge
a Basis: &= 1: LHS « RHS = (‘W :_z‘;f
Cngt _ [coskd -smtﬂ
Assumption; M -(=li S i)
luduction:
M l\l‘{ -slnﬂ’ {rostﬂ -sdnkﬂl( ~sine
sint cost ! Isink?  cosko Nsind cos#

_ (coskd cost — sinki st —cosks sind — sinke cost!
sinkd casl « costd sind  —sinkd sing + cosko cosd
i cosilk = 110 ~sipf{k + 1)8]
sinflk + 10 cosiik « i
So il the statement holds for o = &, it holds for n = & + 1.
Conclusion: The statement bokds for all n € Z°,
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b The mawrix M represents a rotation through aongle 0, and
s0 M represents a ratation through ange ne

CHAPTER 9
Prior kn?wledge9 -

* 2] » (3
2 a 2713 b 26
it
Exercise 9A

PRGN
(34}
o[ 3)-()

= =2

-~ -

" ’
P, —
e ON O g
™ ™

-+ +

2 o4 i 2i+Tj-3k @ re(3i-4§+ 2K+ 420+ 7j-3K)

b i 2i-3+4k 0 r=(2i+]- 3k« a2i -3+ 4K

e 1 -3i-J-2k B r=0(-2+4K+4-31-j-2K
-5 3 -5
d i (41) il r=(-1)u(4)
4 4 r

=

o () Aeiged

4
3 a r={-3)+l(g}
b |
4 2 -3 10
4 a i r-(l)fi.(-z) ii r-(s)qi{-3
9, -1 0 2
1 - -2 14
iii re 11)¢'-z iv r-(-:;)“:(r)
—t '6 -7 R
-2 _9-1 z2-9 x+3_v-5_5
b1 2 ~2 -1 u 10 -3 2
x-1_4-11 =44 r+2 H#+3 =47
o 4 -~ -2 " 6 v 14 7 4

5 a p=Lg=10
¢ p=-19qg«-15

1 2 -1
6 Direction of {,: ( e).dlrnnmn of Iy ( )=_z( )

4 +
S0 parallel

2
7  Direction of {;: ( 3) AB ( [) ~(_3) st paraliel
3
6
3

-3 G
8 AB={ 3).BC= same direction and & point in
-3 -3
commmnen

v G-l )G

30 nol collinear
10 a=250=-2
11 r=(2i-7j+10K) + 420 -4+ k)
124 a=14.0=-2 b X19,9 -10)

Answers

13 AB«9

“34)

15 (4, -4, BLI(7,5,2)

) Bl
s

17 a Al10,9.8)
b Tightrope will bow in the middle with acrobat's
wsight

Exercise 98

1 a r=1+2J+421-)-K +p(3i = |+ 2K)
b redicdjek+ AAi-06j-K+ pl-i-3j+ 3Kk
¢ re2i-j-kedi+2j«3K+ul2i+j+2k)
d re-i+j+3Kk+alj+ 2Kk +uli+ 35+ k)

2 —re3y+2:w2
3 a7 b -5 c 25 d 6
4 al 2-6+5=1 il 4+12-15=1
b n=2i-3j+5k
2 5
5 a r-(3)*4(-3)
-2 3-4
-2 _9- 242
. R
b Tl reld ygulguld zulzel
7 All lie on plane with an equation

gL

8 A, Band € lie on plane with an equation

9 a (:) b Ae-1 gw-1gves X1, -7, -1)
0
9 -8
¢ r=|5 d(-nz
0 -1
b3
o )
d C= -%;’-
-
o
Challenge

A: 21 +6) sk lleson plane; £ =-2.p =1
AB=5i -7} + Ok
BTi-j+ Tkliesonplane; A= 1, p=2

So line lies entiraly within plane,
Exercise 9C
1 3
2 a2 b 17 c -6 d 20 e 0
3 a 555" b 94.8° ¢ 874" d 79.00
e 10097 r 5377 g T4YF h 7057
4 a -10 b 5 c 22
d 21 e -5or2
5 a 2% b 117.§°
6 a 205° b 109.9°
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Answers

; 22

3
1 —
8 Use (3)((1‘) =3=VI0vZ + 1 cos60°
0/ \4

9 a l+2)+k

10 64.7°, 64.7°, 50.67

1 a |18« /3% [5c) < 173
b 291"

12 8 cosd=3

b 31+2j+3k ¢ 3+2+k

b aren=Lx9x3 x 193

2 27
13 Lulm-n.af’-p: then OF « b « -a and find scalar
product

-1\ L (4
14 a CA:{ o). CB:( 5)
~4 O
b :hizfﬁ
e (9 -06,~6) (1,4 06L(3, 4, 6)
d 3101
-N_. (2
15 a P)={ 6 |QR ={-2|: scalar product = ()
-2 9
b centre (0.5, 1, 0.5), rading = #
Challenge
1 ab «jajb] cosd. ba « |bjlajcosd so ab < ba
2 a i atb+el=alb+ o cosh buteoss = —2
so afb +¢) = al x ) o bscl
il a.b = al|b| cosa, but cosq = M
soab =la| x PR ’
i 8¢ = jaje] cosd, but cosd « ML, RO

S0 &0« ) x A0 e el

b aib+ )= jal x PQ « [a] < (PR + RQ) = (|a] x PR)
+fjal xR «ab+ac;soalb+c) «ab+ac

Exercise 9D
1 a 795 b 407° ¢ 8146° d 727 ¢ 76.9°
2 a4 rlZizjrK=0 b nlEi-j-3k=«0
¢ nll«3j+4k) =-10 d ridl+j-5k=9
3 a 2x+4y+z= b 5x-y-3z=0
€ x+3y+dz=-10 d dxsy-5z=9
4 nriny+nz=k
5 a=425"(n3s1)
6 a=43.1"{w3sr)
7 =683 {n3sr)
B aed02 (o3sf)
9 a Qliesonl,wheniel b 32
¢ (I0.7.2)0r(-8.1,2]
B X=6 _Y*t3 =42 _
10 a liesonondy; = AT =3
s x+5 4-15 -3
lies on on [y S S “q
b 6917
11 50.1°

12 o Points A, B and € lle on plane with equatson

3 -1 1
r- ( 5|+ 11(—7) '+ p(—Z)

-1 3 1
but 2 does not

b 63.0°
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14

Find eqguation of plane for any two faces in the form
rny = p, and

rns = p, and use cosd = oo

(LRI

Let F1O, 0, 20), A{0. 8, 2), (12, -5, 3), (1-2,6.5)
angle hetween FA and FB is 50.9°

angle between FE and FC is 54.87

angle between FC and FA is T.47

No not stable.

Exercise 9E

a The twa lines do meet at the point (3, 1, 10)
b The lines do not meet.

¢ The two lines do meet at the point (0, 13, 43)
foand 4, meet when 2« 4 and p = -2
coordinates of point of iitersection (-2, -4, 15)
N solution for 4 and g

a (25549 b (1.2.0)

=

Z+1 1
(3+1 )( 1) w1 give 9 « 116 no solutions for 2
~2 ¢ i \-2

b The Boe is parallel to, and not contained i, the plane.
a p=3 b (2,5 -3)

a (6,1,-1) b cnso-%
=3i=pamd-1452=1-2pgvei=-2andy=0, but

these are not consistent with 2 + 44 = -5 + 2u so the
lines do not Intersect.

1 -3
Direction of [, is (-2) whiels is not parallel 10 ( 3 )

2 -
s0 lines are skew.

AW
a Solvu(:i).(Z):O b p=-2
2/ \-1

-1
¢ (4, 14, -4) d (29
6

a ka2 b
¢ ME LT
a P8 510 b 767"

Exercise 9F

1

2
3

~N AN

o

3
1'6
a  Lines do ool meel
Shortest distance « 31.61 (3 <.
b Lines do not meet
Shortest distance = 4.24 (3 s.)
¢ Lines do not meet
Shortest distance « 3.61 (3 s.1)

or 28113 s1)

354350
a 3 b 1
a3 b 3 e 3 d 4
I 2 8,
333
21 (I 5 4 13
» 55 b33y
a  Shortest distance from line AZ to birdwatcher is

0.45 km, which is less than 0.5 km so ves.
b In praciice the bird is very unlikely to fly ina
straight line from A o B8

@D Full worked solutions are available in SolutionBank. #
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40,29
29

2\ (2 -3\ f2

b (—2)-(5) |0 (5}- 0 so perpendicular
3/\2 3/\2

c. 826"

132 b 1—3_.‘1*1_:-2

i@

3 =31 20 -41

(94

Mixed exercise 9

2
3
+
5

10

12

13
14
15

16
17

18

19

a refi-j=3k)+43j-Kk
2=7 _M+1_=-2

4 -2 -3
v e (204 3 - 4K) + AZj + 3K)
xr-3_4+2 -1 b

2 1 -
i+ 4j - Sk lies an {fwhen 2 « 2
9+ 3j - 6K « 331 + j - 2k) so parallel

()43

b (0,8, 5) lies oo fwhen 2« 2

(i) (04

b 21x-3y-11z=23

-4

L R B R Y
."L-A‘fjv - 27 - —9—
bl 52372 10

(3£

¢ 39.8°

1 ]
(343
o o g 145

¢ 534 5

4 ror, =0, therelfore vectors are perpendicolar
b 5i-k ¢ lpd==3 d 1.5km
3 2Zor4.24

76 or 1.91(3sf)

a ni2l-9+ 4kl =-15

b ri2i-j+kl«2

¢ Ti8i-5)+ k=22

“10x -2y + 162=4

a —L(31+5§+ 4K

V50

x4+ 5y +4z=30 ¢ 32

Voctor is perpendicwdar to both j and 1- k.

liz- or 0707 (w 3s.[)

—15i - 20§ + 10k or & multiple ol (3i + 4 - 2Kk)
Ix+dy-2z-5<0

b i+j+rik

a

vJ..
=
"

1

b p=b.g=11
d -’—;‘l+§j+4k

b pe-3

¢ X<+2I=

[ I -

21

24

25
26

Answers

W -

A-2J+3k+u21-f+ K)
1 %l e 3.67(3s1)
niersect when 4 « 3, p = -2

7 470
4 C
(-o) 15
a=1

7T b A594) ¢ V122

I

meet when 2 « 2 4y« 6,(7.0, 2)
804

Ties on £, when 2 « 1

242

10° b

intersect a1 {180, -5, 7)
pass through same point but pot necessarily at the
same thme

-
e

B2 an

]
grav—
-

oo
—

37
17

e & SR

Challenge

1

2

a -A-2x+y-32=1-2)x D) glves 4xr -2y + 6z =10

b matrix A Is singular If detA =0
e+ 3b6) + 20-2¢ + 3a) + 61-20 —a) « ba - ba + 126
126+ 4c-4c=0

¢ la=2nb=-nc=30whorenc . ne3
Ho=6,0=-3andec=9

Centre of clrcle (4, 0, 1), radius 412

Review exercise 2

e - L B SR

9

10
11
12

a Does not exisi: B doesn't have 3 rows,

b (39 2 pq)
9 4 3p+1

(. B
3p =+ 25

d  Does not exist: C doesn’s have 2 columns,
a a=-2,b=3

be - ad
T W |

e b -2 c

» (3,,2.3 2;:1*;) .

- ‘l (—k -2 k-Z)
b ———|% 18 &
9 9-& %

0 p+2 0
3 2p+2 O
I -3
a _1_(’0 fl)

Py \3p 4p
(1,2,0)
1060 Woolly, 900 Classic and 850 Suri
a p==3orp=11

b p=<3: planes form a sheal
pr= 11: planes form a prism

L]

e

3p+2)

1 (Pq  Ag°
b W(Zp‘ 13pq

245



Answers

..2ig
2 w2
‘ )
V2

13 a R
‘2
D & (f 5% P 4
e VZ) 2 2
o NS L) X
\E ’.E \'E vi
153 1.1
& 8B 2 (1 U}
g B 8 7
Q&R
14 a =3 =-4 c=2.d=-3
9 8 -12+12 0
» 2 —3)( - -s.ql (o l]
¢ p=36,0= 25
-I 2
15 a 0 3
b -l z](h) (m)(n' 2(3x) so the point satisfles
the equation of the ariginal Hne.
¢ A2, 1), M0, 5), -2, 4)
d 4
g0, 5)
-2, 4
A2, 1)
o X
1 -1
168 Oaki = 3’3 nl |3 ul l|
-3 -(e+3)+ 5(191] 2Mu~-1)

1 N-3 ~-u-3 2
b ———|-u+5 3u+> -4
Zlu—ll( 2 -4 2)
¢ a=120=-04,c=02
17 a a=-4
= -3
c=1
-1
x=2y
2K +3k-3
—%orz
Scals factor 3
45" anti-clockwise ahowt (0, )
*q 'P'Q)
W2 32

n 2 x 2k —X
24 o)( _z,)-( i

A-H2k-x) = k- k + dr « Lx o the transformed poin
snlisﬁe-c the equation of the original line.

21 Basis When n = 1, LIS = RS = 4
1)
Assumption: Y _rir + 3) = 3ktk + TNk + 5)
i

18

19

[ - e -

246

22

23

24

25

26

&l 2
Induetion: 9 rirs 3= rir+3) = (= Dik+ 4)
~l ~l
-}t(kfllkﬂﬁ)?lkfl)(k¢4]
“(k+ 1)|3kk + 5) « (k= 4)
=k + ik + 2)k « 6)
Sa il the statement holds forn =&, it holds forn =k + 1.
Conclusion: The statement bholds for all n 5= 1.

Basis: When =« 1, 1HS « RHS « 1
’

Assumption: ZGZr- IF = Le(2E - 1)(2E + 1)
el

Induetion: ZIZr -1 Z(Zr - 1) (2k 42— 1)

-l

:,&(Zk-u(znu S (2k 4+ 1)

= (2K + 1)GH2K - 1)+ 2k + 1)

-%(k + IN20k+ 1) - 126k « 1)+ 1)

S0 il the statement holds for o « &, it holds for o « £+ 1.
Conclusion: The siatement bolds for all v € Z°.

Basls: Si=a,=6=3x1x(1+1Fx(1+2)
Assumption: S, . $kik + 17k + 2)
Induction:

Sioi=Se+ e, .-zw:‘li-(k <2+ lk -
-(kfll(k-fZK—k(l1 1)+ 126+ 3D
—-4L+IK&‘+2YU:¢3)

Solflheslawmmt holdsform =k, tholds forn =&+ 1.

Concluséon: The statement holds for alln = 1.

Basis: When s « 1, 1HS « RHS « 0
.

WZNI’- 1) = Lkik — 1)k = 103+ 2)

Zmr- 1) —Lr‘lr- 1+ (k= 1%

-l

=-,;Mk- 10k + l)IBk ¢2]+lk + 1Pk

=,—‘2(k < DK+ 203Kk + 1= 2)
Sa i the statement holds forn =&, tholds forn =&+ 1.
Concluston: The statemant holds for all n > |

a ke 1) - [k)w 3ot-4 4 2008 Qir _ Jie2
“a3M3 - D A2V 2 - 1)« B0 x 3 4 15 x 24¢
The first term is divisible by 15 since it s
clearly divisible by 3, and 5 divides 80, Therefore
Rk + 1) - k) is divisible by 15.
b Basis: When #« 1, fin) « 35+ 20« 145« 5 x 29
Assurnption: {K) is divisible by 5.
Induction: From part &, R& + 1) - {ik) is divisible by
15 und hence also by 5, Since [(5) s divisible by 5,
Rk + 1) is also divisible by 5.
So il the statement holds for r = &, it holds for
nwksl.
Conclusion: The statement holds for all » € 2*
24,‘20--u‘3u.n_24 xzh_3‘-
Basis:Whenn =1, lin) =24 x 2' + 3 =465 =
Assumption: Rk) is divisible by 5.
Induction: From part a,
AE+ 1) - RA) =24 x 2944 3H-+ _ 24 x 2% 3%
=24 x Z¥24 - 1) + I3 -
=572 x 2* + 16 x 3%)
So il Bk} is divisible by 5, Tk « 1) is divisible by 5.
Conclusion: M) is divisible by 5 for all p £ 2,

Ik + 2)12k = 3)

o=

x93

@D Full worked solutions are available in SolutionBank. #



27

3

32

Let fin) « 7
Basis: f11) =7 + 4 + 1 = 12, which is divisible by 6
: [1E) Is divisihle by 6.

+4°+ 1.

Induction: Bk + 1) = (k) = 77+ 4t -1 o 1 -7 - 4 - 1
«THT-Hr Ml -1)ebx T+ 3=t
The: first teem is divisible by 6, and Sinoe 4°3s even, the
second term Is divisible by 6, So if k) Is divisible by 6,
then [k + 1) is also divisible by 6.
Conclusion: fin) is divisible by 6 for all v € 2.
Let i) =4+ Gn - 1.
Basls: When = 1, fln) =
divisible by 9.
Assumptlon: (&) Is divisible by 9.
[nduction: Ik + 1) - k) = 451 + 6k + 1) -1 -4* -
“d-D+b=UFE-1D+9
—1 s divistble by 4 -1 = 3.
Flrst term has two factors of 3 so is divisible by 9 and
the secomd term s divisthle by 9. So (£ £ &5 divisible
by 9, then RE < 1) is also divisible by 9
Conclusion: fin) is divisible by 9 for all n € Z°.
Letfln)«3%-14 29145
Basis; i) =232+ 2"+ 5=27T+8+5=40=10x4
Assumption: &) is divisible by 10.
Induction: [k + 1) — (k) w F4647 5 Zae3 _ 380 o -1
w3UHI D 42920 - 1) = B0 x 3414 15 24!
This i divisible by 10: 15 is divigible by 5 and 2 is
aven

44 601)=1 =9 which Is

bk +1

So il 1K) 3 divisible by 10, ten 8% + 1) is divisible by 10,

Conclusion: fin) is divisible by 10 for all pasitive
integers, i,

Basis: Whenm = 1,A'= (8 S)=(1 @' 1)
: 1 (2e-
Assumption: A~ "‘"
Indution: A+ = A} 2) (1 @by o
L1 es2a2 -1 _ (1 2¢ -
o "% )=l “n™)

Sa il the staternent holds for o « & itholds for n e £+ 1,

Conclusion: The statemant holds for all positive

Integers, n,
Basls: B A
$ %1+
When g =LA (-4 -1’ Vit —le«'l)
2641
mmmlmlv s —2k+1)
3 k
LY .U B - 2k+1
" A{--a -1) S <ikeika )
Gke3-4k Zk+1-k
~12k+ 8k -4 —4k+2k-1
-(mwn'x kel )
k1) -2k +1)+1

Sa if the statement holds for w = &, it holds for n = £ 4+ 1,

Conclusion: The statement holds for all positive

Integers, r,

a  He bas not shown it troe for & = 1

b Letfn)=2"-1
Basis: Whenn < 1, fln) « 2° -1 a3
Assumnplion: RE) = 25 - 1 is divisible by 3.
Induction: ftk + 1)1 =231 - T « 4fik) + 3
Sa il {1k Is divisible by 3, then ik + 1) Is divisible
by 3.
Conclusion: fin) is divisible by 3 for all pasitive
integers, a.

37

41

43

Answers

14 1\ /2
a=3b=13r= (-1) + 1(4) or any equivalent
3 5
y I
a §¢§=l b [L]orany equivalent ¢ 0
a Asthe solution £ « -2, u = -3 satishes ali three
equatians, the lines do meel.
b (3 1,-2) is point of intersection.
C l3
a a-ls he9
b 6, 10, 16)
¢ 142
a aldl+J+2k-5+3Ki=ad4 -5+6)=
b EE:a(Zl-le¢6k)
ol (2 +350+18) i
T B e e
Therefore BA Is perpendicular to the plane
¢ 22.3° (nearest one tonth of a dogres)
a k=-10
b —r+2p+z«-10
. (13_115
o (X 1B
a (3,-2,-1) b 1.061
a 52 b rei-j«3k+i3i+4j-35K
2 z 5¢2
¢ u=-l d 3 e =
4 12 _48
e 11
Lines da not intersect.

a
b Unlikely that the shark will not adjust course 1o
intercept Nounder.

Challenge

g 0 -1
(o 1 %)
- 0 0

1
{‘—2.-1 }radlus-‘
Euj&;Whmn-]r 2:20)-:24%41*”»2»
Assumption; 2k = r= J&*+ k+ 2

13

Induction:

Lower bound - all lines pass through a single point,
ro= 2k

One more line added = two more reglons.
Tes=2k+2=2k+1)

Upper bound - lines do not pass through the
intersection of any other pairs of lines, r, = k¥ + £+ 20
One more line added « & + 1 more regions.

r,,,- -4&‘4l+2| ksl -4&'*3&'44!

-—«Iu F+sks D+ 1)

So if the statement holds for n < &, it holds forn < &k + 1.
Conclusion: The statement holds for all positive
integers, .

Exam-style practice

Goneral point Aon lyis| -2

h+d

-3151'.)

10+ by
General point Bon Lis | -1 - 2p ).
15+4p

2417




Answers

248

13 = 54 + 6p

-1+1~2n

10-4i+4dp

Shortest distance between (), and [, is when AR is
perpendicular to [ and [, so the stahr praduct with
their direction vectors is 0, which gives equations:
T6-2T2+ 3p=0and 30 -94 + 14p=0

Salve to get 4 = - S and p = -3,

AB -

1 (]
Then AB = 12 ‘) (0) so the lines do not mees.
2 0

a detMak+ 14

b Equations do not form consistent systam. Planes
form a prism.

w-1Tw-20=0.p=1,qg=0,r=-17,3=-20
a BaslssWhenn=1, LHS=RHS5=1.
L3

Assumption: Zr‘ - ek 4 1P

~ sl
Ind uclion:
3] L

Do etk 1P e L 10 (ks 1P

) il

w ke + 10ET + k4 1) = S0k 100K 4+ 207

S if the result hokds for = &, it holds for e = & + 1.
Conelusion: The statement holds for all positive
integers .

b Zzum 1= ZZr‘ + zZz

—Zx-a(n»l)[no2)¢2x,ma+ll
=Zntn + 1Xn < 2)

e #n+ 1F = 3nln + 1) + 2)
- dt v A0 =30 - dn =)
o = 18u+ 13+ 4) =0
Som=0,1,-10r-3
The only positive integer that the result holds for ks
Nnwl.
a4 3+ Ziand 3 - 2i are rools, so
(= =3+ 2i= - (3 - 2) is a fsctor of [2).
z—(3+ 2z~ 13 -25)
=134+ 21+ 3 -2z « (3 + 2143 - 20)
w2l bz 4 [374 00 - 61 - (2IF) « 2% -6z + 3F - (-4)
wzl-hx+ 13
Sz -6z + 13 isa factor of N1z),
b 206

¢ 2u3-2i3+2id-iord+i

L=

3 ——

1

76

% b (-2, -1,2) 092 radians
2

%
£2680 83

e.g. Doesn’t aceount lor a hole through the middle
ol the bead.

3 b Rotation 1357 anticlockwise

argz -2+ 0>

-2} =3

peqevsssnvenssnssnvvnssfucnccnnnnns

10 a Yes: closest point is 5.6...

He

2-1i
m from the origin.

o =

b e.g The car would bo unlikely to drive in a perfoctly

straight line.

@D Full worked solutions are available in SolutionBank. #



sddstion
complex numbers 2,18
mairices 95-6
series 459
ahernating signs, rule of 112
angles
between lines 1845
between planes 187
betwoen 1wo vectors 17R-82
complex numbers 21
rodulions theough 133-4,
1456
arey swile factor 137
argz N
Arpand diagrams 17-42
udditson and subtraction
15-19
axes B8
oot 2832
modales and argument 20-7
regons 36.7
vectors 18-19
argument 20-7
ArrAYS roc malnoes
associMive property 103
wssumplion step 156

basis step 156

Carlessan coordmates |8
Carlessan equalions
lme 17041
176-7
carcles 28-31
coeiBcients, relationship betwoen
S5-60
cofuctors 112-14
collinear points 173
columns. matrices 95, 94
completing the squure 2
complex nembers 1-16
addion 2,18
Argand diagrams 1742
argument 10-7
complea comugates 6-7, 5-9,
15

division 7,25.7
formar 2
modales 207
modules-amgument form 237
multiplkaton 5, 25-6
palynomial equutions 1012,
H4-N
samplification §
square toats &
sublraction 2, 1819
concdusion sep 156
cones, volunw 789
conjugate pairs 6-7, 8-9, 18
cubes, sams of 47, 29, 63
cubic equations 10-11, 37-8,
623,65
curves
rotation around v-axes 723
rodation around y-axis 70
cxbnders, volume 78-9

definfe ntegraton 727
determmans 1046
molation 104
direction vectors 168
dscrimanam 2
dasdbility 160-1

division, complex sumbers 7.
2527
dot product 179

cdements, matnces 95
enlargenyent 136-7
oquations
Cartessan form see Canessan
eyuulsons
complex yoots 34 811
polynomial 10-12, 3370
Quadratic ree guadratic
eyualions
simultaneous knear sov
simultandous equatxins
vector farm 188-7X 1757

formulae, sumes of series 449
hall-lmes 323

1| (imaginary number) 2,3
see atso complex sumbers
identity maten (1) 95
insmges 127-9
imagisary avs 18
imagisary numbers 2
imagimary part 2
induction see mathesmakal
nduction
indoctive step 156
insegratson, definite 72
intersection 37, 169-90
invariant lises 131-32, 157
invariant points 134, 155,137
inverse matrices 10810, 112-15
Enear transformations 148
smultaneous equations and
116-18

lincar transformations 126-54
area scale factor 137
enlargement 136-7
matrix repeesentation 1278
and ocigin 127
properiss 127, 130
reflection §230-2, 137, 1443
reversing 148
of rools 65-6
rosation 131, 1554, 137,

145-6
suocesane 140-]
in three dimenssons 1446
m two dimensives 12741

lines, vecior equations 168-72

locos of points 28-33

mathesmvicul indoction 13566
divisibality 1601
matrix multiplication (62-4
steps 156
sams of seres 156-8

matrkes 94-12%
addiben 95-6
udditively conformable 95
urea scale factoe 137
delermimanlts 108-6
enlorgement 136-7
whentity (1) 95
merse 10810, 112-15
imeur tmnsformations

using 12654
multiphication 99-101, 1301,
1624

mwliiplicatively
conformable 99
non-singular 104, 108-9
notation 95
powers of 162-4
product 99-101, 140-1
reflection 131-2, 137, 144-5
rotation 131, 1534, 157,
145-6
scalar multipcation 96-7
self-inverse 115
simuliansous equations aod
1620
sngular 104-6, 118-19
size 95,99
square 93, 114
subiriction 95-6
transpose 112
oo (0) 95
misars 146, 112-14
medalling, with volumes of'
revolution 834
modulus 20-1,25-6
modules-argument form 23-7
muhiples of senies 45
mubtiphcation
associative property 101
complex sumbers 5, 236
matrices 96-7,99-101, 140-).
1624

naural numbers, sums 44, 47,
I56-8
nos-smpuksr mstnices 104, 108-9
noemad vectors 176
nesation
comples sambers 2, 2
delerminants 104
matrices 93
sigma (L) 44-3
onign
Arpand diagrams 20-1
limear transformalions
amd 127

perpasdiculur besectors 29,
342
perpesdiculir dstance 193200
perpendiculars 193-200
planes 118-20, 1757
reflections i 144-§
weclor equations 1757
polymomial equativns 10-12,
S-70
position vectors 168
powers
ofi §
of matooes 1624
produets of 62
principal argument 20
principal square ool 6
products
of powers 62
see alse multiplication
proof by iaduction
rer mathenatical mdecton
Quandrants 21
Quandratic egquations
complex reots 3, 8.9 10-12,
5470
conjugete pairs 5-9. 11
decrimminant 2

quartic equstions 1112, 59-60,
623 68

redd aus 18
reyl part 2

: 62
reflection 131-2 137, 1445
roots of polynomials 3-4, 10-12,

54-70

linear transformations 65-6
rotason 131, 1334, 1371450
reray, maltnices 95 99
rule of aleermating signs 112

scalar product 178-82, 185.6
scilars 96, 168
scule factors 137
self-mverse mutrices 113
series 43-53
aldstion 45
cubes 47,49
mahtiples 45
pohoomial 479
sigma notalion 44-5§
squarcs 47, 155
summatioa formulae $4-9,
1568
sigmi (£) notation 44-5
simplificattion, complex
mumbers 3
wsing matrices 11618
singular matnces 104-6, 1I8-19
size. matrix 95,99
skew Times. 150
square matrices 95, 104
square roots, complex numbers &
squares, sums of 47, &2, 157
strefches 136-3
subgraction
comples mambers 2-3, 18-19
matnces 9546
sums of serics 44-53
fiesz o maturnl numbers 44
peool by indection 1568
sigma notmion 34-3
trunsformations see lincar
transformations
irapspose, of matnx 112

it vectors 131, 144

wators 95, 167-208
Argand diagrams 15-19
direction 168
normal 176
paralkel 179
perpendacular 179
posilion 168
unit 131, 144

volumes of revolution 7i-88
addng 75-80
aroums) y-axis 72-3
around r-axis 76
modelling with 83-4
sublracting 78-80

67
H 22
eero matrix {0) 95
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